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ABSTRACT. This paper analyzes spillover effects in spatial (network) models when the neigh-
borhood (adjacency) matrix is contaminated by measurement error from reporting, aggre-
gation, or disclosure imperfections, leading to inconsistent estimation of network effects. We
introduce a regularization framework for the latent network that allows for sparse and/or
low-rank structure and accommodates potential correlation between measurement errors and
outcomes. We propose two estimators: (i) a two-stage procedure that first denoises the ad-
jacency matrix and then incorporates the purified network into a regression analysis, and (ii)
a Generalized Method of Moments (GMM) estimator that jointly estimates regression pa-
rameters and refines the network structure. We then establish strictly improved consistency
rates for the spillover effect estimator relative to naive estimation ignoring measurement
error. Simulations demonstrate that, in the presence of noisy networks, our approach re-
duces the root mean squared error of spillover estimates relative to conventional methods
by approximately 50 — 80%. We apply our framework to examine the international spillover
of economic growth, and the tax competition across U.S. states, illustrating that denoising
might restore Leontief stability and yields improved estimates of spillovers.
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1. INTRODUCTION

Network analysis provides powerful tools to quantify policy spillovers and identify piv-
otal agents for targeted interventions, particularly when policymakers face binding resource
constraints (Ballester et al., 2006; [Zenou, 2016; Galeotti et all, 2020). A large literature
shows that economic outcomes often depend on interactions among interconnected units,
giving rise to amplification, diffusion, and multiplier effects that are central to policy de-
sign (Acemoglu et al!, 2012; de Giorgi et al., 2020; |Araujo et all, [2023). These insights have
motivated the widespread use of spatial and social interaction models to study peer effects,
diffusion dynamics, and network-based policy interventions across a broad range of economic
settings.

Methodologically, the literature on spatial and social interaction models differs mainly in how
the network structure is handled. A dominant strand assumes that the adjacency matrix is
correctly specified and directly observed, and studies spillover effects conditional on this ob-
ject (Led, 2007h; Bramoullé et _al), [2009; Lee et _al., 2010; Banerjee et _al., 2013; Elhorst, [2014;
Lee and Yu, 2014; Yang and Lee, 2017; [Zhu et al., 2020; [Kuersteiner and Prucha, 2020),
(Shin_and Thornton, 2021; |Chernozhukov et al), 2021). An alternative and growing line
of research relaxes this assumption by estimating the network jointly with model param-
eters, typically imposing dimension reduction constraints such as sparsity to address the
curse of dimensionality in high-dimensional settings (Manresa, [2016; Lam and Souza, 2020;
de Paula et all, 2025).

Sparsity-based methods work well when the latent network is dominated by a few strong
links, but they fail in the dense networks that arise in production, trade, and financial
settings, where the observed adjacency matrix is itself contaminated by measurement error
(Fisman and Wei, 2004; [Upper, 2011; |Anand et al), 2015). In such settings, two distinct
forms of latent structure coexist beyond idiosyncratic noise. First, outcomes may be driven
by a small number of pervasive (though individually weak) latent forces such as common
shocks, shared technologies, or institutional linkages, naturally represented by a low-rank
component (Chudik and Pesaran, 2013; [Kapetanios et all, 2021). Second, networks may
contain a small number of strong bilateral or idiosyncratic interactions, naturally represented
by a sparse component (Lam and Souza, 2020; lde Paula et all, 2025). Imposing sparsity
alone discards the pervasive signal, while ignoring measurement error produces non-vanishing
bias as elementwise small errors accumulate along network paths (Lewbel et al.; 2024). The
stakes are practical: in our cross-state tax-competition application, the standard spatial
GMM estimator with the raw inverse-distance weight matrix yields 2> 1, violating the
Leontief stability condition and implying explosive multipliers, while our estimator returns
X < 1 within the admissible region. We therefore propose a regularization approach for
the observed adjacency matrix that filters measurement error while preserving low-rank or
sparse signal, developed formally in Section [3]
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Throughout, by regularization we mean imposing restrictions: low-rank, sparse, or low-
rank-plus-sparse, directly on the latent adjacency matrix Wy rather than on the regression
coefficients, as identifying restrictions that make denoising of the observed network feasible.

The problem is non-trivial because it combines matrix-valued measurement error with a
spillover estimator that depends nonlinearly on the network matrix through the Leontief
inverse (I, — A\W)™!, so errors in W propagate through the estimator in ways classical
errors-in-variables corrections do not handle. Low-rank and sparse structures have deep
foundations in statistics and econometrics, appearing in approximate factor models, latent-
variable graphical models, and high-dimensional covariance estimation (Bai and Ng, 2002;
Chandrasekaran et all, 2010; [Fan et all, 2011). A large methodological literature develops
penalized procedures to recover low-rank or sparse patterns in covariance and precision ma-
trices (Cai et al), [2011; ICandés et all, 2011; |Agarwal et all, 2012; [Fan et all, 2018). Despite
their success in these settings, regularization of this kind has not, to our knowledge, been
adopted in the econometrics literature to address measurement error in observed network
adjacency matrices, or to improve the estimation of spillover effects and other policy-relevant
network statistics. We build on this literature by developing two complementary estimation
approaches. The first is a two-stage procedure that denoises the observed adjacency matrix
by separating low-rank or sparse signal from measurement error before estimating spillover
effects. The second is a regularized Generalized Method of Moments (GMM) estimator that
jointly estimates the network and the model parameters in a single step. We establish that
our estimator is consistent, in contrast to naive estimation that ignores measurement er-
ror and remains inconsistent in dense regimes. Simulation results show that the proposed
method achieves a 50-80% reduction in the root mean squared error of spillover estimates
under noisy weight matrices, with measurement noise ranging from moderate to high.

Our main theoretical contribution is to characterize how the bias of standard spillover es-
timators depends on the structure of the latent network and the measurement error, and
to show that this bias does not vanish in the dense regime that characterizes economic net-
works. [Lewbel et al. (2024) show that modest link misclassification bias in the estimation of
linear social-interaction models may be negligible as long as misclassification is not pervasive;
we extend their analysis to settings in which the latent network has many but individually
weak connections, and in which the measurement error itself need not be sparse. We further
allow the measurement error to be correlated with unobservables in the outcome equation
(Candelaria and Ural, 2023; [Lewbel et all, 2023), which can introduce non-vanishing bias if
ignored. We derive convergence rates for both the spillover-parameter estimator and our
estimated adjacency matrix. Beyond these formal results, the framework also delivers an
interpretable decomposition of network connections (a low-rank component capturing perva-
sive relationships and a sparse component isolating localized interactions, with identification
following standard strategies in the literature (Chandrasekaran et al., 2011)) and we use this
decomposition to provide a novel expression of the network eigencentrality that quantifies
the contributions of each component.
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We illustrate the practical relevance of our framework through two empirical applications:
international spillovers in GDP growth across 23 economies and tax competition among 48
U.S. states. In both settings, our estimated network produces spillover estimates that differ
markedly from those obtained using the raw adjacency matrix, highlighting the empirical
importance of network denoising. In the cross-economy GDP-growth application, regulariza-
tion affects not only the scale of spillovers but also the inferred structure of interdependence.
The network decomposition further reveals distinct regional and global components of cross-
economy interdependence. These empirical findings demonstrate how our framework can
uncover the structure of interdependence in economic networks and support more reliable
inference in spatial econometric analysis. In the U.S. tax-competition application, the raw
inverse-distance weight matrices yield explosive estimates X > 1 that violate the Leontief
stability condition, while our estimator returns stable estimates.

The remainder of our paper is organized as follows. Section Pl motivates the framework
by explaining why measurement error matters in dense networks, illustrating three possi-
ble network structures (sparse, low-rank, low-rank-plus-sparse), and demonstrating with the
U.S. Input-Output Table that real-world dense networks exhibit exploitable regularization
structure. Section [3] presents the spatial interaction model and introduces the plug-in and
regularized GMM estimators under low-rank, sparse, or low-rank-plus-sparse structure. Sec-
tion M provides assumptions and establishes consistency and asymptotic normality results for
both estimators. Section [l presents simulation evidence. Section [Bl applies our methods to
estimate spillover effects using noisy network data. Section [ concludes. Proofs, algorithms,
and additional technical details are provided in the appendices.

2. MOTIVATION

This section sets up the notation and previews the regularization framework used throughout
the paper. Let NV := {1,...,n} denote the set of n units or nodes and £ the set of edges
between them, so that (N, &) represents the graph. Let W, be the n x n adjacency matrix
encoding the true connections, with (¢, j)-th element W, ,;; we write Wy ,; # 0 when unit i
is connected to unit j and Wy ,;; = 0 otherwise.EI We further assume no self-loops, so that
Woi=0foralli=1,... n.

The econometrician observes a noisy version of W,
W =Wy+ £,

where E is a measurement-error matrix whose sources are discussed in Section 2.1l Before
formally motivating the regularization framework, we briefly preview the structural decom-
position of W, that plays a central role throughout the paper.

To reduce estimation complexity for large n, it is natural to impose structural assumptions
on Wy. The most common choice (sparsity) is plausible for social networks dominated by
a few strong links, but fails to describe networks in which a large number of units share

IWe allow the connection from i to j to differ from that from j to i, so the graph may be directed and Wy
need not be symmetric.
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common interests or characteristics: a highly sparse network typically splits into several
disconnected components. We therefore propose to model W, as the sum of a low-rank and
a sparse component,

W = Lo+ Sy +FE, (1)

——
EWO

where L, captures pervasive, common connections and Sy captures sporadic or idiosyncratic
connections.

The components Ly and Sy need not individually satisfy the zero-diagonal constraint. When
Wy has a zero diagonal, we can define L = Lo — diag(Ly) and S§ = S + diag(Lo), which
absorb the diagonal corrections so that both represent networks without self-loops:

W =Lj+ S, +E. (2)

——
=Wy

While Lj is not exactly low-rank, it inherits the low-rank structure of Ly and differs only on
the diagonal. Section illustrates the usefulness of this decomposition through concrete
examples. We further develop our theoretical analysis (Section M) in terms of Ly and Sy
and note that the results extend directly to Lj and S;. Both theoretical and empirical
evidence in the following sections show that this decomposition captures several meaningful

network structures encountered in practice (Diebold and Yilmaz, 2014; Barranca et al.,2015;
Gamble et _all, 2016; Newman, 2010).

2.1. Why dense measurement errors matter. A central feature of the applications
mentioned in the introduction is that the observed network is dense and measured with error.
We document four such sources of error in Section 2.2} here we develop the consequences
for spillover estimation. The existing literature, such as [Lewbel et al! (2024), assumes that
measurement error in the network is sufficiently sparse that it does not affect the consistency
of the spillover estimator. In particular, consistency of \ can be preserved when the aggregate
magnitude of the error vanishes asymptotically, for example when

1
=N E| = o,(1).
2 L1 = ol

This condition is naturally satisfied when the total error budget grows slowly relative to the
size of the network, as in settings where the underlying adjacency matrix itself is sparse.
Intuitively, when only a small fraction of links are contaminated and the magnitude of each
contamination 1s small, the resulting perturbation to the network propagation mechanism
becomes negligible in large samples.

The situation is fundamentally different when measurement errors are dense. Even when
each entry of E is elementwise small, the errors accumulate across the O(n?) entries of the
matrix and across the propagation paths generated by the spatial multiplier. The aggregate
distortion may not vanish asymptotically, and the estimator XGMM may fail to be consistent.

To recover Wy from W in the dense regime, some structural restriction on Wy is needed.
Depending on the application, the appropriate structure is:



i) Sparse: Wy = 5§, where most links are absent. Suitable for social networks.

ii) Low-rank: W, = L§, where connections arise from a small number of common
factors or shared institutional features. The primary case for dense networks such as
input—output tables and financial exposure matrices.

iii) Low-rank plus sparse: Wy = L{ + S, the general case combining pervasive com-
mon connections with idiosyncratic strong links.

Misspecitying this structure leaves residual bias: assuming W, = S; when a non-negligible
L{ is present discards the pervasive systematic connections that drive spillovers; assuming
Wy = L§ when strong idiosyncratic links are present absorbs those links into the residual.
Moreover, the low-rank and sparse decomposition introduced above is the device we use to
operationalize this regularization. We emphasize that it is af flexible modelling dev1ce not an
economic interpretation. The interactions-model estimator 9 depends only on W =1 +S *
not on the individual components. We thus do not rely on any economic interpretation of
L§ and S§ as separate network objects. Nevertheless, Appendix [C] discusses the economic
interpretation of L, and provides identification conditions for the L{ + S; decomposition.

The practical importance of regularizing Wy rests on three observations. First, measurement
error in dense networks is non-negligible: it may not vanish with sample size, so standard
asymptotic consistency arguments fail. Second, it may be endogenous: measurement errors
may share common sources with the outcome disturbances or covariates, so that £ can be
statistically dependent on e; or X, even conditional on the fixed matrix W,. This violates
the exogeneity conditions underlying standard instrumental-variable corrections. Third, it is
economically consequential: in our empirical illustration with the U.S. Input—Output Table
(Section [2.4]), ignoring measurement error entirely distorts the estimated propagation matrix
by 9%, and misspecifying the structure of the error (treating it as purely sparse) compounds
the distortion to 68%. A method that filters dense, structured noise while preserving the
signal in W, is therefore not a refinement but a prerequisite for credible inference about
network spillovers.

2.2. Sources of measurement error in economic networks. The economic literature
documents several mechanisms through which the observed adjacency matrix W may depart
from the latent network W,. Many policy-relevant production, trade, and reconstructed fi-
nancial networks contain numerous weak links and can be dense relative to conventional
social networks. Consequently, measurement error may affect a large fraction of their
entries. A related source of potentially dense measurement error arises when the adja-
cency matrix is constructed from geographical or economic distance (LeSage and Pace, 2009;
Getis and Aldstadt, 2004): errors in the underlying distance measurem (arising, for example,
from centroid approximations, omitted transport links, or bandwidth choices) can propagate
across entire rows or columns of W. We discuss several additional sources of measurement
error below.
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(i) Aggregation and reporting error in inpul—output networks. A widely studied dense eco-
nomic network is the input—output table, where the (i, ) entry records the share of com-
modity 7 used as an intermediate input in producing commodity j. [Acemoglu et al) (2012)
establish that propagation multipliers are highly sensitive to the precise pattern of bilat-
eral input shares across all n? entries of this matrix. The observed Bureau of Economic
Analysis table aggregates transactions across hundreds of heterogeneous firms and products
into sector-level flows, and is further subject to reporting inaccuracies, imputation of miss-
ing entries, periodic revisions, and reconciliation between the supply and use tables. Given
these, the analyst observes a sector-level W that departs from any meaningful sector-level
Wy, and the resulting errors propagate along multi-step Leontief Chains.lg Our method takes
the sector-level network as primitive and denoises around a sector-level truth. We show in
Section [0] that even at the sector level, denoising restores Leontief stability and materially
changes estimated cross-sector multipliers.

(ii) Mirror-statistic discrepancies in bilateral trade networks. International trade flows pro-
vide a second canonical example of a dense network where measurement error affects every bi-
lateral entry. Trade flows are recorded twice: by the exporting country as exports and by the
importing country as imports. These two independent records of the same physical shipment
should agree, but in practice they differ substantially and systematically. [Fisman and Wei
(2004) exploit this bilateral mirror-statistic structure to measure the evasion gap, i.e., the
log difference between Hong Kong’s reported exports to China and China’s reported im-
ports from Hong Kong at the six-digit product level and show that a one-percentage-point
increase in the tariff rate is associated with a three-percent increase in the evasion gap. This
tariff-related underreporting may affect many product categories and can be amplified by
product misclassification, as importers reclassify high-tariff goods into lower-tariff categories.
The resulting measurement error need not be confined to a small number of trade links and
may affect a substantial fraction of the bilateral trade network in a manner correlated with
tariff rates. Because tariff schedules are systematically related to trade volumes and revealed
comparative advantage, the measurement error Fj;; tends to correlate with the true Wy ;,
violating classical errors-in-variables assumptions and biasing estimates of trade-network
spillovers.

(1ii) Entropy-based reconstruction error in interbank exposure networks. Bilateral interbank
exposures form a naturally dense network for studying systemic risk and financial conta-
gion. Each bank’s balance sheet records its total interbank lending and borrowing, but
the bilateral breakdown, who lent to whom and in what amount, is typically confidential.
Regulatory data under the Basel II framework require reporting of exposures only above
a threshold of 10% of regulatory capital, so the majority of bilateral links are unobserved
(Anand et all, 2015). Researchers and regulators therefore reconstruct the full n x n bilat-
eral exposure matrix from the observable marginals (total lending and borrowing of each

2The literature on aggregation in production networks treats this as a separate methodological problem; see
e.g. Barrot and Sauvagnat (2016) and IBoehm et all (2019). Our framework is complementary: it addresses
reporting and revision error at whatever level the network is observed, and is silent on the firm-to-sector
aggregation step.
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bank) using maximum-entropy algorithms. As[Upper (2011) and the systematic evaluation
of lAnand et al. (2015) document, the maximum-entropy solution fills in the matrix as uni-
formly as possible, implicitly treating the network as if every bank lent to every other bank
in proportion to its total activity. This assumption yields a fully dense reconstructed matrix,
but one that systematically underestimates concentration and overestimates diversification:
in reality, interbank lending is relationship-based and concentrated among a small set of
counterparties. The reconstruction error £ = W — W, may therefore be dense. It affects ev-
ery entry of the matrix, and is potentially correlated with the true bilateral exposures, since
banks with large total lending are disproportionately misrepresented. Stress-testing exercises
that rely on the reconstructed network underestimate contagion risk precisely because the
entropy assumption smooths away the concentrated exposures that drive cascading failure.

