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It is often felt to be necessary, when different educational or other mental
tests are given to individuals, to be able to “equate’ the scores on the different
tests. Thus foi two tests, for every score x on the one test we need to designate
a single ‘equivalent’ score y on the other test. In this way we obtain a unique
conversion, or transformation, from one scale to the other. Thus it does not
matter which test is actually given to an individual, since all individuals can
cach be assigned a final score on the same scale. For example, if we wished
to change tests over a period of time in order to avoid any one test becoming
too widely known and thus easier for.subsequent candidates, an equating
procedure between the tests would still allow all candidates to be compared.
This is one of the principal motivations for the procedures adopted by the
British public exam boards in their ‘comparability’ exercises.

It 1s possible to imagine a number of procedures for producing equivalent
scores, for example, by transforming the distribution of each test score so
that it has a standard normal distribution, which means that any score can
be given the equivalent normalized score. Alternatively, a sample of in-
dividuals could each be given the two (or more) tests and a suitable empirical
relationship between the test scores be used to transform one into another.
In the following section some basic requirements needed for test scores to
be equatable will be outlined; this will be followed by a development of
models which incorporate these requirements. Practical methods of estimat-
ing equating relationships will be referred to and references-to more detailed
discussions will be given where they are available. The so-called comparability
problem in public examination results will be discussed, and some suggestions
will be made for alternative procedures.

Test Equating Models
One of the fundamental assumptions in test score theory is that an individual’s
observed test score (X') consists of two components, his ‘true score’ (T) and

a ‘measurement error’ (¢) which add together to give the observed score thus
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X=T+e (1)

where the mean value of e in repwted testing is Efe) =

When tests are equated it is the true scores which we are mterested in
equating.

Any equating procedure will apply in the first place only to a particular
population and its sub-populations. This population may be, for example,
a whole nation. or a single education authority, but unless the procedure
has been verified emplrlcall_v as applying to a further population, it can be
used strictly only within the original population. Thus an equating procedure
derived for the white children in one area may not necessarily apply to the
black children, and indeed may not even apply to white children in the

same area at a different time.
Suppose that we have two tests with observed scores X, Y, whose true

scores S, T are to be equated. For equating to be possible we require every
possible score S to be equivalent to one and only one score T in a strictly
increasing or decreasing order. Thus, in the population, every individual
with a given true score say S, on the first test will have an equated true score,
say T, on the second test.

We can write this formally as

S =T, (2)
[f we now consider the observed scores X, Y then (2) becomes
EX|S) = E(YIT) ' (3)

where £(X|S,) stands for the mean value of the observed X for an individual
with true value §,. Similarly for E(Y|T). Lord (1977, 1980) proposes a
stronger definition of equating.” Not only does he require (3) to be true but
also, after equating to a common scale, that the distribution of X about §,
is identical to the distribution of ¥ about T, in particular that the variances
of the corresponding measurement errors are equal. Lord justifies this
additional requirement on the grounds of ‘equity’ by which he means that
an individual who is equally happy whether he takes test | or test 2 must,
rationally, want the measurement accuracy of each test to be equal, arguing
that a test with a small measurement error variance should be preferred to
one with a large measurement error variance. This assumes, however, that
individuals have a particular kind of "utility function’ with a very high ‘cost’
attached to having an observed score a long way from the actual true score.
Alternative utility functions are quite plausible, however. For example,
large measurement errors will be associated with large overestimates as well
as large underestimates and an individual, particularly one with low ability,
may well prefer to ‘gamble’ on turning up a farge overestimate of ability.
Lord’s condition therefore seems to be too constraining. It is also very
restrictive in effectively limiting the types of test which can be equated to
those which are strictly parallel. In fact in the later discussion (Lord, 1980),
he is forced to consider practical methods of approximate cquating for the
majority of tests which do not satisfy his extra condition. It scems more
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sensible and realistic, therefore. to avoid that difficulty and to take equation
(3) as the fundumental definition of equated tests.

