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Abstract

We consideran equilibrium refinementin signallinggamesby allowing agents
to performcostly testsof beliefsby burning money. We apply the refinementin a
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to foreseetheeffectsof long-termdecisions.Agentswith muchinformationabout
the consequencesof decisionsshould invest either immediatelyor never. Poorly
informedagentsshouldwait for betterinformation.Weidentify poolingequilibriain
which excessive rushor waiting occurs.The burning money refinementeliminates
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1 Intr oduction

Thereis a large literatureon refinementsof the Bayesianequilibrium notion. [Cho and
Kreps1987, Krepsand Sobel1994, Fudenberg and Tirole 1992, Umbhauer1994 and
Mailath, Okuno-Fujiwara andPostlewaite 1993]. We considera further refinementof
the equilibrium notion that seemsto be especiallywell-suitedfor political raceswhere
candidatescanusemoney to advertiseat any point in time. The refinementis basedon
burningmoney to influencebeliefsandworksasfollows. Supposethataninformedplayer
assumesthat a particulartype of the pooling equilibria is beingplayed. Thenan agent
can incur coststo test out-of-equilibriumbeliefs. Suchcostscould simply be burning
money or utility throughuninformativeadvertisingor thecostscouldinvolvecostlypolls
to review thebeliefsof thepublic.

We apply the refinementin a simplemodel. We look at a singledecisionmaker, such
asa government,thatcaresaboutboththereturnsfrom any investmenthemakesaswell
asaboutthepublic’s perceptionsof his ability. Thecrucial featuresof our modelarethe
following: First,weallow differentlevelsof thegovernment’sability to judgetheimpact
of long-terminvestments.Moreover, governmentsthatarevery uncertainaboutthecon-
sequencesof investmentprojectshave thepossibilityto wait for betterinformationin the
future. Second,we assumethat thepublic cannot observe theability of governmentsto
foreseetheconsequencesof long-termdecisions.

Weshalldeterminethesignallingequilibriaunderwhichexcessiveor insufficientwaiting
occurs.Therashandwaiting poolingequilibria in our modelsatisfytheintuitivecriteria
and,at leastfor certainparametervalues,theConsistentForward InductionEquilibrium
Path conceptof Umbhauerandthe similar undefeatedequilibrium conceptof Mailath,
Okuno-FujiwaraandPostlewaite.

By introducingtheequilibriumrefinementbasedon costlybelief tests,poolingequilibria
canbeeliminatedandwe identify casesof governmentsburningmoney for belief tests.
However, theopportunityof costlypolls decreasesoverallwelfareif discountfactorsare
large. We alsoidentify theconditionsunderwhich thepublic shouldallow theagentto
burn thepublic’smoney.

Ourmodelcanexplainwhy governmentsinvestin excessiveandcostlytestsof thebeliefs
of thepublicabouttheir competence.Governmentsfrequentlytesthow thepublic would
reactto certaindecisionsand“fly akite or a trial balloon”.

Themoney burningrefinementintroducedin thispapermaybeusefulfor othersignalling
games,sincethe opportunity to burn money or utility is a naturalway for playersto
broadentheirstrategy space.Weexpectthattheburningmoney opportunitywill generally
leadto separatingequilibriain signallinggames.Asshown in theapplicationin thispaper,
however, welfaremaybenegatively affected.
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2 Relation to the Literatur e

In our modelwe combinethedesireto signalability with theoptionof waiting for better
informationandtheopportunityto testbeliefs.Ourmodelis thusrelatedto threedifferent
branchesof literature.

2.1 Option Valuesand Delay

Thefirst elementof ourmodelis relatedto theoptionvalue(seePindyck(1991)andDixit
(1992)),whichgivesanexplanationwhy adecision-makershoulddelaydecisionsevenif
thenetpresentvalueof theprojecttodayis positive. Considera projectthatcostsa fixed
andsunkamountin thecurrentperiodandgeneratesanuncertainbenefitin thefuture. If
thefirm makessuchan irreversibleinvestment,it givesup thepossibility of waiting for
new informationtoarrivethatmightaffectthedesirabilityandthetimingof aninvestment.
This lost optionvalueis anopportunitycostthatmustbe includedaspartof thecostof
investment.Hence,traditionalnet presentvaluerulesmustbe modified to include the
optionvalue,i.e., thevalueto wait anhencethevalueof keepingthe investmentoption
alive.1

Often, governmentsdelaynot only for reasonsof economicefficiency, but alsofor po-
litical reasons.Theliteratureexploring suchdelayis sparse.AlesinaandDrazen(1991)
explain delayin macroeconomicstabilizationwith a modelof attrition: any stabilization
policy will harmsomegroup,soeachgroupwantsto forceapolicy thatprotectsits inter-
ests.VanWijnbergen(1992)showsthatgradualdecontrolof pricesmayinducehoarding;
the inducedpolitical pressuresmake continuationof decontrollesslikely, andtherefore
make immediatedecontrolmore attractive.2 In our model, politicians rush towardsa
decisionor delayit excessively in orderto avoid beingrecognizedasincompetent.

2.2 Herd behavior

Recentwork offersnovelandinterestingexplanationsfor why numerouseconomicagents
mayignoretheir privateinformationand,asin a herd,imitateothersandmaypursueun-
wisepolicies.Two typesof argumentsappearin theliterature.First,rationalBayesiande-
cisionmakerswill ignoretheirprivateinformationandinsteadmimic theactionsof other
economicagents(seeBanerjee(1992); Bikhchandani,Hirshleifer, andWelch (1992)).
Second,anddirectly relevant to our purposes,managersmay mimic othersin order to
signaltheir ability (seeScharfsteinandStein(1990)).

1 In arelatedanalysis,Gersbach(1993)considerstheincentivesof amajorityto gatherfurtherinformation.
For collectivedecisions,thevalueof theflexibility of waiting for betterinformationmaybenegativefor
someor evena majorityof voters.

2 Delay may alsoappearin bargaining. The seminalarticle is by Rubinstein(1982). Baron(1989)and
Harrington(1990)applysucha modelto legislatures.In differentmodels,Admati andPerry(1987)and
Cramton(1992)show thatabargainermaydelaywith thegoalof communicatinghis relativestrength.
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2.3 Equilibrium Refinements

Thereis a large literatureon refinementsof the Bayesianequilibrium notion. [Cho and
Kreps1987,KrepsandSobel1994,Fudenberg andTirole 1992]. The rashandwaiting
poolingequilibriain ourmodelsatisfytheintuitivecriteriaand,at leastfor certainparam-
etervalues,theConsistentForwardInductionEquilibriumPathconceptof Umbhauerand
thesimilar undefeatedequilibriumconceptof Mailath,Okuno-FujiwaraandPostlewaite.