(iv) Recall error and endogeneity in reported network links. Even when network data are
collected via direct reports rather than algorithmic reconstruction, the observed adjacency
matrix is subject to recall error, misunderstanding, and measurement timing mismatches.
Lewbel et al. (2024) study economic network models in which some reported binary links
are misclassified: true connections are recorded as absent (false negatives) and absent con-
nections are recorded as present (false positives). They establish that this misclassification
introduces new sources of endogeneity beyond the standard simultaneity problem in spa-
tial models: the mismeasured adjacency matrix contaminates the spatial lag WY, creating
correlation between regressors and structural errors, and invalidating standard instrumental
variables based on powers of W. The result is that conventional Two-Stage Least Squares
(2SLS) estimators that ignore misclassification are inconsistent even when the fraction of
misclassified links is small relative to n, because in a dense network a small misclassification
rate still corresponds to a large absolute number of erroneous entries. Panel data settings
compound this problem: if the network is observed at lower frequency than the outcome
variable, links created or dissolved between survey waves appear as persistent misclassifica-
tions correlated with individual fixed effects that cannot be differenced away (Lewbel et all,
2023).

The four mechanisms above are heterogeneous in origin but share the three features high-
lighted at the end of Section 2.1} the measurement error is dense, correlated across entries
through shared sources (aggregation, tariff incentives, reconstruction algorithm, or recall
bias), and asymptotically non-negligible. These properties together explain why classical
errors-in-variables corrections may be insufficient: they presume sparse or vanishing noise
that can be handled by instrumental variable (IV) or measurement-error bias corrections,
whereas the dense, correlated errors documented here require a different approach. Imposing
a regularization on Wy (as a low-rank matrix, a sparse matrix, or their combination) pro-
vides the identifying restrictions needed to disentangle the systematic signal from the noise,
motivating the framework developed in the remainder of the paper.

2.3. Examples of network structures. To build intuition, we describe four common eco-
nomic network structures and show how each fits into the low-rank, sparse, or low-rank plus



9

sparse framework. For simplicity, throughout this subsection, we assume the network is
observed without measurement error, so W = Wj,.

2.3.1. Complete network. We begin by considering one of the simplest examples: a fully
connected network. In this setup, the link matrix Wy is an n x n matrix of nonzero off-
diagonal values, where it is common to set Wy ,;; = 0 to avoid self-loops. The link matrix

corresponding to a complete network generated by nonzero constants ¢ = (¢, -+ ,¢,) " is
defined as
0 ce cieg -0 ey,
e 0 coes - oy,
WO = . . . . . 3
CpC1 CpCy Cpcz -+ 0

where ¢;’s are positive constants within the bounded support [¢pin, Cmax|, and they could be
viewed as individual characteristics that vary across i. Let Ly = cc', which is a symmetric
low-rank matrix with rank 1. Tts singular value is ||c||3, and the associated singular vector
is ¢/||c||2. Then we could also express Wy = Lo + Sy = L, where the sparse component Sy
is a diagonal matrix whose (i,4)th element is —c? to guarantee no self-loops in W. Such a
network could be used to capture the common interaction structure driven by individuals or
agents who interact through a common market or platform.

2.3.2. Low-rank network. Motivated by the structure of the latent factor, we consider the
network in which the strength of the connection is determined by Wy ;; = a; + 2z if i # 7,
where a;’s are individual characteristics and z;’s are some latent variablesﬂ Denote a as a
vector consisting of a;. In this example, Wy = Ly + Sy = L, where Ly = alTTL + 22" is
a matrix of rank no more than 2 with @ = (a1, -+ ,a,) and z = (z1,--- , 2,), and S is a
diagonal matrix whose (7,7)th element is — Ly ;; to remove self-loops. Networks of this kind
arise in production networks and financial systems, where common shocks or institutional
linkages generate pervasive, dense interactions.

2.3.3. Group network. Another example of interest is the pure group network, where there
are two or more communities, potentially of distinct sizes to avoid eigenvalue multiplicity in
the link matrix. Moreover, individuals within the same community are assumed to be con-
nected with each other, while individuals do not connect to others outside their community.
For example, suppose n = 20, and 6 individuals belong to community 1 and the rest belong
to community 2. We define

Ll 06><14

Wo —
0 {014><6 Lo

1—1—50:[,8,

3Note that the link matrix or adjacency matrix could be used to describe the connection strength between
individuals. If it does not satisfy the bounded row sum assumption, it could be further scaled by its £,
norm.

“In a more general term, the low rank component can be understood as network effects related to a principal
agent, see|Galeotti et al! (2020) . The principal agent is formed by connections with respect to many nodes
within the network, and the effects are dense.
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where L1 = (c1, ¢, ,¢6) (c1,¢2,++-¢c) and Ly = (c7,-++ ,ca0) (7, ,c20), and S is a
diagonal matrix such that Sy ;; = —c?. Note that W still admits the low-rank and sparse de-
composition. The low-rank component admits a block structure and its rank equals the num-
ber of communities. One of its two singular vectors is proportional to (0,---,0,¢7,- -, ¢2),
while the other is proportional to (¢, - ,¢,0,--+,0). See Figure [ for the network graph
and the heatmap of Wy. This setting captures trade blocs, regional banking clusters, and sec-
toral linkages, and the rank of Ly equals the number of communities. We could also extend it
to allow sporadic between-group connections, which are described by few nonzero off-diagonal
elements in Sy. Then the general model could be written as Wy = Ly + .Sy = L + .S, where
the low-rank component captures the within-group connections and the sparse component
represents the between-group connections.

2.3.4. Dominant units. An interesting example comes from considering networks containing
a set of dominant units also known as key players, see (Calvo-Armengol et al! (2009); Zenou
(2016). One definition of dominant units used in the network literature identifies them as the
set of units whose actions have large and persistent effects on the other agents.ﬁ One way to
measure the effect of the unit j on others is to use its weighted out-degree d;, defined simply
by the j-th column sum of Wy: d; = Y1, Wy;;. We then call the unit j a dominant unit
if its weighted out-degree is large or grows as the sample size does. For example, suppose
n = 20 and there is only one dominant unit, namely the first individual, who is connected to
13 individuals. We assume that each nondominant unit is also connected to its immediate
neighbors. Then the link matrix W) is specified as below:

Wa 1 0 Wa 3 0

Wy = W14,1 0 Tt Wig3 0 W14,15 0 0
0 0 W15.14 0 w1516 o0

| 0 0 0 0 o wapg 0

See Figure [2] for the network graph and the heat map of Wj,.

This network is naturally sparse. The number of nonzero entries in each row is bounded,
although the column corresponding to the dominant unit may contain a growing number
of nonzero entries. While this column can be represented as a sparse rank-one matrix, the
full adjacency matrix need not be low-rank because it also contains links among neighboring
units. We therefore treat Wy as a sparse matrix. Appendix [Dl provides further discussion of
alternative low-rank-plus-sparse representations and their identification.

2.4. Empirical illustration: the US Input-Output Table. To demonstrate that mea-
surement error in dense economic networks has economically meaningful consequences, and
that the L 4+ S decomposition provides an effective device for recovering the underlying true

"We follow the definition of dominant units as in [Pesaran and Yang (2020, 2021); [Lee et al! (2023).
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FIGURE 1. Graphical representations of simulated adjacency matrices associ-
ated with different groups

1-

.S

from
>

to

Notes: Examples for the weight matrix formed by individuals who belong to different groups.

The left one is the network graph and the right one is the heat map of the adjacency matrix.

There are two groups, one of which has 6 members and the other has 14 members. Only

members within the same group have connections, and the connection strength is randomly
simulated.

FIGURE 2. Graphical representations of the simulated adjacency matrix with
dominant units.

Notes: Examples for the weight matrix with dominant units. The left one is the network

graph and the right one is the heat map of the adjacency matrix. There are 20 individuals

and each individual connects to its neighbors with strength set by 0.25. The first one is a

key player that influences 13 other individuals, and the influence strengths are generated by
Uniform(0, 1) distributed random variables.
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network structure, we revisit the 2002 US Input-Output table from |Graham and de Paula
(2020), compiled by the Bureau of Economic Analysis and studied by |Acemoglu et al! (2012).
It contains an n x n network of n = 417 sectors (after dropping rows and columns with zero
direct input requirements), where entry (i, j) indicates the share of sector i’s output used
in sector’s j production. This network is dense by construction(nearly all sectors interact)
making it a canonical example where sparsity cannot be assumed and measurement error is
pervasive. We treat the observed W as a noisy version of the true network Wy and apply
our Algorithm [I] (Appendix [A]) to recover W.

To assess the quality of the denoising, we compare three candidate representatlons of WO,
purely sparse estimate S a purely low-rank estimate L and the combined version W = L+5.
The purely sparse estimate satisfies HS — W{|max = 0.025 and 1S — W||s = 0.470, indicating
that the tiny elements might have non-negligible aggregation effects. The purely low-rank
estimate satisfies ||Z — W||max = 0.999 and ||Z — W/|s = 1.214, indicating that the low-rank
structure alone might fail to capture occasionally large idiosyncratic links. The combined
estimate achieves ||W — Wllmax = 0.024 and ||W — Wy = 0.183, materially outperforming
either alternative. This superiority is further confirmed by eigenvector alignment. The inner
product between the leading eigenvectors of W and W is 0.981, compared with 0.526 for S
and 0.222 for E, indicating that the low-rank and sparse decomposition might best preserve
the spectral structure of the observed network. From Figure 3] we could see that the sparse
component S captures large idiosyncratic bilateral links, while the low-rank component L
exhibits a distinctive stripe pattern, revealing that pervasive but individually weak linkages
aggregate into systematic structure that a purely sparse representation would miss.

To quantify the econometric consequences of measurement error, we compare the Leontief
diffusion matrices (I,, — AW)™, (I, — AW)™!, and (I, — AS)~! following |Acemoglu et al.
(2016) with A = 0.7. Leaving measurement errors uncorrected produces a 9% deviation in
the spectral norm relative to our estimators:
(L, — 0.7TW) " — (I, — 0.7TW) |,
[(Zn = 0.7TW) |2

Misspecifying the structure of measurement errors by treating it as a purely sparse discarding

= 9%.

the low-rank component compounds the distortion substantially, producing a 68% deviation:
(2, = 0.7W) = — (I, — 0.78) ||
[(Zn = 0.7TW) |2

These results demonstrate that measurement error in dense networks is not merely a theo-

= 68%.

retical concern: it materially distorts estimated propagation channels. Hence it is essential
for reliable inference to correctly specify the error structure accounting for both its sparse
idiosyncratic component and its low-rank systematic component. Figure [ illustrates this
point visually: the stripe pattern present in the full diffusion matrix (7, — 0.7/1/17)_1 is elimi-
nated when the low-rank component is omitted, confirming that misspecification of network
structure biases spillover estimates in economically meaningful ways.
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FIGURE 3. Heatmaps of 20 sectors from the 2002 Input-Output Table W (left), estimated
sparse component S (centre), and estimated low-rank component L (right). The stripe
pattern in L reveals pervasive systematic structure missed by a purely sparse representation.

FIGURE 4. Heatmaps of 20 sectors from the diffusion matrix (I,, — O.7W)_1 (left), (I, —
0.75)~! (centre), and the difference (right). Omitting the low-rank component eliminates
the stripe pattern and distorts estimated spillover propagation by 68%.

3. METHODOLOGY

Without additional restrictions, the decomposition need not be unique or economically inter-
pretable. Assumption [Il imposes the conditions required for its mathematical identification.
The joint regularization on Ly and Sy then provides the structure needed to separate the
latent network Wy from the noise £. We provide the modeling definitions and estimation pro-
cedures we propose to tackle this problem. We offer additional assumptions and asymptotic
results in Section [4l

3.1. Estimation. We formally describe here the social /spatial interaction model of interest.
We consider a panel data scenario, but assume the true underlying network does not vary
with time. Denote data points as {Y;, X¢}i—1 ... 7, where Y; is the n x 1 outcome vector and
X is the n x K design matrix of exogenous covariates. We assume that the true model is
generated by the unobserved n x n adjacency matrix Wy encoding the true connection, and



14

that we have a noisy or contaminated observation, such that we can write
Yi = AWoY:+a+ulnxa + Xifo + WoXino + &
W = Wy+E, (3)

where )\ represents the scalar (social / spatial) interaction or spillover effect, 8, € R are
standard slope coefficients, v € R are contextual effects (spillover effects of the observable
characteristics X;), a = (ay,...,a,)" is the vector of individual fixed effects, ¢; is a time
fixed effect at period t, 1,41 is an n x 1 vector of ones, and &; is an n-dimensional vector of
idiosyncratic disturbances, assumed for now to be independent and identically distributed
over units ¢ and time ¢. We assume the covariates X; to be exogenous to the outcome
unobservables and network formation process such that Ele;; | Xy, Wo X3, - -+, W@X;] = 0, for
asmall integerd > 0,7=1,--- ,nandt =1,--- ,T. Crucially, we allow for the measurement
errors to be endogenous in the sense that E[e;; | E] # 0, which introduces additional bias

into conventional estimates when W} is replaced by W (Boucher and Houndetoungan, 2025;
Hardy et al., 2019; Lewbel et all, 2024).

Collect all parameters of interest into 6y = (Ao, 3, WJ )T

€ R?>5+1 When covariates X;
are exogenous and the adjacency matrix W, is correctly observed, the literature proposes
to select m linearly independent columns from [X;, Wy Xy, ..., W¥X,], for a small positive
integer d, as instruments for the regressors X;(Wy) = [WyYs, Xy, WoX,| in estimating 6,

(Kelejian and Prucha, 1998; ILed, 2003, 2007a).

The degree d should be chosen such that the number of retained instruments is at least
2K + 1 to satisfy the order condition, i.e. 2K +1 <m < (d+ 1)K (see Assumption [@]). For
an arbitrarily pre-specified n x n adjacency matrix M, let Z,(M) be the n x m matrix that
collects the linearly independent columns from [X;, M X, ..., M?X,] and let X;(W) be the
n x (2K + 1) matrix that collects the regressors [WY;, X;, WX;]. Note that X;(W) uses the
observed adjacency matrix W as opposed to the true Wy showing up in model (3]).

By defining &,(6, W) = Y; — X;(W)# and thus ¢; = £,(6p, W) , we obtain the population
moment condition E[Z," (M)e;] = 0,,5; for any exogenous M. Thus we have the empirical
moment conditions:

Gur (0, W, M) Z Te,(0,W). (4)

The distinction made between the matrix used to construct the regressors X;(W) and the
instruments Z;(M) is necessary to define our supervised estimator below. When M = W
such that no distinction is necessary, we simply write g,7(0, W) = g,r(0, W, W). For a given
m X m moment-weighting matrix AnT, we define the sample GMM objective function as

JnT(9>WM;A7:T) = (nT)gnr(0, W, M)TAnTgnT(Q,VV,M)-
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When fixed effects are present, within transformation H is applied to Y, X;(W), and Z,(M)
before constructing the GMM objective; we suppress this transformation in the notation
that follows. The extension to two-way fixed effects is discussed in Remark 3l

Finally, we stack all time series observations into the n7-dimensional outcome vector Y =
[V,", .. YT, the nT x (2K + 1) design matrix X (W) == [Xy(W)T,..., X7(W)T]T, and
the nT x m matrix of instruments Z (M) = [Z,(M)",..., Zp(M)"]". Using this notation,
we can express the GMM estimator as

Oosna(W. M) = argmin J,r (6, W M; A7) (5)
€

-1

= [X)TZNRFZ()TXW)| - XW)TZAEZ(M)TY,

We define @\GMM = %MM(W’, W). In practice, we can obtain a two-step GMM estimator
by using the weight matrix A 1. EI representing an initial consistent estimator obtained by

using the identity K;% = [,,, as the first-step GMM weight matrix.

The rates of our estimators along with all formal assumptions and theoretical results, are
presented in Section [l If W were observed without error, Kelejian and Prucha (1998) and
Lee (2007a), for example, guarantee that the standard GMM estimator §GMM is consistent
for 6y in ([B). However, when measurement error is present, small elementwise noises in E
can accumulate, leading to inconsistent estimation of the regression coefficients and spillover
effects.