We now nced to specify how to operationalize expression (2), that is, to
define a ‘transformation’ of the § scores to the T scores. For example, it
might be a simple linear transformation

T=a+bS
and in general we may write 7T as a function of S
T = f(S) (4)

where f(S) defines a monotonic, that is, ‘one-to-one order-preserving’,
relationship.

Equation (4) can be extended readily to a series of tests. Such a series of
related tests forms a "uni-dimensional” set in the sense that once an individual
is assigned a true score on one test, his true scores on the others are also
uniquely defined. Note, however. that each separate test itself need not be
uni-factorial, so that the test scores might. for example, be determined by a
combination of more than one further factor or dimension.

While (4) may refer to any monotonic relationship, it is simplest to begin
with a linear one. A suitable ‘model” for this case is the one known as the
congeneric test score modcl described by Joreskog (1971), the simplest
version of which is

X

= a; +b,T + ¢ . (5)

where 7 refers to a test, x, the observed score on that test, 7 is the true score,
e; a measurement error and a,, b, scaling or equating parameters. The
subscript referring to individuals has been omitted for convenience.

he usual assumptions for this model are

Covariance (T,e;) = Ele;)) =0
and for convenience we can set
FE(T) = 0, Variance (T} = 1

If a; = 0 and b; = I then the tests are known as tau-equivalent and if in
addition the variances of the e; are all equal then the tests arc parallel.

The problem of equating then becomes the one of finding good estimates
of a;, b, for each test, since when these are available, if we define

xi = (x; — a)/b; (6)
then we have for two tests i, J
E(xiT) — E{x}{T) =T (N

which is simply equation (3) with 7'being the true score on the common single
dimension. Thus (7) satisfies our definition of equated scores and the trans-
formation in equation (6) is known as a linear equating procedure (LP).
Note that (7) does not require the measurement error variances to be equal

so that we do not require tests to be parallel.
Now the variance of x; is {L4+—Rtb*==#)|/R; and the mean of x; is a,,
e
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where R; is the reliability of the ith test. Thus if we have a good estimate of
R, then we can estimate b, and a; by [E=£R, Variance (x;) =E#,]""* and
X, respectively. Where several tests arc to be equated,. efficient ‘maximum
likelthood” methods are available (see, for example. Werts er al., 1980).

While the linear model (35) is relatively easy to deal with, in practice many
relationships are non-linear. In principle (3) could be extended to include
non-linear terms, but this would not only complicate the analysis, but it
would also be difficult in any one case to know precisely which non-linear
terms to include. A more flexible approach is the so-called equipercentile
(EP) procedure. The aim of this is to rank in order the true scores on each test
in order to obtain the cumulative probability distributions and then equate
the equivalent percentile values. 1f a general non-linear monotonic relation-
ship given by {4) exists. then since the whole population of individuals will
be ranked (on their true scores) in exactly the same order by each test, an
equating of the percentiles of the cumulative probability functions of the
true scores will produce the required result. As with the LP method we do
not require equal measurement error variances. but we must take care in
the estimation. This i1s because the mean valuc of a percentile estimated
consistently from an observed score distribution is not equal to the same
percentile of the true score distribution. From equation (1) we obtain the
usual relationship

Variance (X) = Variance (T) + Variance (e)
with Variance (T)/ Variance (X') = R (the reliability of X).

Thus a given percentile, say the 93th, corresponds to different values of
the observed and true score distributions, and the observed scores need to
be ‘'shrunk’ to correspond to the distribution of true scores. If we assume that
the distributions can be described in terms of their means and variances
then we simply need to multiply the observed values (measured about the
mean) by theyreliability. It is then the percentiles of these shrunken distribu-
dons which are equated. ! Of course. when the measurement error variances
are equal then the raw scores can be equated directly. In order to obtain
good 'smoothed” estimates of the cumulative distributions a combination of
‘eye-fitting’ and automatic procedures such as spline-fitting will usually
suffice. although large samples will be necessary in order accurately to locate

the extreme percentiles.