We introducea further refinementof the equilibrium notion that seemsto be especially
well-suitedfor political racesin whichcandidatescanusemoney to advertiseatany point
in time andhencecanbroadentheir strategy spacewhenever it is optimal for them. The
refinementis basedon costly testsof beliefsandworks asfollows. Supposethe agent
assumesthat a particulartype of pooling equilibria is beingplayed,saya rashpooling
equilibrium. Then,an agentcantest the out-of-equilibriumbeliefsof the public about
his competencein the pooling equilibrium he is consideringby incurring costs. Such
costscould be a simple burning of money throughuninformative advertisingor could
occurwhenextensiveandcostlypolls to review thepublic’sbelief aboutthecompetence
areconducted.Suchbelief testsdestroy rashandwaiting pooling equilibria, but imply
inefficientmoney burningin theremainingseparatingequilibria.

Money burninghasbeenaddressedin a varietyof othercircumstances.Ben-Porathand
Dekel (1988)andvanDamme(1989)have discoveredthepower of forwardinductionin
gamesin which playerscan“burn utility”. Milgrom andRoberts(1986),Kihlstrom and
Riordan(1984),Hertzendorf(1993),andBagwell andRamey (1994),Prat(1998)have
examinedthepossibilityto signalinformationthroughnon-directlyinformativeadvertis-
ing in commercialandpolitical settings.In ourgame,burningmoney is usedasavehicle
to eliminatepooling equilibria andthusburning money canprovide a refinementto the
standardBayesianequilibriumconceptwheretheIntuitiveCriterionandotherrefinements
haveno bite.

3 Model and Assumptions

We analyzea dynamicgameof incompleteinformationconsideringboth signalingand
informationgathering.Therearetwo periods.For simplicity, weassumethatthemanager
(or agent)whosedecisionswe analyzeis risk neutral.Thecostsandbenefitsof a policy
aremeasuredin dollars.Thegameis givenasfollows:

Period0: Naturedeterminesthetypeof theagent,denotedby η. Thetypeη canbeeither
good

�
G� or bad

�
B� . Theapriori probabilitythatη � G is g0 andthatη � B is

1 � g0. Eachagentknowshisown type.

Period1: The agentmustdecidewhetherto invest. The investmentyields a net return
beginning in the next period. Its presentvalueis Vi, with i eitherHigh (H) or
Low (L). Thea priori probabilityfor valueVi is πi. Theagent,but not thepub-
lic, observesa noisy signalS j aboutthe returnfrom the project. The signalis
eitherhigh (SH ) or low

�
SL � . Theprobability thatanagentof typeη receivesa

correctsignal(that is, observesS j whentheprojecthasreturn j) is tη. Hence,
tη � pr � S � SH � V � VH � � pr � S � SL � V � VL � .
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The agentdecideswhetherto invest immediatelyor to postponethe decision.
Thepublic observesthe agent’s decisionandforms a posteriorestimateof the
probability that theagentis good. Thepublic’s belief that theagentis goodis
denotedby g1; with probability1 	 g1 it thinksheis bad.

We often usethe notationpr 
 G � I � , pr 
 G � NI � , pr 
 B � I � , pr 
 G � NI � to describe
thebeliefsof thepublicafterhaving observedinvestment(I) or waiting (NI).

Period2: All remaininguncertaintyabouttheprojectis resolved.An agentthatpostponed
theprojecthasa secondchanceof adoptingit. Benefitsandcostsof theproject
arediscountedby thefactorδ  1.

Notethatthepubliconly hasanaprioriprobabilityconcerningthereturnsof theprojects.
Theadditionalinformationanagentreceivesdependson his competenceto judgesitua-
tionsandhis ability to generateinformationaboutthe consequencesof the project. We
make thefollowing additionalassumptions:

1 � tG � tB � 1� 2� (1)

Hence,theprobabilityof anagentof typeη receiving a correctsignal(that is, observing
S j whentheprojecthasreturn j) dependson his type. For simplicity, we assumethata
goodagentreceivesacorrectsignalwith probability1: heis perfectlyinformedaboutthe
consequencesof theproject. A badagentreceivesa noisysignal,asreflectedby a value
of tB  1.

The agent’s utility increasesin both socialwelfareandin the public’s beliefsabouthis
ability. The secondelementof the agent’s utility reflectsthe desireof the agentto be
elected.If thepublicbelievesthattheagentis of highcompetence,heis morelikely to be
electedandthushis utility increases.Thefirst elementof theutility functionfollows the
assumptionof Rogoff (1990)thata politician caresaboutthesuccessof a program.It is
justifiedby thedesireof thepolitician to beperceivedashighly competentin thefuture.

We concentrateon the agent’s utility in period1. Utility increaseswith the probability
thatthepublicbelievestheagentis goodaswell aswith thepresentvalueof theexpected
netreturnsfrom theinvestment.Expectednetreturnsaredenotedby R. If theinvestment
is not madein eitherperiod,thenetreturnis zero.Of course,R will vary with theinfor-
mationthe agentobtainsandwith the periodin which the project is implemented.For
simplicity, we let utility be

U � mR � 
 1 	 m� g1 � (2)

Theparameterm, with 0  m  1, is theweight theagentassignsto investmentreturns
comparedto the weight he assignsto the public’s beliefs abouthis ability. We shall
examineexpectedutility at the endof period1. A weight m closeto 1 meansthat the
agentis mainlymotivatedby policiesheimplements.A low valueof m correspondsto an
agentmainly concernedaboutwinning elections.
We denotetheexpectedvalueof theprojectif no informationsignalshavebeenreceived
by EV0 . We assumethat the investmentshouldnot bemadeif no further informationis
received,or that

EV0 � πHVH � 
 1 	 πH � VL  0� (3)
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Consideranagentof typeη whoobservedsignalS j. His posteriorestimateof theexpected
return� from theprojectis calledEV η

S j
. Obviously, aneconomicproblemexistsonly if the

projectshouldbeadoptedin thegoodstateandrejectedin thebadstate,i.e., if

VH � 0� VL � 0� (4)