Therefore, when measurement error exists, we need a way to correct for this additional noise
in our estimation. We make use of the information afforded by the low-rank plus sparse
plus error decomposition as in (IJ) to obtain an estimate W, Theoretically, we quantify the
estimation accuracy of W and its asymptotic influence when used as an input for estimating
6o. We now describe the details leading to our two proposed estimators. Our first option
is the “plug-in estimator,” and the other is the “supervised estimator,” both defined in the
following subsection.

3.2. The plug-in estimator and the supervised estimator. Our proposed estimators
make use of the structure for the adjacency W in () by using penalized convex low-rank
and sparse estimation. Our first proposal is simply a plug-in estimator that first produces
a denoised estimate for W, and uses this estimate in place of the observed version when

6The within transformation eliminates the individual effects o by subtracting unit-specific time averages:
writing Y. = % Ethl Y;, the transformed outcome is Y; := Y; — Y., and X (W) and Z;(M) are transformed
analogously. Since « is constant over t, it is differenced out by this demeaning; the time effects ¢; are removed
by the additional cross-sectional demeaning discussed in Remark Bl The moment conditions () constructed
from the demeaned variables remain valid.

"In practice, we obtain a feasible two-step GMM estimator by first computing gusing the identity weighting
matrix and then using JAXT_L%, where

T
~ 1 . R =N R ~
Ay = — ; Z,(W) " diag (82, ... %) Z,(W), g =Y, — X, (W)e.
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calculating the GMM estimator. Recall that A is an n x n matrix and A;; denotes its (7, j)th
element. We first minimize the following loss function to denoise the adjacency matrix by
taking advantage of its low-rank plus sparse structure:

~ 1

L.S)=a i W =L =53 +wallLlls +7 > [S5l, (6

(L,S)=arg D il I+ wall Ll + 7, ;l il,  (6)

i#]

where ||Al|r is the Frobenius norm of A, [[L]|, is the nuclear norm of L, v, and 7, are
positive tuning parameters. Similar to (Candeés et all, [2011; Cao et al 2017) we propose to
use Algorithm [I] to solve the optimization problem in ({l). Deﬁnmg W=1+ S, our plug-in
estimator is then simply given as in ([]) to replace W with w.

@\p(/V[?) = arg glié)l Jor (0, W, W; AL
€
— —~ —~ 71 — —
= [X(W)TZ(W)A;%Z(W)TX(W) X(W)' ZW)Ay Z(W)'Y. (7)
Our second proposal, the supervised estimator, minimizes the combination of the GMM

objective function and the penalized square loss based on the low-rank plus sparse decom-
position. The estimator (6,, Ly, S5) is defined as

i (0, L+ S, M; AL
arg OGG,LGR”><",SGR];ILE’I},L“—FSM:O,ISiSn§ T T( + TLT)
1
+§HW—L—SH%JFVnTHLH*JFTnTZ’Sij|7 (8)
i

where &,r is an additional nonnegative tuning parameter necessary to balance the variations
contained in the observed adjacency and the outcome variables. It is worth noting that
Cai et all (2021) also study a supervised method based on a purely low-rank structure for
analyzing network centrality. Their approach, which focuses on the leading singular vectors,
differs from ours in that it does not incorporate a spatial regression.

A full procedure for solving (8) is given in Algorithm 2] in Appendix Bl Note that, as a
by-product of the algorithm, the estimator produces supervised low-rank and sparse decom-
positions that incorporate information from the outcome and covariates.

4. ASYMPTOTIC THEORY

In this section, we discuss the theoretical properties of our estimation procedures. Our main
interest is to quantify the impact of using an estimated adjacency matrix on recovering
both the true adjacency and the spillover parameters of interest. We shall use the following
notation: Let A and B be matrices of dimensions n x n. For i =1,...,n, we use \;(A) and
0;(A) denote the i-th largest eigenvalue and the i-th largest singular value of the matrix A.
Let Amin(A) denote the minimum eigenvalue of A. Let ||.||2 denote the Euclidean-norm of a
vector. We use ||All1, ||All2, [|A]lcos |Allmax to denote the l;-norm, lp-norm, I, norm, max
norm respectively. |Al1; = >0, > 7 [Aj]. Let 1 <7 < n be the rank of A. For a matrix
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A e R et:
my(A) := 111<1?<3§L 3 I(A;; #0), me(A) = max > I(A;; #0),
my(A) == Z]I A” #£0), deg,,.. (A) := max{m,(A), m.(A)}.

We use e; to denote the standard basis vector, i.e., the ith column of the identity matrix, and
vec(A) to denote the column vectorization of matrix A. For sequences {a,}>2; and {b,}>2 ,
we denote a,, < b, if there exists a positive constant C' such that a, /b, < C for all n, and
denote a, = o(b,) (resp. a, < b,) if a,,/b, — 0 or a,, < b, (resp. a, < b, and b, < a,). We
use % and —p to indicate convergence in distribution and in probability, respectively. We
use X,, = O,(a,) (S, an) to indicate X, /a, is bounded in probability, i.e. for any ¢ > 0, there
exists M (e) > 0 such that P(| X, /a,| > M(e)) < ¢ for all n € N. We assume min(n,T") — oo
or n — oo. In what follows, Y;, X;, Z;(M), and ¢; denote the within-transformed versions
of the model objects, with individual fixed effects removed. The asymptotic results carry
through under the two-way transformation that additionally removes time fixed effects; see

Remark [3l

Assumption 1 (True weight). (i) (Low-rank component) Lg is an n X n low-rank matrix
with rank(Lg) = r, min(m,(Lo), mc(Lo)) — 00, and || Lo||lmax = O(l/\/mr(Lo)mc(Lo)).

(i) (Sparse component) Sy is an n x n sparse matrix with ||.Sp|lmax = O(1).

. . . . ms(So) degmax(50)2
(iii) (Joint identification) rTme Ty 0 and T oy 0.

Assumption [l collects conditions on Wy. Part (i) requires the low-rank signal to be pervasive
but individually weak: the condition ||Lo|lmax = O(1/+v/m,(Lo)mc(Lo)) allows Lo to be
distinguished from Sp; it fails when Lg is spiked (as in the dominant-units example), in
which case the low-rank part is better absorbed into Sy. The rank r may diverge with n
provided the relevant rates still vanish. Part (ii) requires Sy to be bounded and Part (iii)
allows Sy to have relatively few nonzero links compared with the dense part.

Hence the decomposition Wy = Ly + Sy is uniquely determined when n is large, making the
rank parameters and ms(So) well-defined. We stress this is a mathematical requirement
only: 6’ uses W =L+3 as a single object, so we rely on no economic interpretation of
the components, and inference about 6 is robust to weak identification of the decomposition.
Part (iii) holds trivially when Ly = 0,x, or Sy = O,x,, and as a side implication limits
the sum over individual columns of Wy, yielding ||[Wyl||1 = o(y/n), which is used in the rate
analysis of :9;(/1/17) The following assumption imposes conditions on the measurement error
FE in the observed matrix W, required for the large-sample analysis as n — oo.

Assumption 2 (Noise). (i) E is an n X n noise matrix such that E; =0fori=1,--- n.

(ii) E satisfies || F||2 < ws, with probability greater than 1 — p,, where p, = o(1).
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(i) F satisfies || F||max < Wmaxn With probability greater than 1 — p,,, where p, = o(1).

Assumption 2] is mild. It does not require the entries of £ to be independent or identically
distributed (a useful feature in spatial and social network contexts), where measurement
errors often exhibit dependence. It also does not require wsg,, Or Wyax, to vanish; these are
sequences that bound the spectral and entrywise norms of F, and may grow with n. Whether
the bounds delivered by Theorems [[H2] are informative depends on joint conditions involving
(Wan, Wmaxn, T, Ms(So), n), discussed after each theorem.

The roles of wsy, and Wyayx, are complementary. The spectral norm bound w,,, controls the
aggregate noise level and governs how well the low-rank component Ly can be separated
from E. The entrywise maximum wpa.y, controls the largest individual perturbation and
governs the recovery of Sy. We illustrate how E looks like in the following examples.

Ezample 1 (A sample-covariance error matrix). Suppose the error arises from estimating a
covariance matrix: let zi,...,zr be independent mean-zero Gaussian vectors in R™ with
covariance W,, whose eigenvalues are positive and bounded away from 0 and co. Let
E=T" Zthl 2z — W, be the sampling error. To respect the no-self-loop convention
we take E = E — diag(E), so E; = 0 and Assumption (i) holds. Since |diag(E)||; =
max; | Ej;| = O,(y/logn/T) is dominated by ||E||y, removing the diagonal leaves the rates
unchanged. By Theorem 6.5 of Wainwright (2019), taking n = /n/T gives |E|2 <
C|\Well2{/n/T +n/T} =: way, with probability > 1 — ¢; exp(—con); taking n = /log(n)/T
and applying a union bound gives || E||max < C(max; W, ;;){/log(n)/T+log(n)/T} =: Wmaxn
with probability > 1 — 2n~%. Thus, Assumption 2] holds with ws, < /n/T + n/T and
Winaxn < /1og(n)/T + log(n)/T. If n/T — 0, these rates simplify to ws, =< /n/T and
Wiaxn =< v/1og(n)/T, and both vanish, with the spectral bound dominating the entrywise

one — the aggregate noise exceeds the worst individual entry, as is typical in dense networks.
|

Example 2 (Dense Gaussian noise: comparison with [Lewbel et all (2024)). Suppose E;; are
iid. N(0,02) for i # j and E; = 0, with o, possibly diminishing in n. As in Exam-
ple Il applying the operator-norm bound of Wainwright! (2019) and a union bound over
the entries gives, with probability approaching 1, ||E|z < 40,v/n =: wa, and [|E||max <
80,102 M =: Wmaxn. Assumption 2 holds with wyaxn = Sonv/10gn and Wmaxn — 0 when-
ever 0, = o(1/y/logn). By contrast, E|E|;; =< n?c,. The condition |E|;; = 0,(n) used
by Lewbel et al. (2024) requires o,, = o(1/n). For 1/n < o, < 1/+/n, the spectral-norm
condition ws, — 0 ensures the GMM estimator fgass (W) is consistent (cf. Theorem B b),
while their |E|,; = 0,(n) condition fails. Our estimator (/9;,(/1/17) further sharpens the rate via
dimension discounting. For o, > ¢ > 0, the available bound for the GMM estimator does
not guarantee consistency. More generally, the plug-in estimator is consistent whenever the
dimension-discounted rate condition stated in Theorem 2l(a) holds. W
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We next show the properties Land S corresponding to ([@). Define
— {mT(LO)mC<LO)}_1/27 LO 7£ 015y
" 07 LO = Onxn'
Define the rates
Rr(Wy, E) = max{r, 1}w§n + mS(S’O)wfnaxn + mS(SO)ai,
RQ(W(]? E) = wgn + mS(‘SO)w?naxn + mS(SO)a7217
RS(WOJ E) - (wmaxn + an) V ms(SO)-
Let
By = (I, — AOWO)_la Prn = Wap, + Rs(Wp, E),

Sn:Rs(W07E)\/mS(SO)a Rnp = 1+||W0||2+pna
and define the dimension-discounted rate

VvV 1)p, n
Rip = (1 + || Bl UV Pt o,

Theorem 1. Suppose Assumptions[IHD hold. Let the tuning parameters satisfy
Vp = Cl/w2n7 Tn = Cf(wmaxn + an)a

for sufficiently large constants C',,C; > 0.

(a) Frobenius bound. The two-step estimator satisfies
IZ = Loll% + 115 = Soll% <p Re(Wo, E), (9)
1S — Sol11 Sp Re(Wo, E)\/ms(So) + n{wan + Ro(Wo, E)}. (10)

(b) Sharpened spectral-norm bound. The two-step estimator satisfies

I — Lol2 + IS — Sol3 <p Ra(Wo, E).

The rates Rp, Ro, and R, share a common structure with three error sources: a term in
w2, ., related to m,(Sp) nonzero sparse entries,
and a term involving ||Lo|lmax- The factor r in Rp is replaced by unity in Rs, reflecting
the rank discount of Theorem 9.24 in [Wainwright/ (2019). Both rates parallel Corollary 1 of
Agarwal et al! (2012) and Theorem 9.19 of Wainwrightl (2019). Note that estimator of Lj
and S; inherits the theoretical properties of the corresponding estimators of Ly and Sy. For
instance, since L* = L — diag(L), we have ||L* — Lilla = Op(||f — Ly||2), which implies that
estimation accuracy is preserved under the diagonal adjustment.

way, about low-rank recovery; a term m(Sy)

The conditions required for first-step and second-step consistency differ in an essential way.
For the L+S decomposition (L,S) to be consistent in operator norm using the bounds in
Assumption ] i.e., |L — Loll2 =, 0 and ||S — Sp||2 = 0, we require

w3, — 0, ms(So)w?,.,, — 0, ms(S)aZ — 0.
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in keeping with the standard L + S literature. Frobenius consistency, ||L — Lo ¢ —p 0 and
1S — Sollx —, 0, requires the stronger condition max{r,1}w3, — 0 in place of w3, — 0,
while the other two conditions remain unchanged. Consistency of the spillover estimator
gp(W), Hé\p(W) — bo]|2 =, 0, requires only weaker dimension-discounted conditions, given in
Theorem [2 below.

Next, define W=L+8 , where (E, §) is the estimator in Theorem I We use W as the
working matrix for estimating the model in ([B). We now impose the conditions used to
analyze the spillover-parameter estimators.

Assumption 3 (True parameters). (i) The parameter space © = C x B x I" is a compact
subset of R x R¥ x R¥ for some finite dimension K.

(i) The true value, denoted as 6y = (Ao, 35,79 )", lies in the interior of the parameter
space ©. Moreover, \gBy + Yo # Oxx1-

Assumption 4 (Adjacency matrix). Wy is a non-stochastic spatial weight matrix satisfying
(i) The diagonal elements of Wy are 0, such that Wy ,; =0 foralli=1,...,n.
(ii) I,,, Wy, W¢ are linearly independent.

(iii) Suppose that J is fixed and that the absolute column sums of W are uniformly bounded
in n, except possibly for those of its first J columns. Let Wy, contain the first J columns
of Wy and zeros elsewhere, and let Wy, = Wy — Wy,,. When J = 0, set Wy, = Opxn,
and Wy, = Wy. Assume that there exist constants c.,c; > 0, independent of n, such
that

sup [A[[[Wollo <1 —coo,  sup |A[[[Woplls <1 —cr.
AeC AeC

Assumption Bl imposes standard conditions on the true parameters. The assumption \gSy +
Yo 7# Ok «1 is imposed to guarantee the identification of all the parameters in the model (see,
e.g., Bramoullé et all (2009)). Assumption [ (i) requires that the true adjacency matrix W
have zero diagonal, which rules out self-loops. Regarding Assumption [ (ii), the matrices I,,,
Wo, and W are linearly independent, i.e. there do not exist any nontrivial scalars g, oy, az
such that
aol, + oWy + ongVo2 = 0,,xn-

Assumption [(iii) restricts the number of dominant units to a fixed finite value and imposes
uniform stability. The first stability condition guarantees that I,,—AWj is invertible uniformly
over A € C.

Assumption 5 (Spatial errors). The primitive disturbances ¢;; are independently and iden-
tically distributed across i and ¢ with mean 0, variance o2 > 0 and E|g;|**° < oo for a
constant o > 2.

Assumption 6 (Instrumental variables). (i) Define the covariates z;; = (41, . .., Trix) -
Suppose sup,, ; ; 1<j< i Ela|*™® < oo for some § > 2. For each i, {z,; : t € Z} is strictly
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stationary and strongly mixing over ¢. The mixing coefficients are uniform in n and :
there exist constants C' < co and p € (0, 1) such that

sup a, i(h) < Cph, h>1.

n,t
For each t, the cross-sectional processes {z;; : i € Z} are independent across i. Depen-
dence between E and z;;’s is allowed, subject to the conditional moment restrictions
stated in Lemma [I0(c) in the Appendix.

(ii) M is a pre-specified adjacency matrix. The instrumental variable matrix Z;(M) has
columns chosen from M‘Xj; for £ = 0,...,d and j = 1,..., K. We require E[e; |
Ziy(M)] = 0,x1. Suppose Z;(M) has m linearly independent columns, where m is a
fixed constant satisfying m > 2K + 1.

sup ]E|Zt,u|2+‘s < 00, o> 2.
n,t,i, 1<I<m

(iil) liMpmin(n,7)—00 (RT) ™" ST E [Z,(M) " Z,(M)] exists and is nonsingular, denoted as ¥,z .

(IV) Let QOt = [Wo(l —>\0W0>_ (Xtﬂo—l-WQXt’Yo), Xt, W()Xt] . We assume the m x (2K—|—1)
matrix limmin(n,7)—e0(n1)” Zt 1 [ (M )TQOt] exists, denoted as Gy, and is of full
column rank.

