Volatility, Noise, and I ncentives

George Baker
Harvard University and NBER

Bjorn Jorgensen
Columbia University

March 27, 2003
Preliminary : Comments Welcome
Abstract

We develop a simple agency model that helps explain the ambiguous logical and
empirical connection between environmental uncertainty and incentive strength. Our
model stresses that two kinds of uncertainty (which we label volatility and noise) are
important in the determination of optimal incentive strength. We define noise as
uncertainty to which the agent should not react by changing his actions, and volatility as
uncertainty whose outcome does change the agent’s optimal action choice. We show that,
consistent with standard agency theory, an increase in noise reduces optimal incentive
strength. Our surprising new result isthat an increase in volatility actually increases
optimal incentive strength in most circumstances. We also show that, when effort is
contractible, the optimal linear contract in the presence of noise isfirst best and puts no
weight on output. However, in the presence of volatility the principal will use output-
based compensation in an optimal linear incentive contract. Our results shed light on, and
are consistent with the “ controllability principle,” by which agents should not be held
accountable for risks that are beyond their control, and should be held accountable for
controllable risks.

We would like to thank Luis Garicano and Canice Prendergast for their thoughtful comments, and
participants in seminars at Columbia, Cornell, Syracuse and USC.



Volatility, Noise, and I ncentives

Preliminary: Comments Welcome

In his paper, “ The Tenuous Tradeoff between Risk and Incentives,” Prendergast (2002)
argues persuasively that both casual and formal empiricism fail to confirm one of the
central predictions of standard agency theory: that there should be a negative tradeoff
between the amount of uncertainty in the environment and the strength of the incentives
that an optimal incentive contract delivers. The intuition behind the standard model is
simple and compelling: since employees are risk averse and firms are risk neutral, more
volatile environments should lead firms to offer more “insurance” against risk to their

employees, and thus reduce the slope of any incentive contract offered.

This simple logic has not convinced all observers, however. Thereis an alternative logic
that has also been discussed, although not modeled, in the literature. Thislogicis
articulated in an early paper by Demsetz and Lehn:

“In less predictable environments, however, managerial behavior ...
figures more prominently in afirm’sfortunes.... Hence, noisier
environments should give rise to more concentrated ownership structures.”
Demsetz and Lehn (1985) p. 1159.

This argument would suggest that in more volatile environments, incentives should be
stronger, not weaker. These conflicting predictions are both borne out (!) in empirical
findings: as Prendergast shows, no convincing empirical relationship has been established

between the uncertainty of the environment and the strength of incentives.

In this paper, we argue that this logical and empirical ambiguity results from afailure to
distinguish between different types of uncertainty, which we label “noise” and
“volatility.” Noiseis uncertainty whose realization does not affect the agent’ s optimal
action choice, either because the agent cannot react to it, or because it does not change his
optimal actions. Examples include such random factors as measurement error in output,

acts of God which shift the magnitude of measured output without changing how the



agent’s actions affect output, or events to which the agent cannot respond. Volatility, in
contrast, is uncertainty that does affect the agent’ s optimal action, and which the agent is
able to react to. Examples of volatility include events that change the way that output is
produced, changing the value of the agent’ s actions.

The distinction between noise and volatility is a product of two characteristics, one
affecting the information structure and the other the production function. The first
characteristic is whether or not the uncertainty affects the agent’s marginal product of
effort; the second is whether the agent observes the realization of the uncertainty before
choosing his effort level. The figure below shows how we distinguish between noise and

volatility.

Agent receives signal
before acting?

YES NO

Uncertainty affects | YES | Volatility Noise
margina product of
effort?

NO Noise Noise

We develop two models with exactly the same production functions and costs, but with
different timing. In the first model, arisk neutral principal and arisk averse agent agree
to an incentive contract, and then the agent chooses his effort level before the state of the
world isrevealed. In the second model, the agent has pre-decision information (PDI): the
state of the world is revealed to the agent before choosing his effort level. In both models,
the state of the world is characterized by two random variables, one of which (q) affects
the agent’s marginal product of effort, and the other (€) does not. We show that, in the
no-PDI model, increases in the variance of g and e reduce the slope of the optimal linear
contract. In the PDI model, we show that an increase in the variance of the random

variable that does not affect his margina product (e) leads to a reduction in the slope of
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the optimal linear incentive contract, while an increase in the variance of random variable
that does affect his marginal product (q) actually leads to an increase in the optimal

incentive strength under most circumstances. This last result is our main finding.

The result that an increase in volatility can increase optimal incentive strength depends
crucialy on the fact that the uncertainty affects the marginal product, and that the agent
receives this information before choosing his effort level. Our interpretation of this result
shows why both of these elements are necessary. In amodel with pre-decision
information that affects the agent’s optimal action, the randomness in the problem should
not be interpreted as noise. Rather, it is valuable information about what the agent ought
to do. The fact that the agent possesses this information before choosing his action gives
the principal an opportunity to make use of thisinformation through her design of the
incentive contract. An increase in the variance of g now not only increases the amount of
risk that must be borne by the agent, but also increases the amount of information that the
agent has. The principal wants to increase the strength of the incentive contract in order

to get the agent to “pay more attention” to his private information.

This same intuition applies to our second result. In amodel with observable and
contractible effort, the distinction between noise and volatility again becomes salient. In
the model without PDI, contractible effort leads to first best outcomes, with the principal
simply using a contract that gets the agent to set effort at the optimal level. The principal
has no use for output-based pay, which would inefficiently impose risk on the risk averse
agent. Similarly, in amodel with PDI, if the uncertainty is of the type that does not affect
the marginal product, then the principal again uses a contract that sets effort at the
optimal level, and uses no output-based pay. However, if the agent has pre-decision
information about his marginal product, then the optimal linear contract will be based on
both effort and output. The principal will put weight on output, thereby imposing some
risk on the agent, in order to get him to use his private information in his effort choice

decision.

The intuition behind these two results highlights one other important assumption of our

model: communication between the agent and the principal after the information is
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revealed to the agent is not possible. This might be because such communication is
infeasible, for example when a machine operator senses that her machine is malfunction-
ing and must react immediately, or when a salesman gets information from a customer
during a sales call and must respond on the spot. Alternatively, it might be that the sort of
information that is revealed is “soft,” in the sense of Stein (2002), and thus cannot be
communicated efficiently to the principal. In either case, we have in mind situations in
which it is not possible for the principal to design a mechanism which ties the agent’s
payoff to the report of some signal sent after the state of the world is revealed, but before

his action is chosen.