4 Sociallyoptimal solution

We first characterizethesociallyoptimal solutionin which thepublic hasperfectinfor-
mationabouttheagent’s type,andsignalingis irrelevant. Sincethe typeη is given,the
agent’s decisionis reducedto maximizing expectednet benefitsfrom the project. An
agentwho received a signal in period1 usesBayes’s theoremto evaluatethe probabil-
ity that theprojecthasa high return. Supposetheagentobservedsignal(SH ). Thenthe
posteriorprobabilitythattheprojecthasahigh returnis

prη � VH � SH � � tηπH

tηπH � � 1 � tη � � 1 � πH � (5)

prη � VL � SH � � � 1 � tη � � 1 � πH �
tηπH � � 1 � tη � � 1 � πH � (6)

Notethat prη � VH � SH � is strictly monotonicallyincreasingin tη with

prG � VH � SH � � 1 (7)

prB � VH � SH � � πH for tB � 1
2

(8)

Similarly, theposteriorprobability prη � VH � SL � is givenby:

prη � VH � SL � � � 1 � tη � πH� 1 � tη � πH � � 1 � πH � tη
(9)

Supposethat SH hasoccurred. If the agentinvests,then the expectedvalue of social
welfareis

VH
tηπH

tηπH � � 1 � tη � � 1 � πH � � VL

�
1 � tηπH

tηπH � � 1 � tη � � 1 � πH � � (10)

Suppose,instead,that theagentdelaysthedecisionfor oneperiod.Sinceall uncertainty
is resolvedin period2, theassumptionsimply that if theproject’s returnsturnsout to be
high theagentwhodid not investin period1 will investin period2. Thus,

Proposition1
If theagentobservesSL in period1, neitheragoodnorabadagentshouldinvestin period
1. If theagentobservesSH , auniquecritical valuetB  exists,with

1! 2 � tB  � 1� (11)

suchthata badagentshouldwait until period2 with the projectdecisionif andonly if
tB " tB . A goodagentshouldimmediatelyinvest.
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Proof :
Notice# thatif SL wasobserved,then

EV G
SL $ VL % 0

EV B
SL % πHVH & ' 1 ( πH ) VL % 0

andneithertypeof agentwould investimmediately.

If SH wasobserved,wewouldobtain

EV G
SH $ VH * δVH * 0 (12)

Hence,agoodagentshouldinvestimmediately.

For abadagent,weobtain

EV B
SH $ VH

tBπH

tBπH & ' 1 ( tB ) ' 1 ( πH ) & VL + ' 1 ( tB ) ' 1 ( πH )
tBπH & ' 1 ( tB ) ' 1 ( πH ) , (13)

If abadagentwaits,hisexpectedbenefitsare
tBπH

tBπH & ' 1 ( tB ) ' 1 ( πH ) δVH * 0 (14)

For tB $ 1, EV B
SH

equalsVH ; waitingyieldsonly δVH . For tB $ 1- 2, EV B
SH

equalsEV0 % 0
andhencewaitingwill bepreferred.SincethedifferencebetweenEV B

SH
andtheexpected

profitsfrom waiting increasestrictly monotonicallyin tB, themeanvaluetheoremestab-
lishestheexistenceof t .B.

5 Equilibria

In the following, for simplicity of presentation,we assume1- 2 $ tB % t .B3. Thus,under
completeinformationabouthis type, a badagentwaits with the projectdecisionuntil
period2. For simplicity of presentation,we have assumedthatthesignalsSH andSL are
completelyuninformative for the badagent. A goodagentinvestsimmediately, if and
only if, heobservesSH . Underincompleteinformationaboutthetypeof agentwe must
solve thecorrespondingsignalinggameanddeterminetheperfectBayesianequilibriaof
thegame.

In orderto derive the equilibria we first eliminatetwo configurationsthat cannotoccur
in equilibrium. First, if G doesnot investin equilibriumknowing SH , B doesnot invest
either. Second,if B doesnot investknowing SH or SL, G doesnot investknowing SL

either.

Bothpropertiesfollow from

EV G
SH * EV B

SH $ EV B
SL * EV G

SL

Hence,for givenbeliefsof thepublic,investmentfor G knowingSH is moreattractivethan
investmentfor B. TheoppositeoccurswhenG knows SL. Theremainingconfigurations
arediscussedin thefollowing sections.

3 Our analysisis valid for all valuestB / t 0B.
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5.1 SeparatingEquilibria

We first considerall remainingseparatingequilibria. Separatingequilibriacanoccurin
threeways: (1) As a fully separatingequilibrium in which a goodagentalwaysinvests
immediatelyandabadagentalwayswaits. (2) Asanefficientsemi-separatingequilibrium
in whichagoodagentinvestsin period1 only if heobservesSH , while thebadagentwaits
in all cases.Clearly this equilibrium is efficient, while the fully separatingequilibrium
involvesarashdecisionof thegoodagentto investevenif thereturnsarelow. (3) Finally,
asaninefficientsemi-separatingequilibriumthatoccursif agoodagentinvestsonly upon
observingSH , while thebadagentalwaysinvestsin period1. Weobtain:

Proposition2
(i) A fully separatingequilibriumneverexists.

(ii) Supposeδ 1 δ2 3 πHVH 4 5 16 πH 7 VL
πHVH

Then, thereexist someweight mES 8 0 9 mES 9 1: such that an efficient semi-
separatingequilibriumexistsif andonly if m 1 mES

(iii) An inefficientsemi-separatingequilibriumneverexists.

Theproof is givenin theappendix.

The result indicatesthat an efficient equilibrium exists assoonasthe weight the agent
placeson correctdecisionsis sufficiently high. If agentscareonly aboutthe public’s
beliefsconcerninghisability, noefficientequilibriumexists.

5.2 Pooling equilibria

In thenext section,we considerall remainingpoolingequilibria. Poolingequilibriacan
occurin threedifferentways.(1) As arashpoolingequilibriumin whichabadandagood
agentinvestimmediately, independentlyof theinformationsignalsthey received. (2) As
a waiting pooling equilibrium in which both agentswait independentlyof the signals.
(3) As a balancedpoolingequilibriumin which agentG investsuponSH andwaitsupon
SL andagentB investswith someprobability p 8 0 ; p ; 1: and doesnot investwith
probability1 < p. Weobtain:

Proposition3
(i) ThereexistssomeweightmBP 8 0 9 mBP 9 1: suchthatabalancedpoolingequilib-

rium existsif andonly if m ; mBP.