Assumption 7 (Moment condition and GMM weight matrix). The GMM weight matrix
A7 € R™™ converges in probability to some symmetric positive-definite matrix A~! €
R™ ™ whose eigenvalues are bounded away from 0 and oco.

Assumption Bl and [l include standard moment assumptions. The independence requirement
across 7 in Assumption [fl and Assumption[0f(i) might be strong in network settings, but it can
be relaxed to weak cross-sectional dependence with all rates in Theorems [2] and [l unchanged
in order. We maintain independence for expositional simplicity. Assumptions [ (ii) are
regularity conditions on the instrumental variables. Among other things, the requirement
that Ele; | Z;(M)] = 0,x1 precludes M = W if the measurement error £ is endogenous.
Assumptions [ (iii) and (iv) impose nonsingularity on the variance covariance matrix of the
instrumental variables, and rank conditions of gradient of the moment functions. The full
column rank condition ensures that we only consider linearly independent columns of the
instrument matrix, a common practice in the literature (Lee, 2003). Take M = W), this
is linked to the rank conditions of W), the variance covariance structure of Z;(Wj) and the
correlation between X; and Z;(Wj). To further understand the implications of the above
assumption, let Z;(W;) be the nxm matrix. Note that (nT)~* 331, Z,(Wo)T Z,(W) is a par-
titioned matrix whose elements have the form (nT)~* 3>, X,/ [WE]TWE X, for any [, and I,
between 0 and d. This condition can be implied by Ayin(limy, 700 {nT} >, E{Z, Z;}) > 0,
and Ao (WoW,) > 0. Then Xz, is of full column rank could be implied by a condi-
tion that Ao 1 (WoWy ) > 0, limg oo T71 D7, [ X5, Wo Xy, - -, W X,] has column rank greater
than or equal to 2K + 1, and all eigenvalues of I,, — A\gW, are bounded away from 0 and
00. Assumption [ is a standard assumption imposed on the GMM weight matrix. Because
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M is fixed and time invariant, Z;(M) is a measurable function of X;. Therefore, {Z,(M)}
inherits the strong-mixing property, with azann(h) < ax,(h).

Before establishing the consistency of our spillover-parameter estimator, we first examine
the bias introduced by E when using the classical GMM estimator. We provide an intuitive
argument illustrating how the measurement error matrix £ biases the moment functions and
the importance of its removal, particularly when the instrument matrix Z;(M) also depends
on W, as in standard spatial regression. For simplicity here, assume no contextual effects
are present.When Z;(M) consists of exogenous instruments satisfying E[Z;(M)e;] = 0,,x1,
the moment function is given by

T
1
Gnr (0, W, M) = —Tg — AWY, — X,3).
Substituting W = Wy + E,

gnT(e W M T Z Zt )\W()Y; Z Zt TEY;.

Thus, if F is independent of (Z;(M),Y;) and has mean zero, then
E[Z,(M)"EY;] = Oyt

and hence
E[gnT(e(J? W7 M)] = 0px1-

However, when Z;(M) is a plug-in version of the instrument with M = W i.e.,

Zi(W) = [Xe, WXy = [ Xy, (Wo + E) X,

the moment function becomes

1 T

Gur (0, W) = —= > [X;, (Wo + E)X]T[(Yi = AWoY, — X, 8) — AEY,].

n
t=1

Expanding the moment function g,r (6, W) with the instrument matrix [X;, (W + E) Xy, we
get:
1 « 1 « !
T TET( T TeT T
— ;(—)\X EY,)" = ; (X ET(Y, = \WoY; — X.8) — AX, W, EY; — \X,' ETEY}]
Even if E;;’s are i.i.d. mean zero, with bounded second moment and independent of (X, &),
there will be moment condition misspecification. Specifically,

E[gnT(e(b W)] 7é 0m><1>

since the expectation of the last term yields: n'E[XETEY;] = n'E[XE[ETE] (I —
)\OWO)_lXtﬁo] # Ok «1, which might be non-negligible under our assumptions. Recall that
é\g mu denotes the efficient two-step GMM estimator based on a given adjacency matrix W,
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obtained in closed form in (Bl). From the preceding results, it follows that HGM s likely to
be inconsistent. We now analyze the convergence rate of 0, (W)

Since Wy is not directly available for constructing instruments, one approach is to use Zt(/VI?)
as plug-in instruments, where W is obtained from Algorithms [ and satisfies Theorem [II
When W) is correctly observed, the minimizer @,(WO) satisfies the standard panel-data esti-
mator convergence rate: R
16,(Wo) = bollz = Op(1/v/nT).

However, when W, is replaced by a denoised estimate W the associated minimizer 6, (/W)
depends on the deviation w— Wy. The corresponding convergence properties are detailed
in the following results.

Theorem 2 (Performance of the plug-in estimator). Recall the definitions of By, pn, Sn, Kn,
and R:r giwven above. Consider the model described in ([B)). Suppose Assumptions[IHA hold.
(a) The plug-in estimator. If R, = o(1), then

o . 1
10,() — o]l = Op(Risy) + o(ﬁ) |
(b)The GMM estimator. Using the noisy matric W = Wy + E directly,

—~ 1
10caias — boll2 = Op(wan + w3,) +Op(ﬁ) : (11)

(c) Asymptotic normality. If

v nTR:,T = 0(1)7

then
V 7’LT (é\p(W) — 90) i) N(O, ZGMM)
where
Sonm = (GEATGo) T GIAT QAT Gy (GIAT'Gy)
and

1
QO = E]E<Zt<WO>T€t5tTZt(WO))-

—~

Under the assumptions of Theorem [|(a), the plug-in estimator 6,(1V) is consistent provided
that

The factor 1/n discounts the noise contribution by the network size, so consistency holds even
when wy,, and Wpax, do not vanish individually, for example, when r and mg(Sp) remain
bounded and ws, is of constant order. By contrast, the available bound for the GMM
estimator based on the noisy matrix does not guarantee consistency when ws, is bounded
away from zero; the moment-misspecification example above shows that inconsistency can
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occur in this case. The noise-induced component of the plug-in estimator’s rate is strictly
smaller whenever

Ry = o(wan + w3,).

The improvement reflects how the L + S decomposition enters the analysis. Denote AL :=
L Ly and AS = =3 - Sp as the recovery errors from Theorem [Il The recovery error
W — Wy = AL + AS affects the spillover estimator only through bilinear forms (averages
over the network) with the instruments and residual design, and these averages discount
the error according to its structure. The low-rank error enters through its nuclear norm,
controlled by /1 || AL||r, contributing O(r) effective directions rather than all n; the sparse
error enters through |AS|; 1, controlled by its m4(Sy) nonzero entries rather than all n?.
The measurement error can therefore be large in aggregate while the spillover estimator still
converges.

Example 2 constructs regimes in which |E|;;/n does not vanish, while the dimension-
discounted condition R}, = o(1) may still hold. This condition is sharp for sparse mea-
surement error such as link misclassification in 0—1 networks, but fails in the dense case
that motivates our analysis: Example 2l constructs the case in which |E|;; is of order n?
yet the plug-in estimator remains consistent. The two analyses cover disjoint measurement-
error regimes: sparse errors with [Lewbel et all (2024), dense errors with structured latent
adjacency in our framework. When Ly = 0,,x,, the rate specializes to O,(ms(So)Wmaxn/n)

(Corollary [I).

The following corollary specializes Theorem Pl to the pure-sparse case Ly = 0,x,. Within
Assumption [T, only part (ii) on Sy is needed, and the coherence terms drop out. The rate is
driven entirely by the sparse recovery error n_1|§ — Sol1.1, the same ¢;-type quantity as the
|E|1,1/n condition of Lewbel et al. (2024), but applied to the recovery error after denoising
rather than to the raw measurement error.

Corollary 1. Suppose Ly = 0,«, and let S denote the pure-sparse estimator obtained by
fixzing L = Opx,. Suppose Assumption [l(1i), Assumption [3(i),(iii), and Assumptions [3H7
hold. Assume additionally that

150l = O(1),  [[Elle = Op(1),

and

T
ggag;ﬁZH il = Op(1) Zistnmax— (1)

o 1S — Sol., 1
||9p(5)—901|220p<% + Oy Wy

o 25) ()

Then
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The rate in Corollary [ follows from Lemma [I0(b): the sparse recovery error enters the
spillover estimator only through n=!|S — Sy|; ;. In the pure-sparse case, the sparse-recovery
argument used in the proof of Theorem [II gives

1.5 mg S Wmaxn
E|S _ 50‘171 — OP(L) .

n

Although Corollary [I] covers the pure-sparse case, the gain from our general analysis is most
pronounced when the low-rank component Ly is genuinely present and r and m(Sy) remain
controlled relative to n.

Remark 1 (Asymptotic collinearity). It should be noted that variation in peer connections
plays an important role in identification and estimation as noted, for example, in Manski
(1993) (p.535) and |de Paula (2017). In a single, dense and large network, the leading
eigenvector of a row-normalized and positive adjacency matrix may become (asymptotically)
proportional to a vector of ones. In this case, peer averages become increasingly similar
across individuals, complicating identification and estimation of spillover effects. A recent
formulation of this issue in the context of peer effects is provided by Hayes and Levin (2024),
who show that this collinearity arises when Wy is row-normalized, positive, and exhibits
unbounded minimum degrees. Our setting differs in two respects. For a nonnegative row-
normalized matrix, Wyl,, = 1,, holds exactly. When nodal covariates are independent of the
network and the minimum degree diverges, peer averages may concentrate around a common
value, producing asymptotic collinearity; see [Hayes and Levin (2024). Our assumptions do
not generally impose row normalization or diverging minimum degree, so this conclusion does
not follow automatically in our setting. The presence of a sparse component Sy does not by
itself eliminate this possibility. Without row normalization, 1,, need not be an eigenvector
of Wy, and the argument requires separate verification. ll

As mentioned previously, we emphasize that our results are also suitable for the case when
E is endogenous with respect to ;. As an example, in social networks this can arise
when misclassification errors are not generated at random, instead being correlated with
unobservables driving the network formation process, such as the framework considered by
Candelaria and Ural (2023). To see this, we provide a rate analysis to compare the rate when
FE is endogenous or not of both our estimator and the GMM estimator. For simplicity, we
adopt the following assumption on the relationship between these two sources of error, see
similar assumptions as in (Lee and Yu, 2014):

Assumption 8 (Endogenous measurement error). Suppose Model (B) holds and W} is sym-
metric and positive semidefinite. For each i, let

gi = (gq,. .. ,giT)T e R7,

and let
Ei = (Ej:j#1) eR"}
collect the off-diagonal elements of the ith row of E, with E;; = 0.
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Suppose that the vectors (g], EI?»T are independent across ¢ and jointly Gaussian:

<Ejz_z> ~ N(O7 EEE) )

2 —
S oolr 000EN " °pep
E= _ _
: ooopnSply  oEnTEYp |’

where

>1
5> —.
2

Here, p.p € RT*("1) governs the dependence between the outcome disturbances and the

(n=1)x(

measurement error, and Xp € R n=1) is a correlation matrix. Assume that there exist

constants cg, Cg, C, > 0, independent of n and 7', such that
Cg S )\mln(EE> S )\max(EE) S CEa ||p€E||2 S Op7

and that X_g is positive semidefinite.

Assumption [§ is imposed together with Assumptions Pl and Bl Thus, the disturbances re-
main marginally i.i.d. across ¢ and ¢, while dependence between E and ¢; is allowed. The
Gaussian specification is imposed solely to illustrate the rate in the presence of endogenous
measurement error.

Denote @\GMM(VV, M) and @,(W, M) the GMM and plug-in estimator with instrument Z;(M).
In comparison to the exogenous measurement error case, the bias of ¢ (W, M) = @\p(VV, M)
could be larger than our proposed estimators. It is because the deviation between sample
moments g,r (6, W, M) and g,r(6, Wy, M) might be more severe. This is reflected in our
simulation exercises, see Section Bl For simplicity, we shall illustrate without the contextual-
effects regressor Wy X; (i.e., setting 79 = Og), so the regressors are [WyY;, X;]. Define
G(M) = —n"'E[Z] (M)[W,Y;, X;]]. To explain this, take M as exogenous; the leading term
for the moment estimator 8,(W, M)—0y is —(GT (M)A"G(M))'GT (M)A~ g7 (6o, Wo, M),
according to Theorem 2l We shall suppress the dependence of M on W, and E. The following
proposition characterizes a rate bound for both the GMM estimator and our estimator.

Recall that g,r(0, W, M) = L5 Z(M)T (Y, = A\WWY; — X8 — WX).

Proposition 1 (Endogenous error bias). Suppose that M is fived or exogenous and that
the conditional-moment conditions in Lemma [I0(c) hold. Under Assumptions [IHS8, with
| Boll2(1 + [|[Woll2) = O(1) and R = o(1), we have

n

1

10,(W, M) — 6oll2 <p RZT_’_W’ (12)
~ 1
1020 (W, M) — Oglla Sp 0?78 pel2 + wan + ——. (13)

vnT

Three features of this comparison are worth highlighting.

23|\ .|| appears only in the GMM rate (I3)). It originates

from a bilinear form that is quadratic in E: the correlation between E and &; contributes a

First, the endogeneity bias n

non-vanishing mean to Z, E Bye;, whose magnitude is governed by p.p. In the plug-in case,
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the analogous bilinear form involves (AL 4+ AS)Bye;. Its low-rank component is controlled
by
IAL[L = Op((r v 1) (wan + Rs))

whereas its off-diagonal sparse component is controlled by

IAS|, = Op(Rsx/ms(So)) .

Under the conditional-moment conditions, the plug-in bound therefore contains no additional
explicit term involving p.gp. Second, even in the absence of endogeneity (p.p = 0), the
denoised rate improves upon the GMM rate: the noise-level term ws, in (I3)) is replaced by
the rate R}, in (I2), which is strictly smaller whenever R}, = o(ws,). Third, the denoised
rate attenuates the dependence on the noise magnitude ws, rather than eliminating it: wo,
enters through the L + S coupling ||AL|y = O,(wa, +Rs), but its effect is multiplied by the
factor r/n rather than by 1. As a result, the rate scales not with the raw noise level ws, but
with the ratio of the structural complexity (r, ms(Sp)) to the sample size n. This reflects the
benefit of our approach. Finally, we consider the rate of the supervised estimator as defined
in Equation (§)). Denote /I/IZ =L+ S,

Theorem 3 (Performance of the supervised estimator). Suppose Assumptions [IH7 hold.
Let M be fized, exogenous, or o(E)-measurable and satisfy the stated instrument and design
conditions. Let 05 denote the supervised estimator defined in (8.

UnT = Cngn, TnT = CT(wmaxn + an)7
for sufficiently large constants C,,,C. > 0.

Suppose
rr=o(1) and Ear = O(1).

~ 1
8.~ toll: = 0, (o + R ). (11

VnT Ry =o(1)  and & =o(1),

Then

If, in addition,

then R
VnT (0, — 6) SN N(0, X))

The supervised estimator achieves the same rate as the plug-in estimator in Theorem [21 and
it is strictly smaller than that of the noisy-W GMM estimator whenever R, = o(way, +w3,).
The rate still depends on wy,,, but only through the dimension-discounted recovery rate R .
It is worth noting that the rate in (I4]) depends on the parameters (r, ms(Sy),n,T") and on
the spectral characteristics of the underlying network (|| Byl|2, ||Wo||2), rather than directly
on the noise level wy, compared to the rate of the GMM estimator. The condition on &,r
ensures that the generated error from the first-iteration estimator 1) does not inflate either
the sparse recovery in Step b) or the low-rank recovery in Step ¢) beyond the unsupervised
noise level, so that the supervised decomposition matches the plug-in decomposition rates.
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The following corollary specializes Theorem [ to the pure-sparse case Lo = 0,,«,, paralleling
Corollary [It only Assumption [Iii) on Sy is needed, the coherence terms drop out, and the
rate is driven entirely by the sparse recovery error n_1|§s — So|1.1, making the connection to
the misclassification framework of [Lewbel et al. (2024) explicit.

Corollary 2. Suppose Lg = Oan and consider the pure-sparse supervised estimator obtained
by imposing L = Oyxn, so that W, = S,. Suppose Assumption (i), Assumption[2(i), (i),
and Assumptions [3H7 hold. Assume, in addition, that

[Wollr = O(1), 1Elloe = Op(1), & = O(1),
and
lgi}% ? Z ||X]t|lmax - (1)7 T Z ||Et||max - ( )
Then

~ 1 ~ 1
0, — Oolla = O, =8, — ). 1
H s 0”2 Op(n|58 SO|171) +OP<\/W) ( 5)

Moreover, Lemma[IO(b), together with the sparse-recovery bound for §s, gives

5. toll. = 0, (e ) o, (L), (16)

The theoretical performance of the supervised estimator is similar to that of the plug-in
estimator, as confirmed by the simulation and application results in Sections [l and [6l We
shall also note that both Theorems [2] and Bl do not require £ to be exogenous, as long as
Zy(M) does not directly involve W. Furthermore, both theorems yield rates in which the
noise level wy, enters only after dimension-discounting by the factor r/n (rather than at
the raw spectral rate ws, delivered by the noisy-W baseline), reflecting the fundamental
advantage of the L + S decomposition combined with the within transformation.