Both the assumptions and results of this model are reminiscent of Hayek’s (1954)
analysis of the market economy, and Jensen and Meckling's (1992) analysis of “ specific
knowledge,” and itsrole in organization design. Hayek argues that the “miracle” of the
price system is not so much that it efficiently allocates scarce resources, asthat itisa
system that makes efficient use of highly dispersed information. He argues that the
utilization of what he calls “on-the-spot” knowledge, which cannot be efficiently
aggregated or communicated to a central planner, is critical to economic efficiency. For
Hayek, the price system is not so much a mechanism for getting people to take efficient
actions, as a system that gets them to use their individual, idiosyncratic information

efficiently.

Similarly, Jensen and Meckling argue that the existence of specific
knowledge—information available to the agent which is costly to transmit to the
principal—is the main reason for decentralization in organizations. They argue that the
utilization of specific knowledge is enhanced when organizations decentralize, but that an
attendant cost is the increased need for incentives. They also argue that organizationsin
more volatile environments are likely to be characterized by greater amounts of dispersed
specific knowledge, and are thus likely to be characterized by higher-powered incentives

and more output-based pay.

Finally, our definition of volatility—uncertainty that can be and should be acted on by the

agent—nbrings theoretical clarity to a standard piece of managerial prescription. The so-
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called “controllability principle” states that managers should be held accountable for
events that they control, and not held accountable for events that are beyond their control.
(Dekin and Maher 1991) An adequate understanding of this simple prescription has
eluded theorists for decades. (See Antle an Demski 1988) Indeed, even an understanding
of the seemingly contradictory notion of controllable risk was lacking. However, our
model provides a plausible definition of a“controllablerisk,” and delivers results that are
consistent with the controllability principle. Events whose outcomes either have no effect
on managers optimal actions, or to which managers cannot react, are “uncontrollable.”
Increases in these sorts of risks should be met with a decrease in the strength of
incentives. However, risks whose outcome the manager can and optimally should react to
can be thought of as controllable, and managers should face strong incentives when

dealing with these types of risks.

The paper proceeds as follows. In Section 2, we specify the model, and show how it
compares to other models in the agency literature. We discuss the role of “post-
contractual, pre-decision information” (PCPDI, or ssmply PDI) in agency models, and
show how this type of information affects the intuition and the results in such models. We
also discuss why solutions to the sort of PDI models that we construct have not been
tackled in the past.

In section 3, we derive the conditions for the optimal incentive contract with and without
PDI, and with and without observable agent actions. While we are unable to derive a
closed-form solution for the optimal slope of the incentive contract in many of these
models, we are able to partially characterize the optimal contract, and to derive the results
above. In Section 4 we discuss applications and possible empirical tests of this model.

Section 5 concludes.

Il. TheBasic Moded

Output is:
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where a isthe agent’s effort, and 6 ~ N (Me O, ) ande ~ N (O,of) are two independent
random variables that characterize the state of the world. The principal and the agent
share common knowledge about the distributions of q and e. Output should be interpreted
as the benefits to the owners of the firm before the agent has been paid. To ensure
tractability, and to make interpretation of the results smple, we restrict the agent’s

compensation to be linear. The agent’s compensation (without contractible effort) is:

Pay =S +b,V

where S isthe fixed component of the agent’s compensation and b, isthe“piece rate”
or sensitivity of compensation to output. To avoid wealth effects on the manager’ s risk

aversion, we assume that the agent has constant absolute risk aversion, f >0. Findly,

the agent’ s disutility of effort measured in pecuniary termsis quadratic in effort, that is,
c(a)=ka’/2 where k >0. Therefore, the agent’ s expected utility is given by:

e @ k L8
U(s) =- expg BES+b\V - — ;.
e e 2 q

The principal knows that the agent will accepts any employment contract that gives the
agent hisreservation level of certainty equivaent, W. We make two different
assumptions about the timing of effort choice and information revelation. In our first

model, the timing is as follows:

: Agent chooses Uncertainty
Contractsigned ———»
g effort » resolved

In this version of the model, the principal and the agent agree on a contract, the agent
chooses effort, and then the uncertainty about g and e is revealed. Both g and e are
“noise” parameters, in that they garble the link between the agent’ s action and output. As

we will show in section 3, an increasein “noise” unambiguously decreases the slope of
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an optimal incentive contract. Furthermore, since the principal and the agent have the
same information about how actions affect outcomes, the principal knows what she wants
the agent to do. If effort is observable, then the (risk neutral) principal will set effort at
the optimal level, and perfectly insure the (risk averse) agent against risk.

With pre-decision information, the timing is as follows:

: Uncertainty Agent chooses
Contract signed —» 5
d resolved (to agent) effort

Asdiscussed in the introduction, we assume that it is not possible for the agent to

communicate to the principal his private information before choosing his effort level.

Under these assumptions, it is no longer appropriate to think about q as noise. g givesthe
agent private information about his marginal product. Indeed, in thismodel o/ isa

measure of how much private information the agent possesses. The agent’ s effort

depends on g, and, as will be shown below, expected output ( Eﬂ/]) isan increasing

function of o/ .

Finding solutions to models with a multiplicative random term, especially with post-
contractual pre-decision information, is very difficult, at least under the assumption that
the agent is risk averse.! With PDI, when the contract is written, effort is uncertain for
both the principal and the agent. Thus, the agent’ s participation constraint, and the
principal’s maximization problem, are evaluated treating q, e, and a(q) as random
variables. However, the agent’ s incentive compatibility constraint (the agent’s effort
choice decision) is evaluated after g and e are realized. Because of the complexity of the
first-order conditions in this model, we are not able to get closed-form solutions for the
optimal contract. However, we are able to derive comparative statics about this optimal

contract.

! Baker (1992) solves models of this sort for risk neutral agents.
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Our view on the importance of pre-decision information is not new. Holmstrom (1979)

notes near the end of this seminal paper:

In many respects the model we have analyzed is very primitive. One
unrealistic feature is the assumption that the agent chooses his action
having the same information as the principal, that is, before anything

about g [which characterizes the state of the world] is revealed.

Commonly thiswill not be the case. After the sharing rule isfixed, the
agent will often learn something new about the difficulty of histask, or the
environment in which it is to be performed.

Holmstrom goes on to show that, even in the presence of PDI, hisinformativeness result
continues to hold. However, he does not (nor does he try to) show how an optimal

contract under PDI varies with increasing risk.

Harris and Raviv (1979) aso build amodel (Model 2 in their paper) in which the agent
has pre-decision information. They show that, when the state-of-the-world is
unobservable to the principal and the agent isrisk averse, both the principal and the agent
prefer a contract that includes monitoring of the agent (i.e. observing effort) to one that
does not. They do not show, however, that the optimal contract will still depend on output

even when effort is perfectly observable by the principal.