Designs for Equating

The first systematic attempt to devise a framework for equating studies
seems to have been that of Angoff (1971). He proposed four main designs,
and the following summary is based on these, incorporating the models of
the previous section. (The case of just two tests is used for illustration.)

) Each test is given to a different samiple of the population. For
the LP Method equation (6) is used to equate to a common
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imate of scale with «,, b; cstimated using the reliabilities and means as
}7* and given in the previous section. For the EP miethod the “shrinking’
aximum procedure is uscd separatcly for each sample.
S0). (2) Each test is given to all individuals in a sample, with the admini-
cecmany . stration in one order for a random hall and the reverse order
include for the remainder. This uses individuals more efficiently (by
5. but it cutting down the numbers needed) and the ‘crossover’ design
n-linear enables allowance to be made for possible practice effects.
reentile Angoftf’s method. while incorporating an adjustment for practice,
-ach test does not make explicit use of the relationship between the tests,
1 equate although this can be incorporated in the congeneric model (5)
clation- to obtain improved estimates. In the non-linear case, efficient
rals will EP methods are complicated but estimates based on the separate
test, an distributions can be used. The relationship information does,
; of the " however, allow a check on some assumptions (see Note ).
1 we dp (3) An additional common test U is given to cach group in design 1.
care in The purpose is to increase precision by adjusting for sampling
‘imated fluctuations in the selection of the groups. using ‘regression
¢ same estimation’ procedures for the LP method. Any variable with a
ain the fairly high correlation with the scores can be used for U, or

indeed a combination of variables can be used. For the EP
method, assuming a large enough sample, an iterative non-
parametric standardization procedure can be used. Details are
given in Bianchini and Loret (1974).
lues of ©) A common test U is administered as in (3) but U is now used
to predict the true scores, with scores predicted by the same

reed to ,
e that value of U deemed to be equated. Alternatively the tests may
-ances be used to predict U, with scores predicting the same value of

wut the U deemed equated. These methods seem not to be justified by
any general model, but are used in public examination com-

”gfigs parqbility exercises and I will discuss them more fully in a later
ybtain section.
ion of , L
sually In evaluating the performance of these designs it is useful to assess how
locate closely the sample data conform to the model. For this purpose we can define
the conditional variance of equating (D;) as follows:
If x{ = x/, then for test 2
D, = E {(x}; — x))*|xy; = x}j
is the variance of the second test score values about the equated score for
i all individuals () with the same first test score.
udies : More recently, latent trait models have been used for equating. An account
>1ens, of the procedure can be found in Marco er al. (1980). Briefly, these models
s of relate the responses of the constituent itecms of a test to an assumed uni-
) dimensional “ability’ for each individual and to one or more parameters
relating to cach item. Using either separate random samples or common tests,
For the item parameters {or all tests can be estimated, thus enabling the ability of

mon an individual who responds to any of the tests to be estimated. The use of
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latent trait models has been advocated for ‘vertical test equating’ where
groups of markedly difterent ability are te be equated. Because they deal
with items rather than the test scores, latent trait models require additional
assumptions to be made. These, however, give rise to particular difficulties
(Goldstein, 1930) and the use of such models seems problematical.

Equating Studies

The most comprehensive equating study so far has been the Anchor Test
" Study, commissioned by the US Office of Education and carried out by
Educational Testing Service from [971 to 1974,

One part of the study, which is not of prime concern here, was a norming
study involving 150,000 children. The test equating part of the study involved
a stratified random sample of 200,000 fourth, fifth and sixth grade children
from the whole of the US and seven tests (with one added later in a supple-
mentary study). One of the tests, the Metropolitan Reading Test, was chosen
as the *Anchor’ Test (and was the one which was normed) and the others
were equated to the scale and norms for this.

The study design consisted of 16 replications of a basic design involving
28 schools each given a testing assignment at random. For the seven tests
there are 21 possible pairs and each test had a parallel form giving another
seven pairs. Then within each school the testing was repeated using the reverse
order to that first assigned. This resulted in 2 x 28 = 56 ordered pairs of
tests. The final report is in 30 volumes and describes the results, and a project
report (Bianchini and Loret, 1974) of 295 pages gives details of the design
and methodology of analysis. Both LP and EP methods were used to obtain
equated results.