5. SIMULATIONS

In this section, we present simulation exercises to evaluate the performance of our proposed
estimators. We first introduce four data-generating processes (DGPs) for the network ad-
jacency matrix W,. We then describe how it is contaminated with noise, and discuss the
Monte Carlo simulation results.

5.1. Generating W,. The diagonal elements of Wy are assumed to be 0. Hence we set all
diagonal elements of F to be 0 and do not penalize Sy on its diagonal. The other entries of
E are generated as explained in Section 5.2

i) DGP 1(Low rank) In this setup, L is generated by a pure low-rank matrix with
r =2,

Lo=UDV', UVeR™ and UU=1I, V'V=I, (17)
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where D is the r x r diagonal matrix D = diag{0.8°,0.81,...,0.8"71}, and U and V
—the left and right singular vectors of Ly, respectively— are the first r» columns of
two random n x n orthonormal matrices generated according to standard algorithms
(Stewart,, [1980; Mezzadri, 2007). We then set Wy = L, where L has zero diagonal
elements and its off-diagonal elements are the same as L.

DGP 2 (Low rank+ sparse) Our second DGP still uses the same Ly as in DGP 1,
but adds a sparse n x n component Sy, where we randomly pick m, = 2 elements in
each row and draw their values from a Uniform(0.5,1) distribution. Note that W)
could be written as

Wo =Ly + S;, (18)
where L§ is defined as in DGP 1 using U, V' and D generated as in (IT), and S§ has
zero diagonal elements and its off-diagonal elements are the same as Sy.

DGP 3 (Dominant units) Our third DGP generates W as a network with dominant
units as presented in Subsection 2.3.4l Suppose the number of dominant units is
J = 2. The first J units are dominant players in the network, whereas the remaining
n — J units are ordinary players. We could partition W, as

Wi Wu}
War Waa
Let Wp = [W{},W,}]" be the n x J dominant block of the adjacency matrix cor-

responding to the dominant units, and Wr = [W,},, W,5]", the right block of the
adjacency matrix corresponding to ordinary units.

Wo = { (19)

For each column of Wp, the first [n%?| entries, except the diagonal elements, are
drawn independently from a Uniform(0,1) distribution, and the remaining entries
are set equal to 0. For Wg, we induce sparsity by imposing that each individual is
connected with equal weights to the immediate predecessor and successor. Note that
Wy could be viewed as a purely sparse matrix S; as each of its row has at most 24 .J
nonzero elements, and we treat L as a zero matrix.

DGP 4 (Group) Our fourth DGP divides the individuals into two groups. The first
n/4 members form group 1, the remaining 3n/4 form group 2, and only members
within the same group have connections. For each group, the connection strength
between any two different individuals ¢ and j within the same group is defined
by dgyugitgi/ >, “z,w where di; = 1 and dyp = 0.9, u,;’s are latent individual-
specific characteristic generated independently from standard normal random vari-
ables. Note that DGP 4 admits the low-rank form such that Ly = UDU ", where
U = [Uy,Us], D is a 2 x 2 diagonal matrix with d;; = 1 and doy = 0.9, U; =

[ul,la T 7u1,n/47 07 e 70]/\/ Zz uii and U2 = [07 T aoa U1y 7u2,3n/4]/\/ Zz u%,ia
and Wy = L§, where Lj has zero diagonal entries and its off diagonal elements
are the same as Lg.
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5.2. Monte Carlo setup. For our simulation exercises, we set Ay = 0.25, Sy = (—1,2).
We generate two covariates for X, independently from a N(0,1) and a N(5,2), respectively.
We set sample sizes n € {40,80,120} and time dimensions 7" € {1,5,15,50}, considering
specific combinations of panel sizes due to computational constraints. We take as given a
true network Wy generated using one of the DGPs introduced in the previous subsection,
and keep it constant across 100 Monte Carlo simulations.

Our exercises additionally consider the possibility that measurement errors are endogenous.
That is, we allow for correlated disturbances between the outcome equation (g;) and the
errors that contaminate the adjacency matrix (F), as outlined in our Assumption 8l Let
op and o. be two positive constants. Specifically, for 7,5 = 1,--- ,n, we generate E;; ~
ii.d. N(0,0%) for i # j, and set E; = 0. We generate ¢; such that its sth component &
satisfies e = po. Y7y Eij/v/n + vy, and v are ii.d. N(0, (1 — p*)o?) that are independent
of E;;. Note that |E is normally distributed and we could simply obtain its conditional
mean and variance. We define Vec(FE) as the vector obtained by stacking the off-diagonal
elements of E.

2
Et o:- 1, 2eE
~ 2 ¢ =1,....T.
<VeC(E)) X (On ’ { g 0k ]n2—n]> ST

where Y.g is the n X (n? — n) matrix that captures the correlation between g;; and Vec(FE)
stacks all E;; for ¢ # j into a long vector. Note that it is implied from the previous sections
that cov(ey, Eij) = poro./+/n for i # j and cov(ey, Ey;) = 0 if k # i. In the simulation, we
set 0. = 0.15, op = 0.3/n%7 and p = 0 or 0.7. By setting p = 0, we recover the exogenous
measurement error case from Assumption 2

Given values for the adjacency Wy, covariates X;, parameters 0y, and disturbances &;, we
use the reduced-form representation of model (3] to generate our outcome Y; at every time
period:

Y, = (I, — MoWo) H( X B +e), t=1,...,T. (20)

Throughout the simulation we set W = W, + E, which is the observed noisy version of
the adjacency matrix, to construct estimates of parameters ;. Once the adjacency matrix
is generated, we use it to construct a robust scale proxy of the errors and set the tuning
parameters for estimation as below. We fix £,7 = 1 and denote Int(WW) as the interquartile
range of W;;. Then we choose the sparse penalty as 7,, = 7,7 = 2Int(W)log(n) and v,, =

Vpr = Int(W)4/n.

5.3. Simulation results. Tables[I]- [ present the simulation results using the setting out-
lined in the previous subsections. We highlight several key takeaways in this setup. First,
Tables [I reports relative root mean squared errors (RMSE) for estimates of the spillover
scalar parameter \g, where the benchmark is the standard GMM estimator. Observe that
both our plug-in and supervised estimators achieve lower RMSEs than the GMM benchmark
uniformly across all DGPs and sample sizes. Moreover, the GMM estimates tend to perform
worse in the endogenous case and hence there is more improvement in the endogenous case.
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TABLE 1. Relative RMSE for estimators of \g

Exogenous Plug-in  Supervised ‘ Plug-in Supervised ‘ Plug-in  Supervised ‘ Plug-in Supervised
L (Low-rank) T=1 T=5 T =15 T =50
n=40 0.499 0.409 0.262 0.258 0.251 0.245 0.239 0.235
n=380 0.279 0.279 0.203 0.203 0.200 0.196 0.197 0.188
n=120 0.361 0.353 0.146 0.140 0.131 0.124 0.120 0.135
L+Sparse T=1 T=5 T =15 T =50
n=40 0.444 0.438 0.285 0.280 0.231 0.221 0.211 0.207
n=380 0.360 0.359 0.237 0.235 0.201 0.198 0.181 0.181
n=120 0.297 0.296 0.146 0.145 0.101 0.102 0.071 0.071
Dominant T=1 T=5 T=15 T =50
n=40 0.449 0.450 0.328 0.331 0.248 0.252 0.260 0.282
n=80 0.341 0.341 0.218 0.218 0.158 0.160 0.125 0.131
n=120 0.285 0.285 0.185 0.186 0.164 0.166 0.128 0.133
Group T=1 T=5 T=15 T =50
n=40 0.364 0.356 0.243 0.228 0.214 0.200 0.207 0.204
n=380 0.239 0.230 0.154 0.155 0.140 0.137 0.135 0.145
n=120 0.206 0.205 0.148 0.147 0.130 0.126 0.132 0.122
Endogenous  Plug-in Supervised ‘ Plug-in Supervised ‘ Plug-in  Supervised ‘ Plug-in Supervised
L (Low-rank) T=1 T=5 T=15 T =50
n=40 0.376 0.317 0.261 0.260 0.256 0.261 0.249 0.260
n=80 0.223 0.224 0.207 0.206 0.207 0.201 0.204 0.196
n=120 0.276 0.269 0.135 0.124 0.128 0.120 0.123 0.145
L-+Sparse T=1 T=5 T=15 T =50
n=40 0.371 0.364 0.274 0.266 0.242 0.235 0.235 0.234
n=380 0.327 0.325 0.218 0.214 0.190 0.190 0.181 0.183
n=120 0.238 0.238 0.136 0.135 0.105 0.105 0.092 0.093
Dominant T=1 T=5 T=15 T =50
n=40 0.383 0.384 0.314 0.318 0.290 0.299 0.280 0.305
n=380 0.274 0.274 0.203 0.204 0.167 0.169 0.162 0.171
n=120 0.211 0.211 0.144 0.144 0.119 0.120 0.114 0.119
Group T=1 T=5 T=15 T =50
n=40 0.311 0.305 0.237 0.218 0.219 0.202 0.217 0.224
n=80 0.183 0.183 0.152 0.153 0.144 0.141 0.142 0.152
n=120 0.174 0.172 0.140 0.141 0.135 0.132 0.136 0.135

Denote XW and Xp as the baseline estimate and the plugin estimate calculated using equation (7)) with
weight matrices W = Wy + E and W respectively. The supervised estimate is obtained by equation (8]
with M = W to construct the instruments. All entries represent RMSE values normalized by the RMSE of

the baseline XW. The endogenous measurement error is simulated with a correlation structure parameter
p = 0.7 as described in (20). The listed four DGPs correspond to those introduced in Subsection [G.11
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TABLE 2. Relative recovery accuracy of W

Exogenous W Supervised W ‘ 1% Supervised wl| w Supervised ‘ W Supervised W
L (Low-rank) T=1 T=5 T=15 T =50
n=40 0.320 0.320 0.320 0.321 0.320 0.323 0.320 0.328
n=80 0.226 0.226 0.226 0.227 0.226 0.227 0.226 0.228
n=120 0.185 0.185 0.185 0.186 0.185 0.186 0.185 0.188
L+Sparse T=1 T=5 T=15 T =50
n=40 0.392 0.391 0.392 0.391 0.392 0.391 0.392 0.392
n=380 0.275 0.274 0.275 0.274 0.275 0.274 0.275 0.274
n=120 0.225 0.225 0.225 0.225 0.225 0.225 0.225 0.225
Dominant T=1 T=5 T=15 T =50
n=40 0.556 0.556 0.556 0.556 0.556 0.556 0.556 0.556
n=380 0.489 0.489 0.489 0.489 0.489 0.489 0.489 0.489
n=120 0.333 0.333 0.333 0.333 0.333 0.333 0.333 0.333
Group T=1 T=5 T=15 T =50
n=40 0.340 0.362 0.340 0.363 0.340 0.364 0.340 0.365
n=380 0.224 0.224 0.224 0.225 0.224 0.226 0.224 0.227
n=120 0.185 0.187 0.185 0.187 0.185 0.187 0.185 0.188
Endogenous 1% Supervised Wl w Supervised Wl w Supervised w Supervised 1%
L (Low-rank) T=1 T=5 T=15 T =50
n=40 0.320 0.320 0.320 0.323 0.320 0.328 0.320 0.346
n=80 0.226 0.226 0.226 0.227 0.226 0.228 0.226 0.232
n=120 0.185 0.186 0.185 0.186 0.185 0.188 0.185 0.194
L-+Sparse T=1 T=5 T=15 T =50
n=40 0.392 0.391 0.392 0.391 0.392 0.391 0.392 0.392
n=80 0.275 0.274 0.275 0.274 0.275 0.274 0.275 0.274
n=120 0.225 0.225 0.225 0.225 0.225 0.225 0.225 0.225
Dominant T=1 T=5 T =15 T =50
n=40 0.556 0.556 0.556 0.556 0.556 0.556 0.556 0.556
n=80 0.489 0.489 0.489 0.489 0.489 0.489 0.489 0.489
n=120 0.333 0.333 0.333 0.333 0.333 0.333 0.333 0.333
Group T=1 T=5 T=15 T =50
n=40 0.340 0.362 0.340 0.365 0.340 0.367 0.340 0.374
n=80 0.224 0.225 0.224 0.226 0.224 0.228 0.224 0.233
n=120 0.185 0.187 0.185 0.187 0.185 0.188 0.185 0.190

The relative recovery accuracy is defined as ||W —Wolle/I|W — Wy ||, with baseline weight matrix W =
Wo + E. Endogenous measurement error is simulated with a correlation parameter p = 0.7, as specified
in (20). The listed four DGPs correspond to those introduced in Subsection [5.11
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TABLE 3. Relative recovery accuracy of (I, — /):/W/VI?)*I

Exogenous Plug-in Supervised ‘ Plug-in  Supervised ‘ Plug-in  Supervised ‘ Plug-in Supervised
L (Low-rank) T=1 T=5 T=15 T =50
n=40 0.541 0.478 0.420 0.418 0.415 0.411 0.414 0.407
n=80 0.315 0.315 0.297 0.296 0.296 0.294 0.296 0.292
n=120 0.447 0.440 0.288 0.281 0.277 0.269 0.271 0.277
L+Sparse T=1 T=5 T=15 T =50
n=40 0.417 0.416 0.398 0.397 0.394 0.392 0.392 0.390
n=80 0.295 0.294 0.278 0.278 0.274 0.274 0.273 0.272
n=120 0.243 0.243 0.227 0.226 0.223 0.223 0.222 0.222
Dominant T=1 T=5 T=15 T =50
n=40 0.545 0.545 0.543 0.543 0.542 0.542 0.542 0.542
n=80 0.507 0.507 0.504 0.505 0.505 0.505 0.504 0.505
n=120 0.332 0.332 0.324 0.324 0.324 0.324 0.324 0.323
Group T=1 T=5 T=15 T =50
n=40 0.539 0.556 0.475 0.486 0.468 0.480 0.469 0.480
n=80 0.387 0.383 0.332 0.332 0.328 0.325 0.328 0.326
n=120 0.329 0.331 0.300 0.304 0.295 0.297 0.296 0.295
Endogenous  Plug-in  Supervised | Plug-in  Supervised | Plug-in  Supervised | Plug-in  Supervised
L (Low-rank) T=1 T=5 T=15 T =50
n=40 0.474 0.421 0.409 0.408 0.406 0.407 0.405 0.404
n=80 0.324 0.324 0.325 0.324 0.328 0.323 0.328 0.320
n=120 0.340 0.334 0.224 0.215 0.217 0.210 0.213 0.230
L-+Sparse T=1 T=5 T=15 T =50
n=40 0.409 0.407 0.393 0.391 0.388 0.386 0.387 0.385
n=80 0.297 0.296 0.276 0.275 0.273 0.272 0.272 0.271
n=120 0.241 0.241 0.223 0.223 0.219 0.219 0.218 0.218
Dominant T=1 T=5 T=15 T =50
n=40 0.533 0.532 0.535 0.535 0.535 0.535 0.536 0.537
n=80 0.492 0.492 0.494 0.494 0.496 0.496 0.496 0.496
n=120 0.320 0.320 0.321 0.321 0.321 0.321 0.321 0.321
Group T=1 T=5 T=15 T =50
n=40 0.492 0.507 0.442 0.442 0.440 0.441 0.444 0.450
n=_80 0.327 0.331 0.301 0.301 0.298 0.293 0.297 0.295
n=120 0.315 0.317 0.297 0.301 0.295 0.295 0.296 0.294

The recovery accuracy of the Leonticf inverse is defined as ||[I, — ApW] ™2 — (I, — AoWo) || and ||[I, —
Ne(Ls + S = (I, — AoWo)~Y|F for the plug-in and supervised estimates solved from equations (7)
and (8) respectively. Both are then normalized by the baseline ||(I, — AwW)~! — (I, — AoWo) | »
with W = Wy + E to obatin the relative recovery accuracy. Endogenous measurement error is simulated

with a correlation parameter p = 0.7, as specified in (20). The DGPs correspond to those introduced in
Subsection B.11
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Our proposed methods perform better than GMM by approximately 50-80% for small n
and T. Our methods achieve at least a 75% improvement in RMSE for n = 120, T' = 50.
The relative performance of our methods generally improves as the number of nodes in the
network n and the number of time periods T increase. This behavior is as predicted by the
theory in the cases where the adjacency matrix is assumed to be constant across time.

In terms of the recovery performance of the denoised adjacency matrix, as evidenced in Table
2l the plug-in method and the supervised method perform similarly. Moreover, there is little
difference between the exogenous and endogenous cases because we use the same observed
adjacency matrix.