Prior models with multiplicative uncertainty when the agent does not receive private
information include Sung (1995) and Feltham and Wu (2001). Sung (1995) establishes
that linear contracts are optimal in a continuous-time setting where an agent’ s effort
controls the variance of firm value. Feltham and Wu (2001) consider the granting of
options when the agent’ s preferences exhibit mean-variance separation.? Christensen
(1981) demonstrates that the principal can be strictly worse off when an agent privately
informed. In a closely related paper, Bushman, Indjgikian, and Penno (2000) study the
benefits from delegation. While they focus on the case of risk-neutral agent, they do
derive the first order conditions for model in which firm value is the product of effort and

arandom variable.

2 In our setting, where the agent receives private information, mean-variance representation does not arise.
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[11. Solving the model with and without pre-decision infor mation
A. Model without PDI

In this section, weinitially assume that the agent chooses his action before g and e are
revealed. We begin by assuming that effort is not contractible. The principal maximizes
the expected value of output minus payments to the agent, subject to the agent’s
participation constraint and his incentive compatibility constraint. The agent has expected
utility equal to:

& B(S+hV-c@)u_ - p(s- C(a))Ege- BbLV 0

@ =
g g

o]

, .
-B(S- c(a)) Phvare *1&)‘(‘3‘2"92 vof)

2

The certainty equivalent is:

2.2 2
(1)  CE(S+h\V,a)=S+b,ay - Bb"Taoez- A2 c(a)

We assume that the agent has an outside option that yields utility W. The participation

constraint is thus;

2.2 2
2  S+hau - Bsza o2- pAo2. () w

The agent chooses effort before observing g or e. Thus, the agent maximizes his certainty

equivalent:

: L, 2
@  Max|S+han - LT 0. pAL62. o).
a t 2 2 b

The solution to this maximization problem yields the agent’ s optimal action choice given

that he does not possess pre-decision information.
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Note that, if o or b are zero, this reduces to the standard result in the literature (that is,

in amodel without a multiplicative error.) However, the second term in the denominator
arises because the agent’ s optimal action choice is reduced by his anticipation that higher
levels of effort will lead to higher risk; since heisrisk averse, he reduces his level of
effort by an amount that depends on hisrisk aversion parameter and the variance of the

multiplicative random term.

Given this optimal effort, the agent’ s certainty equivalent is

Since the agent’ s participation constraint

CEE% +bfo +¢)a’ =$“bezg£3 w

Is binding, the principal chooses the fixed compensation such that

S =W - (h/uezzz +ﬁ&203
2‘g+[3h,09) 2

The principal chooses the pay-to-performance to maximize
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The principal’ s maximization problem is:
2 | h/Zu bV2 5
5) Max ———ih, - y-W- p—-Lo;
o, (k+pbog)i T 2 2

Before solving for the optimal contract, two preliminary results are easily established: the
principal is made unambiguously worse off by an increase in either s?, or s >.* The first
of these results is obvious from examination of equation 5. The second is equally obvious

once we establish that b * isless than one, which we do below.

Thefirst order conditioniis:
0=l E[V- s- V]
by

2 & p2o 4
_(k+[3MTZ) 0 b,)(k+ b, %0¢) %bv-ga(zrsbwé)%- Bovo?

ol ke[ ) - o

BB (k+ b 2o (k+p%oF)”

Several termsin this expression are intuitive. The first is the marginal effect of an

increasein p, on output, without considering the effect of the agent’s risk aversion on

® Thisresult is consistent with Kim (1995) and Kim and Suh (1991). In their models, the agent’ s effort
affects only the mean, but not the variance, of firm value.
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effort choice: it is of course positive. All of the other terms are negativeif p; is positive.
The second term is the marginal disutility of effort brought about by anincreasein p, ,
again ignoring the effect of the agent’ srisk aversion on effort choice. The third term,
which dependson ¢ ?, is due to the effect of e (the additive random variable) on the

agent’ srisk aversion. The fourth term combines all of the risk effects that come from the
multiplicative random marginal product of effort. Note that, if b iszero (that is, the agent

isrisk neutral), then the third and fourth terms are zero, and the optimal b, is one.

We are now able to derive several results from the “no PDI” model. In order to do so, we

rewrite equation (6) and define afunction L:

by 1kp.of02) =W{@- n)k- b o} - povod
0

which equals the first order condition. We show in Appendix A1 that the second order
condition for this problem is satisfied, and that the optimal b, is between 0 and 1. Thus:

1

e Lty [kp.ofol)<o.

Differentiating L with respect to ol and ol allows us, by the implicit function theorem,

to derive two results:

Results 1& 2: In a model with non-contractible effort and without PDI:

(R1) de2 <0
do,

(R2) de2 <0
dO'e

Proofs. See Appendix A2.

These results are to be expected. Since both e and g only add noise to the relationship
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between the agent’ s actions and output, an increase in their variances reduces the slope of

an optimal contract for a risk-averse agent.

Contractible Effort

We now assume that the principal can observe effort perfectly, and paysfor it with a
linear piece rate equal to b, . She also paysfor output, V.

Pay=S+b,a+h,V.

With contractible effort, the principal can write a contract that induces the agent to
choose the optimal effort level (given the information available) while permitting the

agent to bear no risk.
Results 3& 4: In a model with contractible effort and without PDI:

(R b=y

(R4 b, =0.

Proofs. See Appendix A3.

In this model, the principal sets the piece rate on effort equal to the (expected) marginal
product of effort, and puts no weight on output in the incentive contract. Note that the
principal could also have used a forcing contract, specifying that the agent choose effort
equal to m/k. Either of these contracts achieve optimal effort levels with no risk to the
agent.

An important feature of this model without pre-decision information is that the principal
knows, as well as the agent, what the optimal action is. Thus the agency problem is one
of inducing the agent to take the action that the principa wants, and the principal’s
problemisto infer (from a potentialy noisy signal) what the agent did. The agent has no
specific knowledge in thismodel. Thus, if the principal has a noiseless signal about that
the agent did, she can write afirst-best incentive contract. Thisis very different from the
model with pre-decision information, where the principal does not know what she would
like the agent to do, and so uses incentive contracting to get the agent to utilize his

specific knowledge.
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B. Model with PDI

In our PDI model, we again begin under the assumption that the principal cannot contract
on effort. She pays:

S+hb,V -

Now, however, the agent’s effort choice decision is taken after g and e have been

revealed to him. Thisimplies that his maximization problem is:

The solution to this maximization yields:

@ ar (e):%e.