(ii) In any balancedpoolingequilibrium p 9 πH .

Theproof is givenin theappendix.

Hence,in any balancedpoolingequilibriumthebadagentchoosesI with a lower proba-
bility thanagentG. This impliespr 8 G= I : 1 pr 8 G = NI : whichcompensateslowerexpected
benefitsfrom the projectif agentB investsandthereforeagentB canbe indifferentbe-
tweenI andNI. Notethatfor p 3 πH theequilibriumbeliefsare
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pr > G ? I @ A pr > G ? NI @ A g0

SincetB B t CB, EV B
SH

is smallerthantheexpectedbenefitsfrom theprojectif thebadagent
waits. Thus,I cannotbea bestresponsesincethebeliefsof thepublic arethesamefor I
andNI.

Toexaminerashandwaitingpoolingequilibria,thespecificationof beliefsout-of-equilibrium
becomescrucial.Wefirst establishthenatureof poolingequilibriawithout restrictingthe
natureof out-of equilibriumbeliefs.Weobtain

Proposition4
(i) Supposethat

g C1 : A m
1 D m

VL E g0 F 0

Then,a rashpoolingequilibriumexistsif pr > G ? NI @ G gC1.

(ii) Supposethat

gC C1 : A m > δ D 1@
1 D m

VH E g0 F 0

Then,awaitingpoolingequilibriumexistsif pr > G ? I @ G g C C1 .

The proof is given in the appendix.Proposition4 shows that rashandwaiting pooling
equilibria exist. Note that both g C1 andgC C1 aresmallerthang0, the a priori expectation
of the public aboutthe competenceof the candidates.Hence,rashandwaiting pooling
equilibriaonlyexist if thepublicattachessufficiently low competenceto deviations.In the
following, we examinewhetherout-of-equilibriumbeliefsin proposition4 areplausible.
TheBayesianequilibriumnotionsdo not placerestrictionson out-of-equilibriumbeliefs.
Thuswe arelooking for refinements.We first testwhetherthepoolingequilibriasatisfy
theIntuitiveCriterion[ChoandKreps1987,KrepsandSobel1994,Fudenberg andTirole
1992],themostwidely appliedrefinementconcept.Weobtain:

Proposition5
Therashandwaitingpoolingequilibriasatisfytheintuitivecriterion.

Proof :
Theout-of-equilibriumbeliefssatisfyg C1 B g0H g C C1 B g0. Considere.g. the rashpooling
equilibrium.Equlibriumutilities aregivenby

U CG > I I SH @ A mVH E > 1 D m @ g0

U CG > I I SL @ A mVL E > 1 D m @ g0

U CB > I @ A m > πHVH E > 1 D πH @ VL @ E > 1 D m@ g0

If agentG deviatesin stateSL andthe public attachesfull competenceto the deviation,
utility is

UG > NI I SL @ A 1 D m J U CG > I I SL@
9



If agentB deviatesin thesamewaywehave

UB K NI L M mδπHVH N 1 O m P U QB K I L
Thus,deviationsby both agentsarenot equilibrium dominatedandthepoolingequilib-
rium satisfiesthe intuitive criterion. The argumentsaresimilar for the waiting pooling
equilibrium.

A differentapproachto equilibriumrefinementshasbeenpursuedby Umbhauer(1994)
andMailath,Okuno-FujiwaraandPostlewaite(1993).TheConsistentForwardInduction
Equilibrium Path conceptof Umbhauerandthe similar undefeatedequilibrium concept
of Mailath,Okuno-FujiwaraandPostlewaiteconsideranout-of-equilibriummessageasa
signalby a playerthatthebeliefsat thatmessageshouldbeviewedfrom theperspective
of anotherPerfectBayesianEquilibrium path. Thus, an equilibrium path can only be
removedby anotherequilibriumpath. Both waysto apply forward inductionarguments
to equilibriumrefinementscouldbetried.

Considere.g. the ConsistentForward InductionEquilibrium Path (CFIEP)concept. If
m P mES (seeproposition2) the rashpoolingequilibriumcanbeeliminatedby theeffi-
cient separatingequilibrium. The out of equilibrium messageis NI. G observingSL is
betteroff in theefficient separatingequilibriumsinceK 1 O m L R g0 K 1 O πH L

1 O g0 R πH
P mVL N K 1 O m L g0

WhetherB is betteroff dependson thevalueof theparameters.Hence,thesetof players
playingNI is either S GSL T or S GSL U BT .

In thefirst case,if thepublic focusesits beliefson G, this only strengthensthe incentive
of G to chooseNI. The incentivesto deviate in the secondcasearenot modifiedif the
public focusesits beliefson S GSL U BT sinceG observingSL choosesNI in the efficient
separatingequilibriumasdoesB. Finally, G in SH is notbetteroff switchingto NI.4

If, however, m V mES rashandwaitingpoolingequilibriacannotbeeliminatedby forward
inductioncriteria. Overall, rashandwaiting pooling equilibria illustratethe fragility of
equilibriumconstellationssinceoneequilibriumrepresentsa setof strategiesoppositeto
the other. Dependingon out-of equilibrium beliefs,governmentseither rushtowardsa
decisionor delayit excessively. Thus,we canoffer anexplanationfor why governments
oftenview problemsasa crisis thatdemandsimmediateaction. Similarly, we canillus-
tratewhy governmentsdemandpatienceanddelayactionsexcessively in orderto avoid a
badsignalabouttheir competence.

4 An alternative refinementconceptis universaldivinity [seeBanksandSobel1987]. Universaldivinity
requiresthat beliefs are concentratedon the player who hasthe weakest incentive to deviate from a
prescribedequilibriumpath.Universaldivinity wouldnot destroy poolingequilibria.
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6 The Money Burning Refinement

In this section,we examinea refinementof the equilibrium notion that seemsto be es-
peciallywell-suitedfor political racesin which candidatescanusemoney to advertiseat
any point in time. Supposeplayersenvision that a particulartype of pooling equilibria
is played. Then,we allow agentsto test the beliefs the public would attachto out-of-
equilibriumstrategiesin thepoolingequilibriumheis consideringby burningmoney.