Finally, we explore how our methods perform in recovering not just the scalar spillover
effect \g, but the full diffusion multiplier matrix given by (I, — A\oWy)~!. This quantity is
highly important as a policy tool, as it summarizes the cumulative spillover effects of a given
economic shock. As shown in Table Bl by providing reliable estimates for both Ag and W,
our proposed methods achieve better performance in terms of Frobenius norm across DGPs
and sample sizes. Although the estimates of W, might be similar in both the exogenous
and the endogenous cases, our method could obtain more reliable estimates of Ay as well as
better recovery accuracy in the endogenous case.

6. EMPIRICAL APPLICATIONS

This section illustrates the use of our estimators for social/spatial interactions. We consider
two examples, applying our methods and examining the spillover effects. In each example,
we first construct a raw spatial weight matrix and then apply Algorithms [Il and 2l described
in the Appendix to obtain our estimates. To select the penalties, we use the interquartile
range (IQR) of the raw weight-matrix entries as a robust scale estimate, denoted by o. The
sparse and low-rank penalties are parameterized as Cgsolog(n) and Cpo+/n, respectively,
with the constants chosen by the Bayesian Information Criterion (BIC). We estimate the
spillover coefficient A and refer the column sum of the Leontief inverse (I, — XW)* as the
total network influence.

6.1. Example 1. In our first example, we examine an application to annual Gross Domestic
Product (GDP) growth as our outcome of interest. Following Mankiw et al! (1992), the
explanatory variables include the annual growth rate of the working-age population defined
as individuals aged 15 to 64, denoted as X;, and the log investment share, X5, which serves
as a proxy for the saving rate. We also include individual and time fixed effects in our
specifications. The dataset is downloaded from the World Development Indicators (WDI)
and covers a balanced panel of 23 economies from 1970 to 2023.

8These economies are: Australia (AU), Canada (CA), Mainland China (CN), Denmark (DK), Finland (FI),
France (FR), Germany (DE), Hong Kong SAR China (HK), Indonesia (ID), Ireland (IE), Italy (IT), Japan
(JP), Korea (KR), Malaysia (MY), Mexico (MX), Netherlands (NL), New Zealand (NZ), Singapore (SG),
Spain (ES), Sweden (SE), Thailand (TH), United Kingdom (GB), and United States (US).
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Economic activity is well known to exhibit substantial spatial dependence (see, e.g., [Krugman),
1991)). Neighboring economies tend to trade more, share regional demand and supply shocks,
and compete for mobile factors of production. For this reason, we use a geographic-proximity
weight matrix as a natural and predetermined benchmark to study spillovers. The raw spatial
weight matrix is constructed as the row-normalized inverse squared distance matrix based on
Haversine distances and denoted by W, H Note that row-normalization on the weight matrix
is standard in the spatial econometrics literature, as it facilitates a clear interpretation of the
spatial autoregressive coefficient as the strength of the average influence. All off-diagonal
entries of Wy are strictly positive, which contrasts sharply with the sparsity assumptions
sometimes invoked in the literature. This dense structure makes W5 a natural candidate for
our estimating approach, since many of the small off-diagonal weights likely reflect weak,
noise-contaminated links rather than economically meaningful connections.

We estimate Model ([B]) with two-way fixed effects under two scenarios. Panel A includes only
X; and X5 as covariates. We assume that those variables are contemporaneously exogenous
and use the spatial lags W .X; and W X5 as instruments. Panel B includes both the original
covariates and the contextual variables W X; and W X5 as regressors, using the second-order
spatial lags W2X, and W2X, as instruments. Table @ reports the deviations of the estimated
weight matrices from the raw matrix W5. We consider three alternative specifications: a
purely sparse structure with 7 = 0.0443, a purely low-rank structure with v = 0.2709, and
a combination of both with 7 = 0.0443 and v = 0.2709, where the penalties are selected
according to BIC respectively. We first examine the differences between estimated adjacency
matrices and the raw matrix W5. We find that the purely low-rank estimator L exhibits
substantial departure from W5, particularly in terms of the matrix maximum norm. Most
of the elements in L are small but not exactly 0, suggesting that a low-rank approximation
alone may fail to preserve several important links in the original network. By contrast,
the purely sparse estimator S retains only 96 nonzero entries. Although this produces a
more parsimonious network representation, it has the largest deviation from Wj under Iy
norm. The low-rank-plus-sparse estimators provide a more balanced representation and
both HWQ — Wa|max and ||W2 — Wa||2 remain small relative to the corresponding deviations
of the competitors. A further calculation shows that H/Wg — 5|max = 0.02 and HW\Q — 8, =
0.11, indicating that it may capture diffuse connections that may be discarded by pure
sparsification. Notably, the supervised low-rank and sparse estimates based on two panel
specifications remain very similar to the unsupervised one, which is consistent with our
theoretical findings. A further comparison of the heat maps of the raw Wj, the estimated
WQ, and S is also shown in Figure Bl We observe that the low-rank plus sparse estimate /VI72
appears to preserve the dominant network structure while allowing for pervasive weak link
effects.

9For economies i # j, we compute the Haversine great-circle distance D;; between capital cities (in millions
of meters) and then form the raw weight matrix by setting the (i,j) entry as 1/DZ-2]- for ¢+ # j, and the
diagonal entries as 0, and then apply row-normalization.
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TABLE 4. Comparisons of Estimated Weight Matrices

~

Estimator H/VV — Wa|max ||W — Walls Rank(Ly) Nonzero entries(S,)
5 0.044 0.385 - 96
L 0.269 0.349 14 -
W, 0.044 0.289 2 78
W, (Panel A) 0.047 0.301 2 115
W, (Panel B) 0.045 0.299 2 116

Note: We calculate the differences between each estimated Weight matrix and the raw weight

matrix W2 We consider the purely sparse matrix estlmate S the purely low-rank matrlx

estimate L the low-rank plus sparse matrix estimate Wg and its supervised estimates W

under model (@) in Panel A (without contextual effects) or Panel B (with contextual effects).

Rank (L) reports the rank of the low-rank component, and nonzero entries (S) refer to the

number of nonzero entries in the sparse component when the corresponding decomposition
is available.

Raw W2 Estimated W2 Estimated S2
| | | |
| _ g . g
] ] .
| ]
[ ] [ | -
] ]
[ ]
[ ] [ ] [ | =
|| - || - || -
|
| = | | m

FIGURE 5. Heatmaps of different spatial weight matrices associated with 23 economies,
including the raw weight matrix Ws (left), the estimated low-rank and sparse matrix Ws
(center), and the estimated purely sparse matrix S (right).

In the regression analysis, we evaluate the impact of the investment rate and working-age
population growth, and report the estimated spillover coefficient \ based on different weight
matrices in Table[dl For each candidate weight matrix W, we also compute the column sums
of the Leontief inverse (1,, — X/W)*l and designate the economy with the largest column sum
as the key player. Relative changes compared to the raw W5 benchmark are also reported.

In Panel A (without contextual effects), the purely sparse estimator §2 only retains the
strong connections and reduces P\ by 16.7% and total influence (i.e., the corresponding column
sum from the Leontief matrix, see above) by 11.3% compared to those obtained from the
raw Ws,. Conversely, the purely low-rank estimator 22, amplifies network connections via
aggregating pervasive weak links and increases Py by 11.3% and total influence by 12.0%
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compared to those obtained from the raw 5. These results indicate that the sparse and low-
rank components might capture distinct aspects of the network. The sparse component filters
out scattered weak links, whereas the low-rank component summarizes pervasive dependence.
Correspondingly, the low-rank-plus-sparse estimator /Wg produced more moderate deviations
from the raw benchmark.

The benefits of our approach become more pronounced in Panel B with contextual effects.
The raw W5 produces a negative estimate \ that is much lower than the our estimates. The
sparse estimator and the low-rank-plus-sparse estimator produce moderate positive values
that might be more reasonable. As higher-order spatial lags can magnify noise in the raw
matrix, this reversal suggests that our approach can improve the plausibility and stability
of the estimated spillover effects.

TABLE 5. GDP-Growth GMM Spillover Estimates and Influence Analysis

~

Weight matrix A AN Key player Total influence Ain fluence

Panel A: without contextual effects

Raw W, 0.377  0.0% SGP 2.211 0.0%

Sy 0.314 -16.7%  SGP 1.961 11.3%
Lo 0.420 11.3% SGP 2.475 12.0%
W, 0.354 -6.2% SGP 2.147 -2.9%
W, 0.356  -5.6% SGP 2.178 1.5%

Panel B: with contextual effects

Raw W, 0.109  0.0% MEX 0.985 0.0%
Sy 0.124 214.2%  SGP 1.290 31.0%
Lo 0.052 52.3%  MEX 0.993 0.8%
W, 0.095 187.6%  SGP 1.212 23.0%
W, 0.095 186.9%  SGP 1.211 22.9%

We report the estimated spillover coefficient X obtained using different weight matrices. The
raw W5 matrix is the row-normalized inverse squared distance weight matrix. We consiggr
its sparse estimator S , its low-rank estimator E, and its low-rank plus sparse estimator Ws
and its supervised version Ws. Panels A and B correspond to the scenarios without and
with contextual effects respectively. We record the maximum column sum of the Leontief
inverse (I, — X/W)_l and refer to it as the total influence of key player. The relative changes
of the spillover effect and the total influence are also computed using the raw matrix W5 as
the baseline.

Moreover, the decomposition also yields interesting practical insights. Compared with §2, we
find that including the low-rank component in W5 primarily rescales the overall magnitude of
the spillover influence vector rather than altering the key player. This pattern indicates that,
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while the identity of the key player remains robust to the decomposition strategy, the esti-
mated strength of network spillovers depends materially on whether the low-rank component
is retained, underscoring the practical relevance of the full low-rank plus sparse decomposi-
tion over the purely sparse estimator. Figure [0l presents the graphical representations of /V[72,
Eg, and §2, respectively. /Wg admits the decomposition /Wg = §W2 + ZVV} and comparing the
leading eigenvectors of /Wg, E@ and §/v1727 we find that vy ~ 0.56 Vig, + 0.48 \E from

a regression perspective as discussed in equation (C.I]). Both the low-rank and the sparse
components contribute substantially in this application, indicating that the identification of
influential nodes depends not only on a few strong connections, but also on the cumulative
effect of widespread weak links. Notably, as shown in Figure [7] Vg has many zero en-

tries, and its nonzero entries concentrate on the Asian economies, whereas v;  loads on all
W-

economies but assigns slightly smaller weights to Western economies. One possQible interpre-
tation is that the sparse eigenvector captures localized regional clustering centered on Asia,
while the low-rank eigenvector reflects a global common factor that is slightly attenuated
for Western economies in accounting for the broader geographic diffusion inherent in the
low-rank structure.

Estimated W2 Estimated L2 Estimated S2

FIGURE 6. Graphical representation of different spatial weight matrix associated with 23
economies, including the estimated low-rank and sparse one Wy (left), the estimated low-
rank one L (center) and the estimated purely sparse one S (right).

6.2. Example 2. In our second example, we apply our methods to examine tax compe-
tition among the 48 contiguous U.S. states. This application was originally studied by
Besley and Case (1995) using data from 1962 to 1988, with a pre-specified geographic weight
matrix W, defined as the row-normalized 0-1 neighborhood adjacency matrix setting 1 to
state pairs that are geographically adjacent and zero, otherwise. Besley and Case (1995)
emphasize a political-economy channel for tax-setting spillovers, as policymakers respond
to voters who benchmark their policies against those of peer states. Consequently, states
may face both political and economic incentives to align their fiscal policies with those of
their neighbors. This dataset has recently been extended to cover 1962-2015 (7" = 53) and
analyzed by lde Paula et all (2025). We obtain the spatial weight matrix W5, which is a
row-normalized inverse squared distance matrix based on Haversine distances between state
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FIGURE 7. Plots of eigenvector centrality associated with dlﬁ'erent welght matrices. De-
note the low-rank and sparse components of our estimator W2 as L and S i e. W2 =
sz j— SWQ. From left to right, we provide the eigenvector centrality plots of W27 LWQ

and SW2 respectively. Orange dots mark economies whose entries in the leading eigenvector
of SWQ are nonzero, while red dots mark economies whose entries in the leading eigenvec-

tor of EWz are smaller than 0.2. The economies corresponding to red dots are Canada,

Denmark, Finland, France, Germany, Ireland, Italy, Mexico, Netherlands, Spain, Sweden,

United Kingdom, and United States, and those corresponding to orange dots are Australia,

China, Hong Kong SAR China, Indonesia, Japan, Korea Rep., Malaysia, New Zealand, Sin-
gapore, Thailand.

capitals, as the observed weight matrix. In addition to endogenous spatial effects captured
by WY, the covariates include state-level characteristics such as per-capita income, the un-
employment rate, and the proportions of young and elderly populations, without and with
their contextual covariates WX in Panel A and B respectively. We also include individual
and time fixed effects in our specifications. Lagged neighbor income and lagged neighbor
unemployment are used as instruments as in the original paper by Besley and Case (1995).

We consider three specifications, which yield a purely sparse matrix estimate §2, a purely
low-rank matrix estimate Eg, and a low-rank plus sparse estimate /V[72 The purely sparse
estimate Sz captures the strong links and retains 90 nonzero entries. The estimate L2 is a zero
matrix under the selected penalty, suggesting that the data do not provide enough evidence of
a low-rank component. The combined estimator /Wg coincides with the sparse-only estimator
§2, and hence we only report results about /Wg in the subsequent analysis. The supervised
variants W, in Panels A and B are very close to those of the unsupervised estimate WQ.

Figures[8 and [@ provide heatmaps and graphical representations of the raw geographic weight
matrices Wy, W5 and the estimate Wg, respectively. We find that the raw inverse geographic
distance matrix W5 is much denser than the raw geographic adjacency matrix Wy. It may be
more vulnerable to measurement errors, and thus exaggerate the overall degree of network
dependence and obscure the dominant transmission channels. By contrast, the estimated
network discards many weak, noise-dominated connections, thus providing a clearer visual-
ization of the significant links and improving interpretability.
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Wg w2 est W2

FIGURE 8. Heatmaps of adjacency matrices associated with 48 states. From left to right,
this figure provides the heatmaps associated with the row-normalized 0-1 geographic adja-
cency matrix Wy, the row-normalized inverse squared distance matrix W5, the estimated

low-rank and sparse matrix Ws.

FIGURE 9. Graphical representations of different weight matrices. From left to right,
this figure provides the network representation for the row-normalized neighborhood weight
matrix Wy, the row-normalized inverse squared distance matrix W5 and the estimated low-

rank and sparse weight matrix WQ.

Table 6l provides a more detailed characterization of the state-level network structure. States
are sorted according to their column sums, which measure the aggregate strength of their
outward connections. Massachusetts is identified as the most influential state under all three
weight matrices. Its out-degree is 1.70 under the row-normalized adjacency matrix W, 1.61
under the row normalized inverse squared distance matrix W5, and 0.72 under the estimate
Wz. The estimated network therefore preserves the leading position of Massachusetts while
substantially reducing the magnitude of its estimated outward influence. This suggests that
our estimate does not fundamentally alter the ranking of the major network hubs, but re-
moves potentially noisy links that may inflate the overall strength of network connections
rather than incorporating them into the core neighborhood topology. By contrast, the rank-
ing based on W, differs more noticeably because the geographical adjacency matrix only
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captures direct neighboring relationships, whereas W5 allows for distance-decaying connec-
tions between all states.

TABLE 6. Top 4 States Ranked by Out-degree

Raw W, Raw W, W
Rank | State ~ Out-degree | State Out-degree | State Out-degree
1| MA 1.70 | MA 1.61 | MA 0.72
2| GA 1.62 | MD 1.57 | MD 0.64
3| TN 1.58 | RI 1.53 | RI 0.63
4 | ID, NH 1.53 | DE 1.52 | DE 0.63

Notes: We consider three choices of the weight matrix, including the raw row-normalized

adjacency matrix Wy, the raw row-normalized inverse squared distance matrix W5, and the

estimate Wg. For each matrix, we compute the out-degree (column sums) and report the

four states with the largest values in descending order. The abbreviations MA, GA, TN,

ID, NH, MD, RI, DE stand for Massachusetts, Georgia, Tennessee, Idaho, New Hampshire,
Maryland, Rhode Island and Delaware, respectively.