Several studies have compared latent trait models with LP and EP methods,
for example, Holmes (1980). Marco er al. (1980), but no one method emerges
as clearly superior. Few useful simulation experiments seem to have teen
attempted, and apart from latent trait models, no new theoretical approaches
to test equating have followed Angoff’s (1971) article. Furthermore, because
of the difficulty of being certain that tests are tau-equivalent or parallel,
much of the published work needs to be viewed with caution. For example,
the most common justification for the use of equating methods seems to be
the existence of high (disattenuated) intercorrelations between the tests used.
Unless these correlations are all close to one, however, the existence of more
than a single important dimension is likely. Furthermore, part of the high
intercorrelations may well be explained by other factors such as socio-
gconomic group, income, curriculum, etc., so that ‘partial’ correlations
within relatively homogeneous sub-groups may be much smaller. Since
equated scores will often be used in making sub-group comparisons, this is
of some importance.

Test equating, therefore, while having clearly formulated theoretical
models behind it, seems to have had limited practical success and there
remains a number of outstanding problems to be studied. Public examina-
tion comparability methods, on the other hand, have no clearly formulated
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theoretical models underlying them, although they are extremely widely
used on a routine basis.

Comparability ef Public Examinations

The General Certificate of Education examination boards in England, Wales
and Nerthern Ireland issuc graded certificates to individuals for each ex-
amination subject. If each board issues grades A, B. C, etc., in a particular
O-level subject, this carries the implication that a grade A from one board
is ‘equivalent’ to a grade A from any other board. As with test equating,
thereforc, an implicit equivalence relationship underites the award of grades.
[ will begin by describing briefly how two common methods of equivalencing
operate and then consider what theoretical underpinnings these may have.
A more detailed description of the methods can be found in Bardell ef al.
(1978). '

Monitor or Reference Tests

In this method, for each examination paper to be cquivalenced, the examina-
tion score or, more usually, grade (using a simple scoring system) is regressed
on a ‘reference’ test 'score. The difference between the intercepts of the
regression lines (assuming them to be parallel) estimates the differences in
the mean grade scores. These differences can then be used as the basis of
adjustments to grade definitions 1 order to equivalence the mean grades
with respect to the reference test. A detailed description of the workings of
this procedure with examples can be found in Newbould and Massey (1979).

Apart from any theoretical difficultics, several practical difficulties occur
with this procedure. Firstly, it may not be possible to adjust grade boundaries
to produce coincident regression lines, and this will be so particularly if the
original lines are not parallel or show signs of non-linearity. Secondly, the
use of a simple scoring system for the grades is rather crude. Although it
seems not to have been tried, a direct methed of relating proportions of
candidates in each grade to the reference test score would be preferable,
using, for example, a logit linear model. Thirdly, some account should be
taken of the measurement error in the reference test and it appears that only
one research study has attempted to do this (Willmott, 1977).

Cross Moderation

This has now become the favoured method and since 1978 all nine GCE
boards have taken part in cross moderation exercises at O- and A-level.
Subject experts (usually examiners) scrutinize examinatien scripts to
decide whether grades are ‘comparable’ across boards. This is done either
by using a wide range of scripts from each board in order to establish where
grade boundaries should be, or by using narrow ranges of scripts centred
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on grade boundaries determined by cach board a priori. In the latter case
it is often found that examiners from one board find another board too
lenient. whereas the other board’s examiners find the first board too lenient!
This indicates that each examiner is using his or her own criteria, based on
particular examination experience, to make judgements. To overcome this,
attempts have been made, often involving outside experts, to evolve common
criteria for these exercises. Nevertheless, agreement on criteria is not easy,
and the result may be a compromise which is not as relevant to any board
as were the original criteria.

The advantage claimed for cross moderation is that it comes close to the
actual examining process, allowing the full use of expert judgement. On the
other hand, it tends to be costly so that in practice only relatively small
samples of scripts can be compared. It is also, ultimately, subjective and
dependent on which examiners or experts are used.