The processworks asfollows. Supposethe agentassumesthat a particulartype of the
poolingequilibriais beingplayed,sayarashpoolingequilibrium.Then,wecanallow an
agentto testhiscompetencewith thepublicby incurringcosts.Suchcostscouldsimplybe
burningmoney throughuninformativeadvertisingor couldoccurwhenextensivepolls to
review thepublic’sbeliefaboutthecompetenceareconducted.Thus,weallow eachagent
to choosecostsfor testingout-of-equilibriumbeliefsfor aparticularpoolingequilibrium,
denotedby c W 0, beforethe final actionshave to be taken. This additionalpossibility
obviouslymodifiesthegamesinceplayerscanbroadentheirstrategy space.Themodified
period1 looksasfollows:

Period1’: Theagentdecideswhetherto investimmediatelyor to postponethedecision.

All playersconsidera potentialequilibrium configuration.If playersconsider
a poolingequilibrium,agentscanannouncetheir typeandcanburn money by
incurringsomecostc W 0.

Thepublic observesmoney burningby anagentandtheagent’s investmentde-
cisionandforms a posteriorestimateof the probability that the agentis good.
Thepublic’s beliefsthattheagentis goodaredenotedby g1; it thinksheis bad
with probability1 X g1.

We view themodifiedgameasthenaturalrefinementof theoriginal gameform. Hence,
therefinementin this paperis basedon thepossibility thatagentsbroadentheir strategy
spaceby burningmoney. Let usdenotethepossibletypesof theplayersby i Y j or k which
representa combinationof thetypesof theagent(goodor bad)andof therealizationof
thenoisysignalaboutthestateof theworld (high or low). Thus,i Y j Y k Z GH Y GL or B.
Note that a playercharacterizedby B doesnot receive any informative signalaboutthe
stateof the world andhenceis characterizedby the type of the agentalone. Then,we
define:

Definition
A player j hasa strictly dominantbelief-teststrategy for a givenpoolingequilibriumif a
costc j W 0 existssuchthat

U j
j X c j [ U pool

j

U i
k X c j \ U pool

k ] k ^Z j Y ] i

U j
j is theexpectedutility if thepublic believesthatplayer j is telling thetruth: U i

k is the
expectedutility of playerk if thepublic believesthathe is playeri who maybeequalor
differentfrom k. Finally, U pool

k is theexpectedutility of playerk in thepoolingequilibria
underconsideration.Wenext definethefollowing singlecrossingproperty.
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Definition
SCP:_ (SingleCrossingProperty)

Payoffs in a poolingequilibriumof theoriginal gamesatisfytheSCPif a player j exists
suchthat

U j
j ` U pool

j a max
i b k cd j e U i

k ` U pool
k f

MoststandardsignalinggamessatisfySCP. Thenext propositionis obvious.

Proposition6
Supposethat thepoolingequilibriasatisfySCP. Thenthereexistsa uniquelydetermined
playerwho hasastrictly dominantbelief strategy.

In ourgame,weobservethatagentG,whohasobservedSH hasastrictly dominantbelief-
teststrategy in thewaitingpoolingequilibrium.Similarly, agentG, whohasobservedSL,
hasa strictly dominantbelief-teststrategy for the rashpooling equilibrium. We next
definethefollowing signalingrequirement:

Belief-testCriterion
Supposethatplayersconsiderapoolingequilibriumof theoriginalgame.Then,astrictly
dominantbelief-teststrategy will beplayedin themodifiedgame.

The intuition for this criterion is obvious. Supposethat player j considersa pooling
equilibriumfor which hehasastrictly dominantbelief-teststrategy. If heteststheout-of
equilibriumbeliefsby incurringthecosts

c j g max
ib k cd j h U i

k ` U pool
k i

hisexpectedpayoffs U j
j ` c j arelargerthanU pool

j in theoriginal game.

SinceU i
k ` c j is smallerthanU pool

k for all otherplayers,independentof which typethey
wouldliketo mimic, thepublicbelievesthatplayer j tellsthetruthafterhaving burnedthe
money c j. In thissense,thebelief-testcorrespondsto arevelationcompatibilitycondition.

For themodifiedgame,thefinal beliefsof thepublic dependon theactionstakenandon
potentialcostsburnedfor belief-tests.We denotethe beliefsof the public after having
observed a belief-testwith costc andan action I or NI by pr j G k I l cm l pr j G k NI l cm . We
obtain

12



Proposition7
(i) Supposethat

ḡn1 o m
1 p m q r 1 p δ s πHVH t r 1 p πH s VL u t πHg0

1 p g0 t g0πH v 0

c̄GL o m q r δ p 1s πHVH p r 1 p πH s VL u t r 1 p m s r 1 p g0s w 0

Then,aninefficientsemi-separatingequilibriumexistsin whichagentG in stateSL

teststhebeliefsby incurringcostc̄GL

andthepublicbeliefssatisfypr r G x NI y c z c̄GL s { ḡ n1
(ii) Supposethat

ḡn n2 o m
1 p m q r δ p 1s πHVH p r 1 p πH s VL u t r 1 p πH s g0

1 p g0πH v 0

c̄GH o m| r 1 p δs πHVH t r 1 p πH s VL } t r 1 p m s r 1 p g0s w 0

Then,anefficient semi-separatingequilibriumexists in which agentG in stateSH

teststhebeliefsby incurringcostc̄GH

andthepublicbeliefsthat pr r G x I y c z c̄GH s { ḡ n n2 .

The proof is given in the appendix.The precedingpropositionsuggeststhat the ineffi-
cienciesinvolved in pooling equilibria can,at leastpartially, be alleviatedby allowing
thegovernmentto testbeliefs.However, new inefficienciesoccursincethecostsincurred
during testingarepurewaste. Thus,allowing governmentsto spendlarge amountsof
money in orderto testbeliefsof thepublic canincreasethetendency towardscorrectde-
cisions,however only at thecostof significantmoney burning. Sincemoney burning is
financedthroughtaxestodayor in the future, the possibility of belief-testingmay well
decreaseoverallwelfarefor thepublic. Thiswill bediscussedin thenext section.

7 Rush,Delay or Money Burning?

In this section,we comparethe welfareof rashandwaiting pooling equilibria with the
separatingequilibria involving money burning. We assumethat m z mES, suchthatac-
cordingto proposition2 no efficient semi-separatingequilibriumwithout money burning
exists.5

5 Wedonotconsiderapotentialbalancedspoolingequilibriumin thissection.Eitherm canbelargerthan
mBP andthustheequilibriummaynot exist. Or it exists.Thenit would helpto increasethecaseagainst
money burningsincewelfarein abalancedpoolingequilibriumis largerthanin arashor waitingpooling
equilibrium.