TABLE 7. Spillover Estimates and Influence Analysis

Weight matrix P\ AN Key region Region impact A Region impact

Panel A: without contextual effects

Raw W, 0.658 30.3% Mountain 0.181 3.9%
Raw Wy 0.505  0.0% SA 0.174 0.0%
Wy 0.220 -56.5% SA 0.168 -3.3%
W 0.220 -56.5% SA 0.168 -3.3%
Panel B: with contextual effects

Raw W, 1.006 -11.0% NA NA NA
Raw W, 1.130  0.0% NA NA NA
Wy 0.811 -28.3% SA 0.177 NA
W 0.811 -282% SA 0.177 NA

Notes: We report the estimates of the spillover coefficients obtained using different spatial
weight matrices. W, and W, denote the row-normalized 0-1 adjacency matrix and the
row-normalized inverse squared distance weight matrix respectively. WQ and Ws are the
estimator and the supervised estimator constructed from the raw weight matrix Wy. If
|X| < 1, region impact is computed by first obtaining the column sums of the Leontief inverse,
and then aggregating them according to the nine geographical divisions. The divisions with
the largest total impact are reported as the key region. The relative changes of the spillover
and the region impact are reported using the results associated with the raw W5 matrix as
the baseline when available.
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Table [M reports the estimated spillover coefficient X and the regional influence analysis using
different weight matrices. We consider two scenarios, Panel A (without W X) and Panel B
(with WX), respectively. In both panels, two raw weight matrices W, and W5 produce quite
similar results, and they both exhibit much larger or even explosive values of X in Panel
B. Such large values are likely driven by measurement error or noise in the raw adjacency
matrices, yielding exaggerated spillover estimates that could be unreliable and potentially
misleading. In contrast, the estimators, including the low-rank-plus-sparse estimator W,
and its supervised variants, produce substantially smaller and more stable h\ values, and
consistently identify the South Atlantic as the key region. Recall that each weight matrix is
row-normalized prior to estimation. By the Perron—Frobenius theorem, the spectral radius
of a row-normalized non-negative matrix is 1, and hence the standard Leontief-stability
condition reduces to |X| < 1 (LeSage and Pacd, 2009). Explosive spillover estimates can
cause some elements of the Leontief inverse to become negative and hard to interpret. These
results indicate that our approach might yield more plausible and interpretable spillover
effects, avoiding the inflated influence suggested by raw network matrices.

TABLE 8. Top Four States Most Strongly Influenced by Massachusetts

Weight matrix 1st 2nd 3rd 4th
Panel A: Without contextual effects

Raw W, MA (1.30) RI (0.59) CT (0.48) VT (0.45)
Raw Wy MA (1.13) RI (0.34) NH (0.24) CT (0.17)
W MA (1.04) RI (0.19) NH (0.17) ME (0.06)
W, MA (1.04) RI (0.19) NH (0.17) ME (0.06)
Panel B: With contextual effects

W, MA (2.51) RI (1.83) NH (1.82) ME (1.48)
W MA (2.52) RI (1.88) NH (1.82) ME (1.48)

Notes: We evaluate the column corresponding to Massachusetts in the Leontief inverse
and interpret its entries as the total influence that a shock originating from Massachusetts
exerts. We report the four largest values in parentheses along with the corresponding states.
Four choices of the weight matrix are considered: the raw adjacency matrix Wy, the raw

row-normalized inverse squared distance matrix Ws, the estimator W5 and the supervised

estimator WS . The abbreviations MA, RI, CT, VT, NH, ME stand for Massachusetts,

Rhode Island, Connecticut, Vermont, New Hampshire and Maine, respectively. We do not

include the results for Raw W5 and Raw W, in Panel B because the estimated spillover
effects do not satisfy the Leontief-stable condition.

Table [ further examines the propagation of shocks originating from Massachusetts. We
calculate the Leontief Inverse and examine the four largest elements in the column that cor-
responding to Massachusetts. The two states most strongly influenced by a shock originating
from Massachusetts are Massachusetts itself and Rhode Island. However, the magnitude of
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the estimated network influence is attenuated. When contextual effects WX are incor-
porated, the Leontief influence values increase substantially. Under the estimate Wg, the
influence measure for Massachusetts rises from 1.04 to 2.51, while the corresponding values
for Rhode Island, New Hampshire, and Maine increase to 1.88, 1.82, and 1.48, respectively.
Overall, the results consistently identify Massachusetts as an important regional hub and
indicate that contextual effects could considerably amplify the propagation of state-level
shocks. Our approach retains stronger local transmission channels while suppressing weaker
long-range associations that may be sensitive to measurement error.

7. CONCLUSIONS

This paper introduces a robust framework for studying interaction effects in social and spatial
networks under noisy adjacency matrices. By leveraging the low-rank and sparse structure
of real-world networks, our de-noising approach, combining LASSO and nuclear norm penal-
ization, significantly improves estimation accuracy. We propose two estimation procedures
i.e. a two-step and a one-step supervised GMM estimator that outperform standard GMM
by 50 — 80% in RMSE under noise and endogeneity.

Applying our proposed methodology to examine the international spillover of economic
growth and the tax competition across U.S. states, we find pronounced discrepancy in esti-
mating the spillover effects, which highlights the essential role of accurate network denoising.
Failing to distinguish genuine connectivity from measurement noise can systematically dis-
tort spillover coefficients as well as the strength and direction of cross-unit interactions.
Moreover, our decomposition framework might provide a new perspective on complex spa-
tial dependencies by disentangling global and local components. This decomposition not
only sharpens the economic interpretation but also improve econometric inference, thereby
contributing to credible spatial econometric analysis.

8. DECLARATION OF GENERATIVE Al AND AI-ASSISTED TECHNOLOGIES IN THE
WRITING PROCESS

During the preparation of this work the authors used Al to suggest edits to some lengthy
passages for concision and clarity. After using these tools, the authors reviewed and edited
the content as needed and take full responsibility for the content of the published article.
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Algorithm 1 Alternating minimization algorithm to obtain Land S

Require: Observed matrix W, penalty parameters v, > 0 and 7, > 0, and a positive

1:

constant tol
Initialize LO as 0,,x,, and WO %74

2: while not converged do

§k+1 «— S, (W-— Ek), where S, (A) is denoted as the element-wise soft thresholding

estimator proposed by [Friedman et al. (2010), i.e., max((A;; —75),0) +min((A;; +75),0)

for i # j.(set diagonal entries to zero.)

Zkﬂ «— SVT,, (W—§k+1), where SVT,, (A) denotes the singular value decomposition
with thresholding proposed by |Cai et all (2010). Specifically, let matrix A admit the
singular value decomposition A = UDV'T. Then SVT,, (A) = UD,, V', where D and
D,,, are both diagonal matrices, whose ith diagonal element satisfies (D,, ); = max(D; —
Un, 0).

Set Wkﬂ = ZkH + §k+1. Check convergence condition: ||Wk+1 — WkHF < tol
end while
return L « Lk+1 and S « Sk+1, W« Wk+1

Algorithm 2 Supervised estimation of spatial autoregressive model

Require: Observed matrix W, outcome nT" x 1 vector Y, regressors nT x K matrix X,

GMM weight matrix _/A\; ! penalty parameters v,r, 7,7 and &,r, tolerances toly > 0, M
and tol; > 0.

. Set Z; = (X, MX,, -+, M%X,). Let Z; be the m linearly independent columns of Z;.

Define nT' x m matrix Z = (Z],-++ , Z})".
Set 0y as the GMM estimate using W, initialize Wy and Ly as W and 0,,,, respectively.
while not converged do

Obtain W41 by minimizing & Jur (0, W, M; A1) + Hw - W2 over W. Recall

the definition of J,7(. ) and &,r in Equation ().

Obtam Lk+1 and Sk+1 using Algorithm [1 with W replaced by Wkﬂ Set Wk+1 =
Lk+1 + Sk+1

Update Hkﬂ as the GMM estimate usmg Wk+1

Check convergence conditions ||9k+1 — QkHQ < tol, ||/I/I7k+1 — ﬁ/\kHF < toly, for positive
constants toly, tol; > 0.
end while
return 6 « Or+1, L+ Lk+1, S« Sk:+1, and W Wk+1

C. LOW-RANK PLUS SPARSE DECOMPOSITION

C.1. Motivation for Low-Rank Plus Sparse Structure. The low-rank plus sparse de-
composition is useful in network analysis because it can improve interpretability and compu-

tational efficiency across various applications. Additionally, it is closely related to eigenvector
centrality and the Leontief inverse, both of which play crucial roles in policy targeting by
identifying key structural dependencies and intervention points (Jackson, 2008; Newman,
2010).
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FI1GURE B.1. Plots of singular values associated with the tiny weight matrix
which is calculated by subtracting the sparse network using a threshold 0.05
from the input-output weight table 2002.

C.1.1. Application to eigenvector centrality. Our decomposition can be useful in interpreting
and understanding centrality as such measure can be shown to be dominated by either the
sparse or low-rank components in certain potentially relevant circumstances. The (eigenvec-
tor) centrality of each node corresponds to the eigenvector entries attached to the highest
eigenvalue of the adjacency matrix representing the network. The low-rank plus sparse de-
composition separates the adjacency matrix Wy into a low-rank structure Lj (or Ly, before
diagonal adjustment), representing the core economic interactions, and a sparse component
S (or Sp), capturing highly influential entities or individual heterogeneity (Gabaix, 2011
Carvalha, 2014). The eigenvector centrality under this decomposition expands to:

(LS + SS)VWO = )\W()VW(”

where Ay, and vy, are the leading eigenvalue and eigenvector associated with W,. The
entries of vy, are related to the leading eigenvectors of Lg and Sg, denoted by vi. and
vy, respectively, which capture different aspects of the underlying structure. If the leading
eigenvector of vyy,, is closer to vzs or vgs, this indicates that the low-rank or the sparse
structure, respectively, is more dominant.

We now formalize how vy, is informed by vz. and vgs. Let prss: denote the inner product
. . T . . . T .
between vz. and vgs, i.e., prsss = VsV Similarly define pw,r: = vy, vz and puys; =
T . . . .
Vi, Vs and let kpsvis + kssvg: denote the best linear approximation of vy, using v r; and
vs;. Then from a regression perspective, it satisfies:

PWoLy — PLSE PWoSE PWoSg — PLjSs PWoL

2 2
L= rigs; L= rigs;

10For a connected network W, whose entries are all non-negative, the Perron-Frobenius theorem implies that
its maximum eigenvalue (in terms of radius) is real and non-negative.
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(see Appendix [E2). Further calculations show that the coefficients kz; and kg should be
related to the maximum eigenvalues of Lj and Sg respectively, i.e. Ars and Agy. If Lj and
S§ are symmetric, we have

T 7%
k‘L* PL*Sx* (>\L* — VS*LOVS*)
0 ~ 0*~0 0 0 0 . T * T *
s ~ Nt oI Liver — Apr — VT ro— if )\LS + VLSSOVLS < )\SS + VSSLOVSS(C'2>
; 5+ Vs Lovss = Ay — Vi Vi
<o N
kg pryss(As; — vi=Sivig)

Q

. T o T rx
kr; ALy + VL Sivey — Asy — Vi Livsy 5+ Vi Sovis > Ass Vs Lovs(C9)
where the approximation error diminishes when prsgs: — 0. (We also derive the expression
when L} or S§ is asymmetric in Appendix [E.2]) In practical scenarios involving large net-
works, vy is typically dense, with few zero entries, while vg: tends to be sparse, featuring
many zero entries, thus implying that the correlation pr;s: is small. Consequently, if pr«s:
is close to 0, then kg /kg: = 0 if (C.2) holds or kg /kzs ~ 0 if (C.3)) holds. The inequality
Ay + Vzg Sovr: S Asp + Vgs Lgvs; determines which component Lg or S; plays a more
dominant role in shaping the eigenvector centrality of Wj. Specifically, the left-hand side
approximates the effective contribution of the low-rank component L§ (and the part of Sj
aligned with it), whereas the right-hand side captures the influence of the sparse component
Sg. In contrast, the inner product V—LFSVSE; measures the degree of alignment between the
leading eigenvectors of L§ and S, indicating whether the two structures reinforce or coun-
teract each other in determining the dominant direction of Wj. For the detailed calculations
above, please refer to Section [E.2in the Appendix.

Ultimately, this means that when prss: — 0 we have:
Vi, =~ kLSVLS or Vy, ~ k‘sgVSg.

Therefore, we obtain a measure that either emphasizes the systemic structure of the network
L§ or the eigenvector centrality of S; which can be attributed to the individual shocks or
dominant units (Battiston et all, [2012). For example, in interbank networks, systemically
important banks often dominate centrality rankings when using the full adjacency matrix
(Degryse and Nguyen, 2007). Applying the low-rank plus sparse decomposition allows us
to disentangle the influence of connections with some important institutions (captured in
Sg) from the broader systemic structure (captured in L§). This approach thus potentially
provides a more nuanced understanding of systemic risk, as it distinguishes between the
centrality of highly connected hubs and the underlying economic network (Acemoglu et al),
2015; |Greenwood et all, 2015).

To illustrate this, we now present two numerical examples to examine the underlying struc-
ture of the dominant eigenvector for a network with n = 100. In both examples, the network
Wy = L+ S;, where Ly = VLOVZO has the leading eigenvector vz, whose elements are all
1/10, and Lg = Lo — 1/1001599 with vpz=vp,. The sparse matrix has the form S5 = £S5} for
some pre-specified sparse matrix S% with zero diagonals. The constant k affects the relative
strength between the low-rank component Lj and the sparse component Sj, and we con-
sider Kk = 0.4 and k = 4. In Case 1, S’ is chosen such that it only has two nonzero elements
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Sh12 =S4 = 1. In this case, the maximum eigenvalues of Lg and S are 0.99 and k respec-
tively. If k = 0.4, the calculated leading eigenvectors show that vy, ~ 0.983vy; +0.091vg;,
signifying a predominantly uniform structure with minor local adjustments. However, when
k = 4, the eigenvalue of Sj dominates that of Lg, and we find that vy, & 0.046vz; +0.992vg:,
reflecting a reduced influence of L§ due to the increased eigenvalue of Sj.

In Case 2, we set S to be an asymmetric sparse matrix with 57, = 1 and 5} ;; = 1
for 2 < 4 < 30. This represents the case when the first individual is a key player that
affects 29 individuals. Because S% is asymmetric, its nonzero eigenvalues are £1; we take
vs; to be the eigenvector associated with the eigenvalue +1. This vg: has more nonzero
entries than in Case 1, so prss; = VZSVSS is larger. When Wy = Lj + kS with k£ = 0.4,
iy, ~ 0.845vs +0.244 vg:; when k =4, vy, ~ 0.148 v+ +0.911 vg;, implying a negligible
correction from L.

C.1.2. Application to the Leontief inverse. We also highlight how our decomposition is re-
flected in the Leontief inverse for Wy. Defining I,, as the n x n identity matrix, the Leontief
inverse is given by (I,, — A\gW;) ™. For notational simplicity, throughout this subsection we
set Ao = 1 and write the Leontief inverse as (I,, — Wy)™!; the general case follows by replacing
Wy with AWy throughout. Assume that the low-rank component L, admits the singular
value decomposition as Ly = UDV ", where D is a square diagonal matrix of dimension r x r,
and U and V are the matrices that collect the left and right singular vectors respectively.
When r < n, this allows dimensionality reduction while retaining key structural information.
We seek to calculate the Leontief matrix: (I, — Wy)™' = (I, — (UDVT + S,))~L. Applying
the Woodbury matrix identity (Woodbury, [1950):

(A+UDVHY Tt =A" — A\ U(D 4+ VTAT ) VT AT
where A = [,, — Sy is assumed to be invertible, we have
(L, —UDVT —8p) ™t = (I, —So) ' + (I, = So) *UD =V (L, - So)'U) 'V (I, - So) "
(C4)

Denote ||.||max and ||.||2 as the maximum norm and two-norm of a matrix respectively. Sup-
pose ||diag(Lo)|lmax — 0. By matrix algebr and S§ — Sy = diag(Ly), we have

(2o = S5)™" = (Lo = S0) "Iz = [[(1n — S5) " diag(Lo) (I = So)~'[|2 = 0.
If we substitute (1, — Sp) ™! with (I, —Sg)~" in Equation (C4)) and use Woodbury’s formula,
we have
(In=Wo) ™" = (I, — S5) "+ (I, = S)'U(D =V (I, = S5)~'U) 'V (I, — S§) 7' (C.5)

This decomposition reveals two key effects in the network. The first term, (I, — Sg)™!,
represents the Leontief matrix for the sparse component, capturing localized effects such as
idiosyncratic shocks or sporadic interactions. For example, in economic networks, this can
model firm-specific disruptions or localized financial shocks (Gabaix (2011); [Acemoglu et al.

UTake A =1, — S§ and B = I, — Sy and note that A~' — B~ = A~1(B — A)B~".
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(2012). In supply chains, it reflects disruptions in specific suppliers without affecting the
entire network Barrot and Sauvagnati (2016); Boehm et all (2019).

The second term in the Woodbury expansion of (I,, — W) ™! captures the influence of dense
network structures, exploiting the low-rank form of U and V. When Ly = kVLonoa the
second term in Equation (C.A)) yields, for symmetric S, a rank-one matrix kovT, where
o = (I, — S;) " 'vi, and &k = (1/k — v} (I, — Sa‘)_leO)fl, which reflects the difference
between (I, — Wy) ™" and (I,, — S%)~" due to the presence of Ly. Note that koo lies along
the direction of v, with both v, and S; contributing to it. Its effect can be substantial,
particularly when Lg is dominant. In economic networks, this balances uniform information
spread, as in lJackson (2008) where dense ties drive equilibrium outcomes in coordination
games, against localized dynamics. Thus, the correction reconciles global connectivity, akin
tolAcemoglu et al. (2012)’s analysis of aggregate economic fluctuations via network linkages.