Note that, under PDI, the agent’s optimal action is afunction of g, the (privately
revealed) marginal product of effort.

With the optimal effort shown in equation (7), the agent’ s expected utility at the time of

the signing of the contract (prior to observing 6 ) can be evaluated as

EgJé%+m(6a* 0)+)- &(a O)e

&S
- oexp': |3CE§%+b\,(6a*(6)+s)- —;(a (e))22|e§§f(e)de
: BZ‘% B 202 +(t\’8) =y f(0)do

0 2 2kzb

2..
—exp| [5@ B 20 oexp. Bmgf(e)de
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This expression can be converted into the certainty equivalent below. (See Appendix B1

for derivation.)

8 CE(S,b\,,a*(e))zs-Etﬁosz+ b +B;|n§+ﬁt*2/—"929.

Since the agent’ s participation constraint
CE(Sb\/ a (e)) 3 W

isbinding:

Expected output given the optimal effort choice shownin Eq. 7 is:

Elv]=Eba’@)=0,Ep?}K =b, (ARBI+EB /K =b, b7+l Yk

The risk-neutral principal has (ex ante) expected pay-off of:

2+ 2
10 E[V- (s+0V)] =(t- B)EN]- 5= by)oy I s

Combining equations 9 and 10 yields the principal’ s maximization problem:

.i. 2 2

(11) Mh?x{ E[V- (S+byV)]} = Mbvax_[ (1- by)by @ - %b?,of
A
|
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Differentiating (11) with respect to b, yields the first order condition for an optimal

linear contract. Once again, define thisfirst order condition to be afunction Jasfollows:
(12) J(b\, 62,08, ug K [3) =0=

ol ey — o tuof_ (2]

formiod) Tomie] kT

There are several things to notice about this first order condition. Note first that if s =0,

then the optimal b, is the same asin Holmstrom-Milgrom (1987):

2
b*= 0

ud +pko 2

Thisis because, with s ;>=0, the agent receives no action-relevant pre-decision
information. He still receives pre-decision information (about €), but this information has
no effect on his action choice, nor on the optimal linear contract.” Notice also that, as s?,

goesto infinity, b, goesto zero.

Asin the no-PDI model, we will not derive a closed form solution to b\j . However, we

can characterize p; in several important ways. First, we show that an optimal ’ exists,
and is between 0 and 1 for all possible parameter values. (See Appendix B2 for proof.)

We can then use the implicit function theorem to sign the derivatives of p’ with respect

4 This result only holds with linear contracts and exponential utility functions. If the realization of e
affected either the slope of the incentive contract, or the marginal utility of effort, then his pre-decision
observation of e would affect his action choice.
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to B, 0?2 and o . In Appendix B2, we show that the second order condition for the

principal’s problem is satisfied for all values of p, . Therefore we know that

(13) dJ* <0.
by

Differentiating Jwith respect to p , o and o yields the following three expressions.
€ 0

352 3 2
aa)  Lofb, lodolg k)= -byo?- 28 —L_ 52 WO g
" (krpofod)”  (k+ podod)

(15) ﬂ—ﬂ—zJ(w o2 019, k.) = - By <0

O¢

v Kby . (1- 2)
16 —L 3(by 02,02 e,k p)= - 2kBbyug .\
ﬂGez ( 0 ) (k+ [3[:)\2/062)3 (k+[3b30-62)2 K

This set of derivations allows us to compute comparative statics on by -

Results 5: With pre-decision information and non-contractible effort:
rs) B g
dp

Proof: By the implicit function theorem, since

d‘]* <0 andE <0.
dh, dp
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Results 6: With pre-decision information and non-contractible effort:

*

(R5) db"2 <0
do;

Proof: By the implicit function theorem, since

dJ* <0 and. d—JZ <0
db, do;

These two results confirm that this model of pre-decision information does not overturn
any of the standard results in agency theory. If the agent islessrisk averse, the optimal
slope of the incentive contract is higher. Also, if the variance of the additive noise

component of the production function (e) increases, the optimal slope decreases.

Result 6: With pre-decision information and non-contractible effort, there exist
parameter values where:

*

Re) Ly >0
d()'e

*

The fact that jb"z may be positive is the main result of this paper. Intuition about this
Op

result can be developed by rewriting Equation 12 (the first order condition):

a7 0= *u) BOF+uE) g 2

k k
B b3od| kg +2kug + B blod (0§ + ué)
k(k+BhZod)?

The first term represents the marginal effect of an increase in b, ON output. Notethat itis
increasing in o . The second term is the marginal effect of b, on the disutility of effort.

The third term is the effect of j;  on the agent’ s disutility for risk that is coming from the

additive noise (that which comes from €) in the production function. Finally, the fourth
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term isthe effect of an increase of b, ON the agent’ s risk aversion coming from the

multiplicative noise.

This expression makes it clear how an increasein's,* can increase b . Since an increase
ino/ raisesthe marginal value of b, (thefirst termin Eq. 17), and all of the remaining
terms become more negative as p, increases (by the second order condition), then if ol

makes the second and fourth terms more negative, it drives b, up.

*

db,

doe2

The conditions under which > 0 can be seen by looking at Equation 16. It is clear

*

that gb"z will be positive when  is small. As discussed above, p; can be driven
Op

arbitrarily small by allowing o ? to get large (by inspection of Equation 17). Thus, we

*

db,
doe2

can assure that

is positive by choosing o to be sufficiently large. However, we

*

have also performed simulations on dby , and have found that it is positive over most of

dO'e
) . . _db, .
parameter space. Only when o isvery small, or mjisvery largeis 5 negative.
Ob

Contractible Effort

We now model an agent who gets pre-decision information, but whose effort level is
observable and contractible. Once again, we choose afunctiona form for pay in which
both effort and output are rewarded linearly by the principal .°

® Thereis anon-linear contract which achieves outcomes arbitrarily close to first-best with contractible
effort. This contract involves paying the agent a bonus equal exactly to his disutility of effort (ka?/2). This
makes him indifferent about his effort level. Then add an arbitrarily small bonus paid on V-c(a), to get him
to choose the optimal effort level.. While this contract worksin theory, it is highly vulnerable to small
errors in the measurement of output, since the agent is paid for whatever he does.
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Pay =S +b,a+h,V .

In amodel with pre-decision information, the principal no longer wants to set the agent’s
effort level at my/k, because the agent has private information that would allow him to
adjust his effort with differing states of the world. Thus, aforcing contract will not be
optimal.