13



If theagentuseshis own money for costlybelief tests,thepublic is betteroff thanrush
or waitingpoolingequilibriasinceefficientdecisisonswill betaken. In politics,however,
governmentscanusethepublic’s resourcesthroughtaxation.Therefore,in thefollowing
we assumethat money burning usestax payers’money. In particular, we considerthe
following set–up. Before the gamestarts,the public gives the agenta certainamount
of money. Thoseresourcescan be usedto undertake a socially valuableproject that
increasesthe utility of the agentand that of society in the sameway6 and that enters
utility additively. Or it canbeusedfor money burningwith no directbenefitfor society.
Weexaminein whichcasesthepublic is betteroff by giving money whichmight beused
for money burningif acertaintypeof agentis present.

We denoteby λ theshadow costsof public funds. Thus,taxationuses$ ~ 1 � λ � of tax-
payers’money in orderto levy $1 for burning money. We denoteby WR � WW � WBe � WBi

theexpectedwelfareof thepublic in the four possibleequilibria rush,waiting, efficient
money burningandinefficientmoney burning.Straightforwardcalculationsyield

WR � πHVH � ~ 1 � πH � VL (15)

WW � δπH VH (16)

WBe � πH Vh � ~ 1 � δ � g0 � δ � � ~ 1 � λ� g0 πH cGH (17)

WBi � πH VH � ~ 1 � g0� ~ 1 � πH � VL � g0 ~ 1 � πH � ~ 1 � λ � cGL (18)

wherecGH andcGL aredefinedin propostion7 andgivenby:

cGH � m � ~ 1 � δ� πH VH � ~ 1 � πH � VL � � ~ 1 � m� ~ 1 � g0�
cGL � m � ~ δ � 1� πH VH � ~ 1 � πH � VL � � ~ 1 � m� ~ 1 � g0�

Note thatwe have assumedthatno disutilitiesoccurfor thepublic if theagentdoesnot
burn money andusestheresourcesfor sociallyvaluableprojectswhich alsoincreasethe
utility of theagentin thesameway.7 By comparingexpectedwelfarefor thefour different
equilibria,weobtain:

Proposition8
(i) WW � 0 � WR

(ii) WBe � WBi

(iii) If δ � g0, WW � WBi

The first two statementsareobvious sincewaiting is betterthanrush. The third state-
mentshows thateverybodywaiting is betterthaninvestingby a badagentandby a good
agentuponobservingSH while a goodagentuponobservingSL burnsmoney anddoes
not invest.Theefficientmoney burningandthewaitingequilibriumarethereforethepo-
tentialcandidatesfor furtherexaminationsof welfaremaximizingequilibria.Thewaiting
equilibriumis sociallypreferredoverefficientmoney burningif WW � WBe � 0� Weobtain

6 It couldalsomeanthatthemoney will begivenbackto societyat theendof thegame.
7 Onecouldassumethat themoney not usedfor burningmaynot increaseutility of theagentin thesame

wayasfor thepublic. In suchcases,theequilibriaarealteredsincethey imply largeramountsof money
burning in equilibrium in orderthat thea competentagentcanstill separatehimself from a badagent.
Thiswould furtherdecreasetheattractivenessfor thepublic to allow politiciansto burnmoney.

14



WW � WBe � g0 � δπH VH � πH � � 1 � λ � cGH � VH � �� g0πH � � 1 � δ � VH � � 1 � λ � mπH � 1�� � 1 � λ � � m � 1 � πH � VL � � 1 � m� � 1 � g0� � � (19)

which implies

Proposition9
(i) WW � WBe if andonly if � δ � 1� VH � cGH � 0 or� 1 � δ� VH � � 1 � λ� mπH � 1� � � 1 � λ � � m � 1 � πH � VL � � 1 � m � � 1 � g0� � � 0

(ii) If δ � 1� WW � WBe

Notethatsecondpoint follows from theobservationthatfor δ � 1

WW � WBe � � 1 � λ� g0πH cGH

andthatcGH � 0 becauseof theassumptionsin proposition7. Proposition9 impliesthat
for sufficiently largediscountfactors,themoney burningequilibriaaresociallydominated
by thewaitingpoolingequilibria.Sincemoney burningis obviously in theinterestof the
agentwho burnsmoney in equilibrium it is socially efficient to limit the budgetsof the
politicianssuchthatmoney burningbecomesimpossible.

8 Extensionsand Discussion

We have introducedan equilibrium refinementbasedon money burning that seemsto
beespeciallysuitedfor political signallinggames.Money burningcanalleviaterashand
waitingdistortionsin policy decisions,but canbeanevenlargersourceof distortionsthan
biaseddecisions.

The considerationsin this papermay be useful for otherapplications.Whenever there
is a signallinggameandplayershave thepossibility to burn money, themoney burning
refinementcanbe usedto reducethe setof plausibleequilibria. Sincemoney burning
appearsto be a naturalway for agentsto broadentheir strategy space,the refinement
couldbeausefultool for othersignallingproblems.
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9 Appendix

Proof of Proposition 2:

In the following, we shall make useof the beliefsof the public along the equilibrium
paths. Denoteby pr � G � I � and pr � G � NI � the probabilitiesthat the agentis good if the
public observesinvestment� I � or waiting � NI � . The probabilitiesaregivenby Bayes’s
Theorem.Weshallconsiderthethreecasesin turn.

(i) Fully separatingequilibrium
In thefully separatingequilibriumtheposteriorbeliefsare

pr � G � I � � 1 pr � G � NI � � 0 (A1)

Weneedto show that,giventhesebeliefs,thedifferenttypesof agentswill behave in the
describedway.

SupposetheagentobservedSH . A goodagent’s utility whenheinvestsis

UG � I � SH � � m � VH � 1 � m (A2)

If hedoesnot investin period1, hisexpectedutility is mδVH � � 1 � m� 0 � mδVH . There-
fore,agoodagentwill investafterobservingSH .