Both the reference test and cross moderation methods may be used either
to compare different boards in the same subject in one year or to compare
different cxaminations in the sume subject for a single board for two or more
vears. The first application is designed to ensure that every candidate is
treated ‘fairly’ or ‘comparably’ irrespective of which board’s examination
1s chosen, and the second is designed to ensure that examination ‘standards’
remain constant over time. These methods have occasionally been used to
study comparability between subjects, but in the light of the following
discussion this seems especially difficult to justify.

In the previous paragraph words such as ‘fairly’ and ‘standards’ have
been uscd somewhat iinprecisely, and little attempt has been made to provide
a strong justification for the methods, unlike those underlying equating. In
the next section [ will attempt to outline the logic of a comparability model
for public examinations, and then to see whether the procedures used actually
satisfy the requirements of the mrodel.

Models for Comparability

Imagine the following situation. For a given examination subject, there are
two boards, A, B, and two syllabuses 1, 2. Syllabus | is the appropriate one
for board A’s examination and syllabus 2 for board B’s examination. That
is to say, each examination is designed to test attainment in the subject as
described in the appropriate syllabus. Of course, in practice there are several
boards and often more syllabuses than boards, and this complication will
be dealt with below. .

Consider first a hypothetical experiment whereby half of the candidates
following syllabus | are allocated at random to paper A and the other half
to paper B, and likewise for syllabus 2. For those candidates from syllabus
I we compute the mean score difference between paper A and B, (say %),
and likewise for syllabus 2, say y. Since the allocations are at random, the
average ability of the candidates is the same for cach examination, so that
we have the possibility ot using the diffcrences ¥, ¥ forcach syllabus sepurately,
to adjust the cxamination tnarks to produce an average ‘fair’ adjustment.
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In practice, however, it is often not possible to identify which candidates
for any one examination have followed the different syllabuses. Also, there
is the difficulty that the same nominal syllabuses in different institutions may,
in reality, difler considerably in the emphasis given to various topics, hence
making them effectively different syllubuses. Thus, the results of the hypo-
thetical experiment could only be applied safely in the case of imperfect
syllabus information. if ¥ and j are in fact equal. so making the particular
syllabus followed irrelevant. Unfortunately, since each examination is
linked to a syllabus, we would expect those from syllabus 1 to do less than
justice to themselves when taking examination B and vice versa for syllabus
2examinces so leading to different values of ¥, . Thus any supposed difference
in examination difficulty is confounded with the examination/syllabus link
and indced ¥ and j may even have opposite signs. In fact, thisis what happens
sometimes in cross moderation exercises as pointed out above. Moreover,
since random assignment is theeretically the best method of allowing for
the difficrent “abilities’ of candidates following ditferent syllabuses, the dif-
ficulties in making allowance will also apply to all less efficient methods of
adjusting for ability differences. Both the reference test and the cross modera-
tion methods are essentially attempting to adjust for ability. The former
uses an objective regression or covariance mode! to judge which candidates
are equivaicnt, that is, have the same ability, and the latter methed judges
which candidates are equivalent according to subjective criteria developed
by one or more moderators, this time using the internal evidence frem the
examination answers themselves. For both methods the average score
differences for equivalent candidates is used to adjust examination scores.
In addition, of course, there are considerable problems in knowing what
might constitute a suitable test of ‘ability” or how a szt of moderators might
develcp ciitena for recognizing it. We see, therefore, that there can be little
theoreticai justification for the usual between-board comparability exercises.
The gencral problem is that the duliculty of an examination and its
relevance to a syllabus are inherently confounded. Nevertlhieless, there is one
special case when it would be appropriate to attempt to adjust for ‘ability’,
namely where for a single examination board there are equally relevant
examinations for a syllabus. This might apply over time where comparability
was desired from one year to the next. Here, however, there are additicnal
problems rclated to the fact that syllabuses could change from year to year
so that the relevance of reference test to the examinees may change, as might
the moderators’ criteria. While we can in principle, therefore, equivalence or
indeed equate, two examinations related to the same syllabus, can we also
equivalence two syllabuses which are related to the same examination?
Imagine, again, a hypothetical experiment in which individuals are
randomly assigned to one or other syllabus. This would give. on average,
equal distribution of ability at the outset, and if it were possible to ensure
equality of education proviston, teaching, etc., then if both groups take the
same examination, any difference in score distributions would reflect dif-
ferential relevance of the examination to the syllabuses, apart from sampling
fluctuations. If there are now two different examinations, each related to
one syllabus, then the difference in scores will reflect both ‘relevance’ and
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‘difficulty’. Nevertheless. it could be deemed fair in this case to use this
difference to adjust scores, since the two groups of students are assumed to
be equivalent. This nmaginary, experiment does secem to be the strongest
sense i which public examinaticn comparability can achieve fairness but,
as before, we need to ask how closely the hypothetical experiment can be
approached.