The expected utility of the agent is

7

e&B(stharhy-c@) U -p(s+ha- C(a))Ege' bRV 10,64

|6,e0=-¢
¢!

o B(S+Dbaa- c(a)) - BbyE[V |6.¢]

@@ @

and the agent’s certainty equivalent is
CE(S+b,a+hV,al0,e)=S+bya+h,ad +he - c(a).

The first order condition for the agent’ s optimal action choiceis:

0=b, +h0- ka
or
o’ (0)= 220

and the agent’ s certainty equivalent for any given realization of the productivity

parameter, g, is easily evaluated as

2
iy +
CE?S+ b,a+byV,a) = b"";:"e |6,ag= S+ K%L +hbye

The derivation of the agent’s expected utility at the time of contracting is shownin
Appendix B3. Combining this with the agent’ s (binding) participation constraint allows

us to derive the principal’ s profit net of compensation to the agent:
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EV]- {s+E

bya’ (e)+bvv]} = (1- b,)E[V]- baE[2"(0)]-
= 1 bk Hoar +by[of +12)} - Pt M00 s
(See Appendix B3.)

Differentiating the principal’s profit net of compensation with respectto p_ and p, yields

the two-equation system of non-linear equations shown below.

0=@- 2b, u, - 2ba+k%%

and
1
I

0=(L- 20 )(of + 15| - 2ag + k; (k+pbgof ) (k”ﬁb\%""z)z

byod - ug{ugby +bet {Hoby +ba}2(m/°92)_ 02%;
b

We are unable to solve this system of equations, or even to derive a set of comparative

statics comparabl e to those calculated above. However, it is possible to prove that setting

either b, O b, equal to zero leads to a contradiction. (See Appendix B4.) Thus we can

establish the following results:

Results 7& 8: In a model with pre-decision information and contractible effort, the

optimal contract will put weight on both effort and output.

(R7) b, 10

(R8) b 1 0.

Proof: See Appendix B4.
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This result establishes the fact that, even when effort can be costlessly monitored and
contracted upon, the principal will still choose to put weight on output in an optimal

linear contract when the agent has pre-decision information.
V. Implicationsand Empirical Tests

We show that, as the uncertainty of the environment increases, the optimal slope of an
incentive contract may increase. Theintuition driving thisresult is simple, and derives
from the difference between what we have labeled “volatility” (variability that affects the
manager’ s optimal action choice) and the “noise” which is usually modeled in agency
theory. q in this pre-decision information model is not noise, but avaluable signal that the
agent possesses allowing him to choose effort in a state-contingent way. This distinction
between volatility and noise is what drives the new resultsin this model, and ultimately

must be at the heart of any attempt to confirm this model empirically.

Before we discuss empirical tests, however, it isworth differentiating our results from
those of Prendergast’s model. Although both models are motivated by the positive,
negative, or ambiguous empirical relationship between risk and incentive strength, there
are other predictions of the two models that differ. The most important distinction is that
our model makes no prediction about (indeed has no role for) delegation. While
Prendergast’s model derives a prediction of a positive relation between risk and
incentives by assuming that increased volatility leads to increased del egation, we make
no such prediction. Thus we would not argue that a positive empirical relationship
between risk and incentives is the result of “omitted variable bias,” caused by the
statistician’ sinability to observe decision rights. Rather, this relationship results from the
fact that, when the agent has more pre-decision information, it is more valuable to give
him higher-powered incentives. Thus, in contrast with Prendergast, we would expect to
find instances in which, holding delegation constant, there could be higher incentivesin

riskier environments.

The fact that our model has no role for delegation may make it a better one for studying
the relationship between risk and CEO incentives. As Prendergast points out, hismodel is
not a particularly good one for understanding CEO pay, since thereislikely to belittle
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variation in the amount of delegation to the CEO from the board. Virtually all boards
delegate virtualy al decision rightsto their CEOs. Thus, our model may be the more
appropriate one to explain any positive relationships found between CEO pay and

environmental uncertainty.

One other distinction between our model and that of Prendergast is that our model
predicts the simultaneous use of both input-based and output-based pay. In the
Prendergast model, there is some level of risk at which the firm switches from monitoring
Inputs to monitoring outputs. In our model, the firm uses both types of incentive at all

times, choosing the optimal weight to put on each.

Our model helps resolve the ambiguous findings on the relationship between risk and
incentive strength, and suggests an empirical strategy for clarifying this ambiguity. The
novelty in our model isthat we predict that certain types of risk should increase optimal
incentive strength, while other types should decrease incentive strength. Risk of the sort
that affects managers optimal action choices (which we have called volatility) will
increase the slope of optimal incentive packages. Risk that is “uncontrollable,” in the
sense that managers ought not or cannot change their actions in response to the state of
the world, should reduce the slope of the incentive contract. How might one test this

prediction from our model ?

One strategy would be to look for indicators that the risk that afirm facesis more or less
likely to be controllable. Thus, one might expect that events that affect an entire industry
aremore likely to be controllable by managers than events that are idiosyncratic to
particular firms. This suggests an empirical test in which the total variancein
performance of afirm is decomposed into the industry variance and the firm-specific
variance. If industry-wide turbulence is more controllable, then the effect of industry
variance on incentive strength should be less negative than the effect of firm variance,

and perhaps even positive.

On the other hand, it is surely true that there are certain types of events (such as macro-
economic fluctuations) whose consequences managers have little ability to mitigate. To

the extent that the variability in afirm’s value is driven mainly by such uncontrollables,
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we would predict that it would have a lower-powered incentive scheme than that for a
firm whose variability is driven by controllable risks. Thus our model would predict that,
holding the total variability of firm value constant, high-beta firms should have lower-
powered incentives than low-beta firms.

Another possible empirical approach might be to look for firms whose performance
variability isdriven by changesin its output prices or exchange rates, versus firms whose
performance variability is driven by changes in input markets. If one assumes that
variability in input markets provides managers with more opportunities to adjust and
react, then this sort of variability might increase incentive strength, or at least not

decrease it as much as variability that derives from instability in output market prices.
V. Conclusion

We develop avery simple model of an agent with valuable specific knowledge, and show
that increases in turbulence in such amodel can lead to increases, rather than decreases,
in incentive strength. While the solution to this model is quite messy, the intuition is very
clear. An agent with post-contractual pre-decision information has knowledge about his
optimal action choice that the principal lacks. This knowledge can be measured by the
variance of the pre-decision signal received by the agent. When this variance increases,
the value of getting the agent to “pay attention” to the signal goes up, and so may

outweigh the countervailing benefit of shifting risk away from the risk-averse agent.