Considernext a badagentwhosedecisionsdo not dependon thesignals.If hedoesnot
invest,herevealshimselfto beabadagent.With probabilityprB � VH � SH � � prB � VH � SL � �
πH hewill investin thenext periodandthushisexpectedutility is

UB � NI � � m � δ � πHVH (A3)

If abadagentinvestshisexpectedutility is

UB � I � � m � πHVH � � 1 � πH � VL � � � 1 � m � (A4)

Thedifferencein utilities is:

UB � NI � � UB � I � � mπH � δ � 1� VH � m � 1 � πH � VL � m � 1 (A5)

SupposethatthegoodagentobservedSL. Thegoodagentmustcomparetheutilities

UG � I � SL � � m � VL � � 1 � m � (A6)

and

UG � NI � SL � � 0 (A7)

Hence,thegoodagentinvestsif

mVL � 1 � m � 0 (A8)
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However, if

mVL   1 ¡ m ¢ 0 (A9)

wehave

m £ 1 ¡ πH ¤ VL   1 ¡ m ¢ 0 (A10)

andthus

UB £ NI ¤ ¡ UB £ I ¤ ¥ mπH £ δ ¡ 1¤ VH ¡ ¦ m £ 1 ¡ πH ¤ VL   1 ¡ m § ¨ 0 (A11)

Therefore,if it is optimal for thegoodagentto investuponobservingSH , thebadagent
wantsto chooseI aswell. Hence,a fully separatingequilibriumcannotexist.

(ii) Efficient semi-separatingequilibrium

In theefficient, semi-separatingequilibrium,theposteriorbeliefsabouttheagent’s type
aregivenby

pr £ G © I ¤ ¥ 1 (A12)

pr £ G © NI ¤ ¥ £ 1 ¡ πH ¤ g0

1 ¡ g0   g0 £ 1 ¡ πH ¤ ¥ £ 1 ¡ πH ¤ g0

1 ¡ g0πH
(A13)

Supposethe agentobservesSH . We want to show that only a goodagentwould invest.
Clearly, investingis thebestresponsefor agoodagent,since

pr £ G © I ¤ ¢ pr £ G © NI ¤ (A14)

For abadagent,weobtain:

UB £ NI ¤ ¥ m ª δ ª πHVH   £ 1 ¡ m¤ £ 1 ¡ πH ¤ g0

1 ¡ g0πH
(A15)

UB £ I ¤ ¥ m « πHVH   £ 1 ¡ πH ¤ VL ¬   £ 1 ¡ m ¤ (A16)

Thedifferencein utilities amountsto

UB £ NI ¤ ¡ UB £ I ¤ ¥ mπH £ δ ¡ 1¤ VH ¡ m £ 1 ¡ πH ¤ VL  £ m ¡ 1¤ 1 ¡ g0

1 ¡ g0πH¥ mδπHVH ¡ mEV0   £ m ¡ 1¤ 1 ¡ g0

1 ¡ g0πH 
(A17)

Thus,UB £ NI ¤ ¡ UB £ I ¤ is monotonicallyincreasingin m. UB £ NI ¤ ¡ UB £ I ¤ is negative for
m ¥ 0. SettingUB £ NI ¤ ¡ UB £ I ¤ ¥ 0 for m ¥ 1 definesacritical valueδ ® :

17



δ̄ ° πHVH ± ² 1 ³ πH ´ VL

πHVH

Then,UB ² NI ´ ³ UB ² I ´ is greaterthanzerofor m ° 1 if δ µ δ ¯ .
Thus,for δ µ δ̄ thereexistssomemES, 0 ¶ mES ¶ 1 suchthatNI is a bestresponsefor
m · mES. Considernext thecaseSL. SincetG ° 1 µ tB ° 1̧ 2¹ UG ² NI º SL ´ ³ UG ² I º SL ´ ·
UB ² NI ´ ³ UB ² I ´ . Thus,if NI is a bestresponsefor B underSH , it is evenmorea bestre-
sponsefor G underSL.

(iii) Inefficient semi–separatingequilibrium

In theinefficient,semi–separating,equilibrium,theposteriorbeliefsare

pr ² G º I ´ ° πHg0

1 ³ g0 ± g0πH
(A18)

pr ² G º NI ´ ° 1 (A19)

Wefirst show thatagoodagentwhoobservesSL will not invest,since

UG ² NI º SL ´ ° 1 ³ m µ UG ² I º SL ´ (A20)

where

UG ² I º SL ´ ° mVL ± ² 1 ³ m ´ πHg0

1 ³ g0 ± g0πH
(A21)

A badagentwill investif UB ² NI ´ » UB ² I ´ where

UB ² NI ´ ° m ¼ δπHVH ± 1 ³ m (A22)

and

UB ² I ´ ° m ¼ ² πHVH ± ² 1 ³ πH ´ VL ´ ± ² 1 ³ m ´ πHg0

1 ³ g0 ± g0πH
(A23)

Clearlywehave,

UB ² NI ´ µ UB ² I ´ sinceEV0 ¶ 0¹ (A24)

andthusinvestmentcannotbea bestresponsefor abadagent.
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Proof of proposition 3:

If B choosesI with probability p, a posterioribeliefsaregivenby:

pr ½ G ¾ I ¿ À p ½ G¿ p ½ I ¾ G ¿
p ½ G¿ p ½ I ¾ G ¿ Á p ½ B ¿ p ½ I ¾ B ¿ À g0πH

g0πH Á ½ 1 Â g0¿ p

pr ½ G¾ NI ¿ À g0 ½ 1 Â πH ¿
g0 ½ 1 Â πH ¿ Á ½ 1 Â g0 ¿ ½ 1 Â p ¿

Hence,expectedutilities of abadagentare

UB ½ I ¿ À mEV0 Á ½ 1 Â m ¿ pr ½ G ¾ I ¿
UB ½ NI ¿ À mδπHVH Á ½ 1 Â m ¿ pr ½ G¾ NI ¿

A balancedpooling equilibrium requiresthat agentB is indifferentbetweenI andNI.
Hence,

m ½ πHVH ½ δ Â 1¿ Â ½ 1 Â πH ¿ VL ¿
À ½ 1 Â m¿ Ã Ä g0πH

G0πH Á ½ 1 Â g0¿ p
Â g0 ½ 1 Â πH ¿

g0 ½ 1 Â πH ¿ Á ½ 1 Â g0 ¿ ½ 1 Â p¿ Å (A25)

