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Introduction

Inverse problems refer to the tasks of inferring unknown parameters of a system from a set
of directly or indirectly measured data. The parameters and measured data may follow some
underlying (possibly unknown) distributions, and they satisfy an observation model which de-
scribes how the measurements are obtained from the parameters. Therefore, an inverse problem
is generally formulated as a statistical inference problem where the main goal is the find or ap-
proximate the conditional distribution of the parameters given the measured data.

Mathematically, an inverse problem can be described as the problem of solving x ∈ X given
data y ∈ Y, from the equations

y = A(x) + n, (1)

where n represents the noise in the measured data, and X and Y are vector spaces of the
parameters and measured data, respectively. The parameters x that we want to find are typically
very high dimensional. Here A is the forward operator that maps the parameters of interest to
the measured data, and it is usually determined by the physics of data acquisition. In practical
applications, forward operator A can be known or unknown. The parameters and measured
data can take different forms depending on the specific problem being considered. A typical
example is atmospheric tomography [4, 1] where the reflection index of Earth’s atmosphere
(unknown parameters) is recovered from wavefront sensor data collected on the ground. As
another example, in CT reconstruction [2, 3], the unknown parameters are images of the inside
of the human body while the measured data is a set of X-ray measurements.

The main goal of this project is to develop deep learning based methods for solving inverse
problems, where the key task is to find an operator R that maps from the measured data y to
the parameters of interest x. More specifically, we aim to learn an operator R from data, such
that R can predict the parameter x of interest given the measurement. The main challenges
to obtaining an accurate prediction come from the fact that inverse problems are in general
ill-posed, which means that the solutions to (1) are not unique given a fixed y, or x may not
continuously depend on y. So one can not get a good prediction for x by simply solving a system
of equations (e.g, in (1)). To find a reliable reconstruction operator R, we explore the key idea
of regularisation, which is essential for addressing the ill-posedness of the problems. Effective
regularisation techniques remove a subset of feasible solutions of (1) that are less likely to be the
true parameters, while preserving certain desirable properties or behaviours of the underlying
quantities in the computed solutions.

Many classic regularisation techniques are based on certain prior knowledge about the space
X of the parameters of interest. By restricting the solutions of (1) to a space of parameters,
which is typically low dimensional, one can then seek reasonable estimates for the parameter
x, from the set of all feasible solutions of (1). The key to the success of these techniques is
the availability of a good prior. However, finding a good prior can be challenging in scenarios
where we have parameters that are very complex and high-dimensional. In this project, we aim
to address the challenges with data. Given a set of data (for example, noisy measurements), we
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aim to find the reconstruction operator R, through some proper learning algorithms, that can
handle the ill-posedness of the inverse problems.

Mini-project

The mini-project starts with an investigation of the ill-posedness of learning problems associated
with inverse problems. More specifically, suppose that a set of samples {yi} ⊆ Y are given, and
the learning problem is to find an operator from the data, i.e.,

{yi} → R, (P1)

such that {R(yi)} are close to the true parameter {xi}, which are unknown. Standard supervised
learning approaches find R by fitting R(yi) to xi. In this problem, however, samples of the true
parameter x ∈ X are not given, as in inverse problems they are very expensive or not possible
to obtain. Therefore, the problem is not suitable for the applications of standard supervised
learning methods, which require x to be known in advance. While we can expect a very high
dimension of the data {yi}, as multiple measurements are available, the learning problem (P1)
may still be ill-posed due to the nature of the operator A (which can be linear or nonlinear). To
understand the ill-posedness, one needs to analyse how A plays a role in the learning problem.

As a direct consequence of the ill-posedness of (P1), the solution R is not unique. Therefore,
one of the key problems to explore is how to make the learning algorithms robust and allow
meaningful outputs of R. A good learning algorithm can make sense of the structure of the
data {yi} while at the same time output R with interpretable properties helping to address the
challenge of ill-posedness. One possibility is to discuss the distributions of R(y), for example,
based on desirable properties like sparsity in some transformed domains, similar to many classic
regularisation techniques. However, it is crucial to consider how the desirable properties or
distribution can be adapted to be compatible with the underlying structure of the data.

The successful delivery of this mini-project would contribute to the skills and experience
required by a PhD Project in machine learning for inverse problems and imaging, where ad-
vanced learning based techniques are developed for analysing complex and imperfect imaging
data. Moreover, with the models and methods developed, we also aim to address challenging
high-dimensional inverse problems in imaging science. They arise in a range of applications,
including but not limited to medical imaging, ground-based astronomy, earth sciences, and
computer vision.

Supervisor

My research interests lie broadly in the intersection of data science and mathematics. In the past
years, I have been working on mathematical and deep learning based approaches for handling
large-scale image data arising from different applications. I am particularly interested in de-
veloping efficient deep learning methods for image analysis with minimal requirements on data
and computational resources, as well as the application of these methods in solving challenging
real-world problems.
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