We believe that the approach that we have developed is superior in many respects to the
standard one in the literature, in which the principal is as well informed as the agent
about optimal actions. It incorporates much of the intuition of the multi-tasking models of
Holmstrom and Milgrom (1991), and provides aformal but intuitive way to model
concepts like specific knowledge and controllability. Unfortunately, the model is very
hard to solve, and requires particular assumptions about the structure of the random terms
and the agent’ s utility function. Nonetheless, we feel that the benefits from working with

this model outweigh the costs.
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Appendix A: No Pre-Decision Information
Non-contractible effort case.
AO0-1: Proof that principal prefersnon-negativeb,.

Refer to the principal’ s objective function in (5):

16, 107.02) EV - 5- b= Jm-{%‘-w- p 2o

WUq
K+ Bbﬁoe |

Note that for any two contracts with opposite sign on the slope, the principal prefersthe
positive slope, that is,

I@ |082,082)3 03 I(— b, |062,082).
Hence, the optimal slope is non-negative, b, 3 0.

Further note that (bv =0,a=0,S =- W) is afeasible solution which yields expected
payoff of I(O|o§,of): -W to the principal. Consequently, since " b >2:

16} 102,02)<1@|02,02)<-W itfollowsthat by, <2.
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A1: Proof that second order condition is negative for positive b,.

The first-order condition for the principal’s choice of , is:

LG, 1k.B.02.02)= (k—i{(l b, X - Bhio’}- pb,o?

By differentiation

iL@ |k,|3,092,02)

o f anpokee o) - fo-n - prioshhe priopanoi} | .
k+pio?) ”
i[k+2bwso Je+poios)+fo- o) - poioshpnos}
((+|3b6062)
clhoranpod Tue-n)-pioch apnol o .
“kepbiod) 1 Gepnioz)  plrpbior) T

Substituting in the first order condition in the second term

g L6 =t kB0l or)
whe s 2ipol] g noloprioibanel .
S ) A T
E<+2b”30 ] | ap 2bo;
(<+[3b§092) Q“‘Bbkf 2)

+1[.\;ﬁ0 <0

Since this expression is negative for every positive values of p’ , every positive solution

to the first order condition is aloca maximum. We aso know that the function,

1 L(bv ) is continuous and differentiable everywhere which means that every positive

T,

interior local maximum is also aglobal interior maximum, since (from A0-1) the optimal
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b, isnon-negative. Asis standard, we rule out the only remaining possible optimum,

b, =0, by assuming that it is worthwhile for the principal to hire the agent.

Finaly since L is a continuous function and
L(o | k,B,oez,ogz) =u2>0
2

L1 kp.of.07)= (I(Lﬁ;Z)Z{ -pog}- poZ <0
+Ppog

the unique interior optimum, b 1 [0,1].
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A2: Proofsthat d;b"z <Qand de <O
do, doe

Thefirst result follows immediately from A1 and implicit function theorem since

%L@ Ik, B.02,02)=-ph, <0 forall b, >0.

To prove the second result note that

o!)

{mﬁKk+ﬁbiozf [ b, X - ool bl + oo oo
; (k}+ﬁb60§)
k- 20,k - phis?

T o)

", T [0,minfL b, J]: Bk- 26,k - b2po2}e § - b2poi} 0 such that

2,03)<0.
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A3: Proof that b,* = u, and b,*=0

When both effort and firm value are available for contracting, the agent receives the

contract S +b,a+h,V , then his expected utility is

By Y22, 2
] EEwﬂﬁ%mme@»}:_gﬁ@ﬂﬁ*@»EE%MV]:_e$@+%&ﬂ@k_M@%+477@Uem€)

and the certainty equivalent is

bja® by
CE(S+b,a+h,V,a)=S+ba+h,au, - p ; ol2- ﬁ?of- c(a)

The first order condition for an interior optimum is

0=b, +h,u, - Bbyjacy - ka

or
* = ba + l“XIMS
a 2 _2
k+ phyo,
Note that fa__ L >0 so any effort level can be implemented even though

T, k+pblo?
b, =0. Given thisoptimal effort, the agent’s certainty equivalent is
. . «_ b, +bu, O
CEa%+ba+ 0 +e)a =20+
g a bK/@ 5) k+phlo’ 5
—_ 2‘? b&f 2 kl;' b&f 2
_S+a(ba+hlue)’ a gﬁ?oe +§H' B?Og
2
:S+(b +h/Me)2_B%O.£2

2k + phlo;

and the participation constraint reduces to
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Clearly the optimal pay-to-performance, b, is zero (and independent of the variance of the

performance measure used.

Define the principal’ s objective function similar to (5):

m@wmlm500°EN-S-bﬂ-hN]=@-mhm-ba-S

_ ?b +h,u, U ) eba"'h/“e , (b +Q/Me)2 bv
L S I R e e R

_éhrhu 8 bt f B
ek+|3b6 2Ue 2Q<+l32092) €

The first order condition with respectto b, is

:: 1 uM (b +hyu,)
ek*‘ﬁbvzﬁezue Q‘J’Bbvzﬁez)

or b, =(@- b, u, . Further

g 6t 10707

:AMS(("'Bb&OeZ) (b 'Hl/Me)ﬁzh/O (- (ba+h/ue)“e((+ﬁhfo ) (b +Q/Me)2ﬁh/09 - Bb,o2
8 ( + Boio ) : (+ Boio; )

w - batbowy) \2u, - (b, +b,u,) 2
Q<+Bh30:) Yo ( +hy, u, ) Q( + pbe ) Bbw Bh,o.

By substition of b, =(@- b, Ju, then

%m@a,m 0,02 )=0- (Q’f%ﬂﬂmﬁbﬂf- pb,o? <o foral b, 20,

a_*:M_e

from which it followsthat b, =0, b, =u, , and -
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Appendix B: Pre-Decision | nformation

Appendix B1: Derivation of agent’s ex ante certainty equivalent with PDI and non-

contractible effort.