Theleft sideis positiv sinceÂ EV0 À Â ½ πHVH Á ½ 1 Â πH ¿ VL ¿ Æ 0 Ç
Theright sideis monotonicallydecreasingin p. For p À πH theright sideis zero.Hence,
a balancedpoolingequilibriumexists if andonly if the right sideis at leastequalto the
left sidefor p À 0 which implies

m
1 Â m È πHVH ½ δ Â 1¿ Â ½ 1 Â πH ¿ VL É Ê 1 Â g0 ½ 1 Â πH ¿

1 Â g0πH
À 1 Â g0

1 Â g0πH

Theleft sideis zerofor m À 0, approachesinfinity whenm approaches1 andis monoton-
icallly increasingin m. Hence,thereexistssomem, denotedby mBP, suchthecondition
is fulfilled for m Ê mBP. Therefore,for m Ê mBP abalancedpoolingequilibriumexists.
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Proof of proposition 4:

Wefirst prove(i). SupposethatSH hasoccurred.
Theexpectedutilities of thegoodagentamountto

UG Ë I Ì SH Í Î mVH Ï Ë 1 Ð m Í g0 (A26)

UG Ë NI Ì SH Í Î δmVH Ï Ë 1 Ð m Í pr Ë G Ì NI Í (A27)

andthus

UG Ë I Ì SH Í Ñ UG Ë NI Ì SH Í (A28)

if

pr Ë G Ì NI Í Ò m
1 Ð m

Ë 1 Ð δÍ VH Ï g0 (A29)

ThebadagentselectsI if

UB Ë I Í Î m Ó πHVH Ï Ë 1 Ð πH Í VL Ô Ï Ë 1 Ð mÍ g0 Ñ
UB Ë NI Í Î m Ó δπHVH Ô Ï Ë 1 Ð m Í pr Ë G Ì NI Í (A30)

andthusif

pr Ë G Ì NI Í Ò m
1 Ð m

Ó Ë 1 Ð δÍ πHVH Ï Ë 1 Ð πH Í VL Ô Ï g0 (A31)

Finally, supposeSL hasoccurred.ThegoodagentselectsI if

UG Ë I Ì SL Í Î mVL Ï Ë 1 Ð m Í g0 Õ UG Ë NI Ì SL Í Î Ë 1 Ð m Í pr Ë G Ì NI Í (A32)

andthusif

pr Ë G Ì NI Í Ò m
1 Ð m

VL Ï g0 (A33)

Thelastupperboundfor pr Ë G Ì NI Í is thesmallestone.Thus,therashpoolingequilibrium
existsif

pr Ë G Ì NI Í Ò m
1 Ð m

VL Ï g0 (A34)

Theupperboundis denotedasgÖ1.
Theproof of (ii) is similar. Thecrucialcomparisonis now

UG Ë NI Ì SH Í Î m × δVH Ï Ë 1 Ð mÍ g0 Ñ
UG Ë I Ì SH Í Î mVH Ï Ë 1 Ð m Í pr Ë G Ì I Í (A35)

andhencetheequilibriumexistsif

pr Ë G Ì I Í Ò m Ë δ Ð 1Í
1 Ð m

VH Ï g0 (A36)

which is denotedby g Ö Ö1 .
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Proof of Proposition 7:

(i) It is obviousthatagentG in stateSL hasastrictly dominantbelief-teststrategy. We
first calculatethe costsfor the belief test. If agentB could pretendto be a good
agentin thebelief-test,hewould chooseNI afterwards.His expectedutility would
amountto:

UG
B Ø NI Ù Ú mÛ δπHVH Ü Ý 1 Þ m

Theexpectedutility in thepoolingequilibriais givenby

U pool
B Ø I Ù Ú mEV0 Ý Ø 1 Þ mÙ g0

It is obvious that thegoodagentin stateSH hasa smallerincentive to testbeliefs
thana badagent.Therefore,themoney playerGL needsto burn for thebelief-test
aregivenby

c̄GL Ú m Û Ø δ Þ 1Ù πHVH Þ Ø 1 Þ πH Ù VL Ü Ý Ø 1 Þ mÙ Ø 1 Þ g0Ù ß
Notethat

UGL
GL Ø NI Ù Þ U pool

GL Ø I Ù Ú Ø 1 Þ m Ù Ø 1 Þ g0Ù Þ mVLà
c̄GL

Next we discusstheconditionon thebeliefsof thepublic. Obviously, theequilib-
rium requires

pr Ø G á NI â c ã c̄GL Ù Ú 1

pr Ø G á I â c Ù Ú πHg0

1 Þ g0 Ý g0πH ä c ã 0

Finally, wehave to determinepr Ø G á NI â c å c̄GL Ù .

Clearly, the badagentdoesnot want to incur costsfor a belief-test. He therefore
selectsI overNI if

UB Ø I Ù Ú mEV0 Ý Ø 1 Þ m Ù πHg0

1 Þ g0 Ý g0πH

à
UB Ø NI Ù Ú mδπHVH Ý Ø 1 Þ m Ù pr Ø G á NI â c å c̄GL Ù ß

Therefore,

pr Ø G á NI â c å c̄GL Ù æ ḡç1 Ú
m

1 Þ m
Û Ø 1 Þ δ Ù πHVH Ý Ø 1 Þ πH Ù VL Ü Ý πHg0

1 Þ g0 Ý g0πH

is an upperboundfor the beliefsof the public whena player teststhe belief by
burningmoney lessthanc̄GL andchoosesNI.
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(ii) Theproof is similar. AgentG teststhebeliefsif playersconsiderawaitingpooling
equilibrium.Thebelief-testcostsc̄GH aredeterminedby thecomparisonof

UG
B è I é ê mEV0 ë 1 ì m

with

U pool
B è NI é ê m í δπHVH î ë è 1 ì mé g0

Thus

c̄GH ê m í è 1 ì δé πHVH ë è 1 ì πH é VL î ë è 1 ì m é g0

Again,by appropriatechoicesof thebeliefs,thebadagentdoesnotwantto choose
I.

Thecomparisoninvolves

UB è NI é ê mδπHVH ë è 1 ì m é è 1 ì πH é g0

1 ì g0πH

UB è I é ê mEV0 ë è 1 ì mé pr è G ï I ð c ñ c̄GH é
yielding anupperbound

pr è G ï I ð c ñ c̄GH é ò ḡó ó2 ê
m

1 ì m
í è δ ì 1é πHVH ì è 1 ì πH é VL î ë è 1 ì πH é g0

1 ì g0πH ô
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