Firstly, neither the cross moderation nor reference test methods come
close. since both rely on assessing examinees at the end of exposure to a
syllabus. Tu principle, it would be possible to attempt to measure “abilities’
prior to syllabus allocation and also factors associated with teaching, etc.
In practice no comparability studies along these lines seem to have been
carried out, and to do so would involve a time-consuming longitudinal
study. In addition to the above factors. moreover, variables such as student
choice would have to be measured, since generally the choice of which
examination to take is not made at random. In practice we know relatively
little about how to measure the relevant factors associated with teaching
or student cheoice. While further research aimed at understanding these is
worthwhile, clearly we are far from possessing the knowledge needed to’
create satisfactory comparability exercises.

Some Conclusions and Recommendations

This review has been generally critical and pessimistic about the utility
of the various equating and comparability methods in use. [t has been my
intention to try and :lluminate the logical foundations of these methods,
especially those used in public examination comparability, in order then to
evaluate the procedures themselves. In equating, there seems to be a need
for some reelistic simulations to evaluate the nerformance of different
methods on data with known properties. In comparability, some long-term
studies would be useful, but simulations of the conditions of student choice,
examination choice, etc., would also be useful. In addition, for certain
special cases, true comparability may well be feasible. Where there are
several cxaminations rclated to a single syllabus. it is possible to make
progress towards establishing comparability, or at l[cast deciding what
degree of comparability might be attainable. This would seem to be the case
with certain examining bodies such as the Technician Education Council,?
where common syllabuses are separately examined by dilferent institutions.

If reasonable comiparability is simply not possible, perhaps we should be
asking whether attempts to achieve it should not be abandoned. “Why not,
for example, have simple norm referencing, whereby every vear each set of
examination scores is scparately standardized using those individuals
entering for it, and a common grading system used? This would at least
have the merit of being well understcod. Objectors to such a system might
argue, for example, that this would penalize those children who happened
to encounter a particularly “difficult’ paper, but it could also be said that
any ‘unfairness’ introduced by this would be small in comparison to other
known sources of variation, such as marking variability. It is also possible
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that after such a system had been in operation for several years, both those
who take examinations and those who use the results might accept the system
fairly readily. The students would make their own decisions about their
prospects with different cxamination boards, and the users would make
allowances for different ‘standards’ adopted by the boards. Naturally, the
boards would wish to maintain stable ‘standards’ but those would be in-
corporated into the sctting of the examination papers. Since these papers
themselves and the objectives of the syllabuses upon which they are based
would be publicly available, the onus for a valid interpretation of the examina-
tion results would rest with the user rather than the present somewhat
shaky comparability procedures. Furthermore, in those cases where valid
exercises might still be carried out, such as over time for a single board with
an unchanging syllabus, these could provide a useful check on examination
standards.
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NOTES

! In order to satisfy equation (4) a further assumption is necessary, namely that £(f(x,)|S)
=f{s) with a similar condition for the other tests. However. this ought to be the case so
long as the reliabilities are not too low. Also. this assumption can be examined empirically.

2 Currently funding a project along these lines.
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