The agent’ s expected utility is:

é . . 28
EéJg%+b\,(6a ©)+¢)- £(a0)) p
- oexp': ﬁCEgsm,(ea*(e)ﬂ)- —;(a* (e))zgwé?f(e)de
2
- soupi - pos- B o2+ OO Gt o)
P e 2 2k %

B(Q/G)zl;l 1 F'lag'ue?yde

we first analyze the term in the square bracket in the exponent
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=0 g+6[h/0]2 B 26§+[3[h/0 ]28
& @
:0'2&+B[h/09]2%2_ 26 1+B[h/09]291
BT 5

- o, §1+|3 [h/0 ]zél'*'ﬁ [U/O ]Z_ w2 +0; 2

ﬂ

[bw ]2062 §§+B[m ]2: s

§1+B[bv ]27 My +05 g

To simplify the derivation define the three constants, {S;,Z, M,, K, } asfollows

S, =0, §1+[3[h’ ]26>0
a

o1
x (0)

M, =S§06'2Me =(g‘1+[3 [bvclze]z: T
(%]

2 2$
2BK, =-M?2S,? +0,°u —-oagl

[GEE IO=,

then

w'uegz B(OQ/)Z
p k

(O

=0°S;" - 20M,S;” +0, "1y

=07°S,2- 20M,S,* + MJS; 2 - MJS;% +0,%us
0-M

e ( > 9)2 +2|3K9

(]

Hence
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s 160 - M, ¥

=0 exp| e—+2[5K
60_@ P28 & %

=0,'S, exp{- BK, }Osiexp‘:

- Ge lSe exp{' BKe }

(‘jaxp}- B%gf(e)de

16- M)2u

Ed@

and the agent’ s expected utility is

E§J§%+bvéa*(e>+s)-5@*(e))§
bw %o 'S, expf- BK, }

|
1
|

:expi- Z% Bb@oz+K ﬁlln(j 282)/2§
|

2% [bvoe]zél 2, -2 2
2pK Oy g"'f’ K % Mo +Oq U
: 1 i1 phof oy
— -2 2l L _ 2 2l k L _ Uy
=04 WYy +1ly =0, g -
e bofo i iE, bofd kesbo)
FEPTCS T
it follows that
_ bt

e 2%+ﬁ[b\/09]2)

Thus, the agent’ s certainty equivalent is
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CE(SW,a*(B)):E;%- Ezb\%0§+ Keg- '3_1“1(062362)_ 1/2

1/‘
[b\/Oe]

k o

2
=S- Eb3082+ {b\/Ue} > 6 |nc;1+[3
2 2(k+5[twe] )

_s. B2+ — {0}’ : LB 2, Toyog 20
2 ofkeplvonl?) 2 & Kk o

Baker-Jorgensen 37

Preliminary: 3/28/03



Appendix B2: Proof that O<b,*<1 with PDI and non-contractible effort.

First, show that the second order condition for a maximum is satisfied.

2 (by lof0? a.kiB)

by
Cerid) o, (kp0iad) - b2k priog)paned  , (k+Bbod)- bypabya?
o k - Poe gk 2 2\ o0 2 2\?
(k+[3b\/09) (k+[3b\/06)
of+ug) , , (krBbfaf)- 4ppfos  , (k- Bbiod
=2 K " Boe+rgk 2 3 8 2 2\2
(k+pbGo?) (ic+pbGog?)
= _2(0§+ Mez)- BoZ+ u{%k(k- 36&05) +o§ (k_ ﬁb\2/0922
k (k +B b\z,oez (k + [3b3062)
=L 2 2o +uf) i+ Bodof) "+ u(k- o) + ko i - pni - po?

So %(b\, |062,082,Me,k,ﬁ) <0for all values of p, . Thusthe principal’s problem is
T

globally convex.

Now show that J(b\/ =0 |092,o§,ue,k,ﬁ) >0:

by lo 0 g k.B) =

| om0 ]
R T
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When b, =1

3= 02 {k+bof) o sk o) - (o +ud) o

2..
= -po 2Kk +pof) O+ udie + Kol + kpoi
2.2 2 2 4 2 2 2 4 2 2
- K% - K2 - 2kpog - 2kBodud - Bog (o +ud)

.
= -50§§(k+ﬁ092) ;- k3o - 2K - BZOg(0(§+Mg)<0

Since Jlise'verywhere negative, and Jis positive at b, =0 negative at b, =1 it must

be that ()<b\; <1.
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Appendix B3: Derivation of agent’s ex ante certainty equivalent and principal’ s net

profit with PDI and contractible effort.

The agent’ s expected utility is:

E[ ob (S+boasb,v- C(a»]: ) BE E B (S+ba+h,V-c(a)) |6 ]f @ )16
-¥

BS?‘ é-ﬁ?b“zbkve)z% 3 O () .
=-p A [} i 2
e QQEge |egf(6)deze

& 8 g o

where effort is anticipated to be chosen optimally once the productivity parameter has

been observed, that is, a"( )= w . To evaluate the integral term in the parenthesis

¥ é .|;M? U ¥ . Ig)(ﬁba +b\/e )z 9] 3 - U,y 92 u
C‘)Eéi‘ T ;|Bl:|f(6)‘je _ c\)e D E:' 1 e' Gy Blyde
v é l,:\l v i O 127-5 4

é 0 t b

we first focus on the terms in the exponents only:

@b t0f0 1 -, 0
2k 5 28 0y g
=2fp 62 + 26,00 +bj07 )+, 767 - 20w, +u7)]

:%EZ@JBQE +()'9'2)_ 20 6(9-2“6 _ k-lﬁbabv)'*' Q(lﬁb: +0_9-2M922

= 1E 1 ‘I' 6_,2M - lebag/)?J - - ‘Zl
_7§(<1Bt\5 +09.2)1%92 -20 8Q<1?5b6 +0é2) [\;"'li( 1I3b§ +062M92E;
:_?]geé 2. 20M }+ [k_lﬁbj +06_2M92:E

where
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M = (;2u, - k7Bb,b,
= (c*pb} +0,°) =05 §1+B[bv TR
4]

Adding and subtracting the same M ? —term we get

g b+qef9 1a® © - 1, 0
g b Op ﬂ

= 713%{9 - 20M }+ kb2 +o; ZM:E

_71?;ei{92 - 20M +M? - M2 }+ | pb? +08'2u92:E

_-1ap-MF oo T P ¢

L S R -

a
1 - MF o9
S (%]

2§

where

2Bk =-S2M? + [k b2 + 0, 2u2]
=- 56, u, - k80,0, BF +pb2 +0,7m]
=- S22, - kb, ) + b2 +o,207]
Gatu, - kb, ) +52fcipb? +o; 2]}
GaZu, - kb, ) + 2oz +0;2 )k ipb +0;202]

or

2pKkS 2 =- (2, - k2pbyb, J +k2pbz +0;2 JkpbZ +0;2u2]

=- i, ) +26:7mk o0, ) poub, J +Gtpo tpoz e g Jootue Jeon e tpozJeo it
- 2ok, Yo B it Jro o]

=0, % *pou, bib, +bius +b2}

=0’k B{uyby +b, ¥
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Note that

o,k Hushy, +b.F _ {u,b, +b,¥
2c'po; +o,%)  2k+pblo;)

k=0, %k {u,b, +b,} 278" =

isaconstant that does not depend on 6 .

The integral in the agent’ s expected utility can now be written as

aﬁ(ba+b\/9)2 6} . (jz ..
O S S
|
R TOB \ 21 L/
¥\ 1 - %?LM}ZWBK g ¥\ 1 -1fo-m¥

s? > - - 2
=0——¢ 2dg = e P~ O—=—e? ¥ do
40 V21 yO V21

S ¥ -1fo-m¥
=—e™——e? ¥ df =0,'Se™
o,  ySV2n ’

where the last equality follows from recognizing that the integral of any (normal)
probability distribution function is 1. At the time of contracting, the agent’s expected

utility is therefore

E[ o B(S+b,a+b,V- c(a))]: e P 6618e B )a(ﬁbzv Y2

Consequently, the agent’ s certainty equivalent at the time of contracting is

Baker-Jorgensen 42

Preliminary: 3/28/03



CES% +baa+t)\,v,a(9):w':9

(%]

=5- B logl; 'S+ pr - B L bV
=S-pB" {og(; 1S}+1< —0
=S- 5'1{og(o§s2} ’2}+K - B %205

-1 2
=S +B—Iog(5928'2)+1< - B &05
2 2
Since the agent’ s participation constraint,

W £CER +b,a+bV,a0)=2e+0O0
e

isbinding it follows that

=ﬁ7-1log(fez$'2)+1< - B &2

o, [ {uem+b}2 b’
e By 0

Since

22 R—
GS -

ﬂ 628-2)
ﬂ 2 — ’ —_ k BZb\/Ge BZQ/OS
o, oobis 3= ) = B0 +1)” o+ phio?)
%5{09658'2}=

and
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ﬂ_K - Mebv +ba}

b, k+pbioy

e _ iy +b, M+ poiod ) fu,b, +b,Y Bo,o2)
T, ( +pbiol}

ﬂK - {Meb\/ +ba}2 ﬁk\f

foy 2+ poiol ]

it follows that
ﬂ Mebv +b }
b, +pblo?
and

s B! B2bo, e Me{uet\/ +ba}(<+|3 2092)' {Mebv +ba}2@b\,062)_ Bh,o’
2 o+ phiof)  + poo2) E
o+ {nb, +0} by 0. F@oos) o
k +pbjo; ) (<+[32092 )

and

- ﬂS :B_l . Bkﬁ .. {Meh/-l-ba}z Btﬁ
To; 2 k+pbjos) 2+ pbio2)

bo.Fo, {uem+b}2 bv
Iogg"'ﬁ B 2 +[3bv2 2) B

To evaluate the objective function of the principal, apply the derived decision rule of the

agent to rewrite the principal’s gross profits as
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Ef]=Epa’@)+e]= E%%bﬁme%ﬂw[s
=g+ 2o gpe= Ry, +2 (D ]+ €T
=k’ {bue+bv(f +Me}

The principal’s profit net of compensation to the agent is

eV]- f5+Eba’@)+hV =0 b EV]- b.ERE)) 5
- CL- h/)(_l{)aue *h, (’ez + Mez}' ba§a +|?’M" g- >

If the optimal solution isinterior then it is determined by the two first order conditions for

choiceof b, :

1 ﬂb +Q/M90 ﬂS
0=(-b k" o T,

And choice of b, :

0=k {bMe+(1 Zb&/)@ +Me} bagra %E/

These two equations can be written as

_(. i 18
0=(- 2b, )u, - 2b, k‘ﬂba

and

0= CI- Zh/)(j +Me) 2b,u, - ﬂs

ﬂbv

By substitution from above, we find that

0=(Q- 2b, ), - 2b, +k{<“9bv—2b2})
+ phjo

and
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Y Tho? +uduh, +b} {ub, +bF@ho?) .
o=t i) B N T (+phioz) MGS%
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Appendix B4: Proofsthat neither b nor b, can be zero.

THEOREM B4.1:

Assume that effort is observable and contractible and o7 > 0. Then the principal will use

firm value for contracting, that is, b, * 0.

PROOF OF THEOREM B4.1:

Proof by contradiction. Assumethat (b, ,b, )= (0,b, ). Then the optimal effort would be

a()=b,/k . Thefirst order conditions would reduce to

b

0=y, - 2ba+|(?a [1.1]
and
0= (jez + Mez)' 2b,u, + kMeTba [2.1]

Since[1] impliesthat b, = u, while[2] impliesthat

2+ 2 0,2
ba:—(’H Mﬂ):_e+Me
Wo Woy

the contradiction arises whenever o > 0. Note that additiverisk, 2, plays no role for

this result. Hence, the optimal contract does put some weight will be put on firm value.

THEOREM B4.2:

Assume that effort is observable and contractible and that u, =0 then b, =0
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PROOF OF THEOREM B4.3:

When u, =0, thefirst order conditions reduce to

b,

0=-2Db, +kW) [1.2]
and
0=@- 20, p; + kl b, foor). o2 [1.3]

Q""Bbvz‘jez) Q( [32062)

It followsimmediately from [1.2] that b, =0. Thisimpliesthat [1.3] reduces to

0=(- 2bv)o:+k(kbv+) Bh,o?

whichisathird order polynomial
0=0 |_k[3 ‘0l0f - 2[3094J+ b} |_[30;J+ b, |: 3ko, - k2603J+ |[<092J

that identifies (at least) one solution to b, .

THEOREM B4.3:

Assumethat u, * 0. When effort is observable and contractible, the principal usesfirm
value for contracting, that is, b, * 0, amost surely (i.e., except on a set of parameters of

measure zero).

PROOF OF THEOREM B4.3:
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Proof by contradiction. Assumethat (b, ,b, )= (b,0). Then the optimal effort would be

a)=h,6 /k . Thefirst order conditions would reduce to

b
0=(- 2b)u, +k " [1]
’ (igbzoj +k)
and

N

0:@__ Zb)()ez +M92)+k.¥ bo +Me{ueb}_ {Meb}z quoez)_ 6b02$ 2]

i @b’ +k) (bl +k)

These equations define the roots of two polynomialsin b: the first isathird order

polynomial and the second is afifth order polynomial where only the latter depends on
o 2. Hence the polynomials only coincide “rarely”. To make this statement more precise,

note that [1] implies that

b

2
o TK

_ u
(b- L, =k bzoe

or b >.5 and hence

oD ¥ fuo
k G&bzoez + k)Z

Substituting these two equations into [2], we find that [2] reduces to the third order

polynomial:

0= - 20)7 1 Y- 1+ @02, - L2 DK o). o

These two reduced first order conditions are non-trivial and do not coincide since they

have different slope almost everywhere (since b* 0 according to Theorem B4.1).
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