When studying the network effect, it is often assumed W} has bounded eigenvalues even when
the dimension of the network grows. If the network is highly connected, columns of U and V/
are dense vectors with many non-zero entries whose magnitude must converge to 0 due to the
bounded row-sum constraint. Unlike factor models, the singular values in D may not diverge
as n increases, which makes the elements of L, corresponding to a dense network being very
small. However, our calculation above implies that in a dense network, naive thresholding
methods are insufficient, as this might result in missing the second term in Equation (C.5))
and inconsistent evaluation of network effects that overlook systemic dependencies. We
empirically illustrate this point in our empirical application Section

Moreover, utilizing the low-rank and sparse structure, we only need O(nr + s) parameters
to store the matrix information, where r = rank(Ly) and s = [|S|lo, which highlights the
computational advantages we refer to earlier in the section. Note that it costs less time
to compute the inverse of a sparse matrix compared to a dense matrix. With the help of
Equation (C.4)) or (C.H), we could simplify the calculation of the Leontief matrix.

D. IDENTIFICATION

In this section, we discuss the identification issue, i.e., given a weight matrix W, that admits
the low-rank and sparse decomposition, it could be uniquely written as Wy = Lo + Sy under
some regularity conditions. As discussed earlier, we focus on Ly and Sy in the theoretical
derivations, since the properties of L} and S can be derived from them. Subsection [D.1]
presents conditions regarding the identification of Ly and Sy, and Subsection [D.2] discusses
the conditions using examples.

Before proceeding, we recall from Section Hl the sparsity measures m,.(A), m.(A), ms(A),
and deg,,..(A) = max{m,(A), m.(A)}, and additionally define the incoherence index of a
nonzero matrix A as inc(A) = y/max(u,(A), 1,(A)), where

T T

— 2 — 2
pulA) = max | 1 u(4),  m(4) = max | 1 vi;(A),
J= J=
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r is the rank of A, and u;;(A), v;;(A) are the j-th elements of the i-th left and right singular
vectors. The measure is scale-invariant and reflects whether A concentrates its mass in few
entries: for a diagonal matrix with distinct diagonal entries inc(A) = 1, whereas for a fully
connected matrix with equal entries inc(A) = n=1/2,

The incoherence index controls the maximum entry via ||Lg||max < al(Lo)inc(L0)2, S0
when o1(Lg) = O(1), the quantity inc(Lg)? plays the same role as 1/+/m,(Lo)m.(Lo) in the
coherence bound of Assumption[Ii(i): both equal 1/n for a fully dense Ly and are of constant
order for a spiked Ly. We use inc(Ly) here because it yields the sharp identification condition

inc(Log) deg,..(So) < 1/16.

D.1. Identification conditions. In the following, we provide a theoretical result that es-
tablishes the conditions under which Ly and Sy can be disentangled.

Assumption 9 (Low rank plus sparse components). Suppose Wy is an n x n matrix which
can be decomposed as Wy = Lo+ Sy, where Ly is a low-rank matrix of a rank 0 < r < n and
So # 0,xn. Moreover,

inc(Lp)deg,,.«(So) < 1/16.

Lemma 1. Under Assumptionld, for any given decomposition Wy = Lo+ Sy with Sy # Onxn,
the pair (Lo, Sop) can be uniquely recovered |

Assumption [@ is a direct consequence of Corollary 3 in [Chandrasekaran et al! (2009). This
assumption imposes that the sparse matrix Sy is not excessively dense, while the low-rank
matrix Ly must not be overly sparse. The incoherence measure provides a quantitative
assessment of the dense level of Ly. Specifically, if L is sparse, its incoherence measure is
of constant order, which might preclude the above inequality from holding when Sy # 0,,%y,.
Conversely, if Ly is dense and contains infinitely many small entries, its incoherence measure
tends toward zero. For instance, if Ly possesses a singular vector with entries of order 1/4/n,
the incoherence measure attains an order of 1/y/n, which is the smallest order achievable.
In such a case, it could be separated from Sy if deg,,..(So) = o(y/n), which includes the
sparse network with bounded degree, or the dominant network with finite keyplayers. It also
implies that m4(Sy) = o(n2) as m,(So) V me(Se) = o(y/n).

D.2. Examples. We now discuss how the identification assumption applies to the four ex-
amples of network structures mentioned in Section

Complete network: In this example, Wy = Lo + Sy, where Ly = cc', ¢ = (¢, -+ ,¢,) ", and
the sparse component Sy is a diagonal matrix to guarantee that the diagonal elements of W)
are zero. Note that deg,,.(So) = 1 and inc(Ly) = /maxi<i<n ¢2/[[c]|2 < Cmax/ (V7 Cmin)-

2For Ly = UDV'T, Lo;; = (UTe;) " D(V Te;), so by Cauchy—Schwarz [Lo ;| < o1(Lo)||U " esl|2]|V "ejl2 <
a1(Lo) inc(Lo)?, using [[U T e[ = Y24 uf, < pu(Lo).

Uniqueness here means that there exists an optimization scheme that pins down the pair (Lg, Sp) uniquely;
see |Chandrasekaran et al! (2009). Note that the identification is local, in the sense that what we can identify
is a discrete set. Local perturbations of the solution can also be identified; however, at the global level,
multiple identified sets may exist.
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Hence, a sufficient condition for the identification condition inc(Lg) deg,,.(So) < 1/16 of
Assumption @18 Cpax/Cmin < v/1/16.

Low-rank network: In this example, Wy = Lo+Sy, where Ly = al, + 22" is a matrix of rank
no more than 2 with a = (a1, -+ ,a,) and z = (21, -+ , z,), and Sy is a diagonal matrix whose
(i,7)th element is —Lg; to remove self-loops. For simplicity, we assume z is orthogonal to
both a and 1,,, and hence the left singular vectors are proportional to a and z, while the right
singular vectors are proportional to 1, and z. Since deg,..(So) = 1, the identification as-

2
a;

sumption could be satisfied if inc(Lg) = \/max {maxlgign (W + %) , Maxj<i<p (% +
1/16.

n
=113

Group network: In this example, Wy = Lo+5y, where Ly = cacaT%—cbch, c, = (c1,-++ ,¢6,0, -
and ¢, = (0,---,0,¢7,-- ,c90) ", and Sy is a diagonal matrix to ensure that the diagonal
elements of W, are 0. Since deg,,..(So) = 1, the identification assumption could be satisfied

if inc(Ly) = \/Hl&X(l’ﬂ&XlSiSG /30 2 maxycicon 2/ 20 ¢2) < 1/16. In the general case
when Sy has nonzero off-diagonal elements, the identification assumption then requires that

degpax (So)inc(Lo) = degmax(so)\/max(maxlsigﬁ ¢/ Yty ¢ maxyeicao ¢/ Y0y ¢) < 1/16.

Dominant units: In this example,

W2 1 0 Wa 3 0

Wy = W14,1 0 W14,13 0 W14,15 0 0
0 0  wiaa 0 wisie 0

| 0 0 0 0 oo wegag 0

When we treat it as a pure sparse matrix, the identification condition is automatically
satisfied as inc(Lg) = 0. Though it seems that one could write Wy = WlelT + W,, where w;
is the first column of W, e; is the first column of the identity matrix 7,,, and W, is the n xn

partitioned matrix satisfying
{ n— 1 :|
0( 1)x1 Sr

with s1 = [wy 9, le(n_g)]T, and the (¢, 7)th element in S, is identical to the (i + 1,j + 1)th
element of Wy. In such a decomposition, the right singular vector of the low-rank part is
[1,01x(n—1)]" and its incoherence index is inc(wie!) = 1. Since deg,,,.(W,) = 2, we have
inc(w,e] )deg, . (W,) > 1/16. Therefore, we have to treat W, as a pure sparse matrix so
that the identification Assumption holds.

)=

’O>T7
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E. PROOFS OF MAIN RESULTS
E.1. Notation. [|All; = maxi<j<, >/ [Ayl, [|All2 = 01(A), [|A]lec = maxicicn 35 [Ayl,

[Allmax = maxi<ij<n [Aijl, [|[Alr = /30 AF, and [[Af. = 35, 0i(A). Define (A, B)r =
tr(A" B) as the Frobenius inner product between A and B.

E.2. Proof of Perturbation Lemma. Justification of Equation (C.I)):
Assumption (two-dimensional spectral concentration and separation). For each n,
let Lj and S§ be real symmetric matrices with normalized leading eigenvectors vy, and vg:
and corresponding simple leading eigenvalues Ars and Agy. Let

P = VI;;VSga lon] < 1, pn — 0.

Let vy, be the normalized leading eigenvector of Wy = L + S; and write

Vi, = k1vrs + kavss + kse, e L span{vr:, vs:}, llell2 = 1.
Assume
ILollz + 1Sl < € [kl + [Re| < 1, |Ks] = o(|pnl).
Define
Gy = Az — V:S%LSVSS, Cn = Asz — V—LFSSSVLS.

Assume that, for some constants g, x > 0, one of the following two cases holds eventually:
(i) @ — ¢ > go and [ki| > k;
(ii) ¢, — ay > go and |ko| > K.

Lemma 2 (Perturbation of the leading eigenvector). Under the two-dimensional spectral
concentration and separation conditions stated above, Equations (CI)), (C.2) and [C.3 hold;

in case (i), |V, vezs| > vy, vss| for all sufficiently large n, and in case (ii) the reverse
inequality holds.
Proof. Define

PWoLy = Viy, Vi = k1 + kapn, PWos; = Viv,Vsy = kipn + ka.

Note that
-
Pn = PLySs = VisVs-

Moreover, v. and vg: are normalized eigenvectors. Hence

pWoLS - panVoSg

—1
ROy _ (1 o) [pwers _ 1—p2
1{72 Pn 1 pWOSS pWQSS - panoLg ’

1—p;

and Equation (C.IJ) holds.

We now prove Equation (C.2)) in the main text.
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Recall the decomposition
Vw, = kleg + k2VS(”)‘ + kge,
where |le|l = 1 and e is orthogonal to both vz: and vg:. Then
(LS + SS)VWO = kl)\LSVLS + kQLE;VSé‘ + klsngs + k2)\55V55 + Tn, (El)
where
rn = ks(Lg + Sp)e.
Because L2 + 1Sill: < €,
[7nll2 < C'lks.

Let

— NE—

Then
[7n| + |7snl = O(|ks]).
Multiplying Equation (E.l) by VZS and using the symmetry of Lj gives
kadrs + koArspn + ]ﬁVZS Sovry + keAsspn +in
= AV[/()(k‘ll + k?pn)-
Similarly, multiplying by Vgg and using the symmetry of S; gives
ki ALy pn + kav s Lovsy + kidsg pn + ko + 7on
= )‘W0<k1pn + k2)

Recall that

Ein = )\LS - V:S%LSVSS, En = )\SS - VZSSSVLS‘
Since Az and Ag; are the largest eigenvalues of the symmetric matrices Lg and Sg, respec-
tively,
a, >0, ¢ =0
Consider case (i), so that
5n—5n2g0>0, |k1|2/€>0.
Set
- k2
Gn = e

Cross-multiplying the two projected eigenvalue equations and retaining the remainder gives
Let

Gn = Ay, — Cp.
The sequence g, is bounded because |k;| > k and |k1| + |k2| < 1. Moreover,

200, pnGn + gn = gn +0(1) > %
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for all sufficiently large n. Hence the O(|ks|) perturbation of the quadratic produces an
O(|k3|) perturbation of its bounded root. Therefore,
k2 2gn)0n

=2 +O([k
ki go+ 92+ dancap? (1))
CnfPn

= T O(p;) + O(Jks])

n

(Asz — VI;; SevLE)Pn

= T 7% T Qx
)\LS — VSSLOVSS — ()\53 — VLSSOVLS

)+0(|pn\),

where the last equality uses p, — 0 and |ks| = o(|pn|).

Since ¢, = O(pn),

T
|VW0VL8

= [F1 + kapn| = [k {1 + o(1)},

whereas

Viv, Vs | = [k1pn + kol = O(|pal).

Thus, for all sufficiently large n,

T T
|VWOVL8 > \VWDVSS .
Now consider case (ii), so that
En—ﬁnzgg>0, ‘kQ‘ZKZ>O
Set
Ly kl
Pn = k2 .

Cross-multiplying the projected eigenvalue equations gives

Let

As in case (i), p, is bounded and

2C,pnPn + by = hy +0(1) > %

for all sufficiently large n. Therefore,

]{?1 Q’dnpn
— = + O(|k
k2 hy + /B2 T dGpcap? (k)
anpn 3
=—F+40 O(|k
P O(62) + O]
_ npn

Since p, = O(p),

Vi Vs = 12 + kipa| = [k2l{1 + (1)},
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whereas

= |k2pn + k1| = O(|pnl)-
Consequently, for all sufficiently large n,

T
|VW0VL3

\VJVOVSS > ’VI;/OVLS

O

Remark 2. The preceding perturbation result applies to symmetric matrices L and Sj.
When S is asymmetric, the argument must be reformulated using the corresponding left
and right eigenvectors. We leave this extension for future work.

E.3. Some Useful Lemmas. We first present some useful lemmas for the proof of the
theorem. The notation within this section does not necessary align the main text and the

proofs of the theorem since they are independent results. Assume that the rank of the matrix
Alisr.

To summarise the steps we shall first give a few definitions. Let Ly € R™*" be a low rank
matrix with rank r. Let T (Lg) denote the span of all matrices whose row space is contained
in the row space of Ly or whose column space is contained in the column space of Ly. Writing
the singular value decomposition Ly = UXV " with U,V € R™ " and rank(Lg) = r, this space
is

T(Lo) ={UX"+YV'|X,)Y eR™}.
Analogously to deg, .. (A), define deg, ;. (A) := min { ming<i<n Y5y I(Aij # 0), minicjcn, Y0 1(Ay #
0)}, the minimum number of nonzero entries in any row or column of A. For any matrix
So € R™"™ the space €2(.Sp) is defined by,
Q(Sp) = {N € R™" | support(N) C support(S)} -
Given T (Lg) and €2(Sp), we define two measures that quantify the denseness and sparsity
levels of a matrix. £(Lo) = maxner(Lo),n]2<1 |1V ]|max: £(S0) = MaXNea(So), [N [maxc<t ||V ]]2 -
Lemma 3. (Chandrasekaran et all (2009)) Let A € R™*™ be any matriz. We have that
inc(A) < &(A) < 2inc(A),
deguin(A) < p(A) < degyy(A),
§(A)u(A) = 1.

Let € denote the parameter space for #, and let £ denote the population cost function.
Define the target parameter by
0* € argmin L£(0).
0eQ?

Based on the observed sample
77 =AZ, ..., Z,},
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we estimate 6* by solving
0 € arg min {£,(0; Z7) + A ®(0)}
S

where L, is the empirical cost function, A\, > 0 is a regularization parameter, and ® : Q@ — R
is a norm. Let ®* denote the dual norm of ®.

Let M and M be subspaces satisfying
M C M,

and denote their orthogonal complements by M+ and ML, respectively.

For any subspace S, let 05 denote the orthogonal projection of ¢ onto S. In particular, 65,
denotes the component of §* in M*.

Our bound involves the quantity
e2 (M,M*) = 92 (M)

estimation error

8
2 D (05.) + 167207 (65,.)}

J/

o
approximation error

which depends on the choice of the subspace pair (M, ML).

Assumption 10. i) The cost function £, is convex and satisfies the local restricted
strong convexity condition with curvature x > 0, radius R > 0, and tolerance 72 > 0.
That is,

En(A) = Lo(07 + A) — Lo(07) — (VLL(67),A) > gHAH? — 720%(A)

for every

AeB(R) ={A:0*+A€Q, |A] <R}.
ii) There exists a pair of subspaces
(M, ML) ,  MCDM,
such that the regularizer ® is decomposable with respect to <M,ML>; that is,

O(u+v) =d(u) + ¢(v)

for every u € M and v € M.

iii) Define the good event

G(\,) = {cp* (VLA(67)) < %} . A0
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iv) For a given norm || - || and subspace S, define the subspace Lipschitz constant by
P
U(S) = sup M
ues\{o} ||ul]

The following are two important lemmas that we use to prove Theorem [Il

Lemma 4. (Theorem 9.19 in [Wainwrighti (2019)). Suppose Assumption [I0 holds. Condi-
tional on the event G(\,), the following statements hold:

(a) Any optimal solution satisfies

@ (9-0)<a{v @)oo

2+¢(&Q}.

(b) For any subspace pair (M, ML) satisfying
w0 (M) < = and e, (M) <R
we have

|6-¢|| <& (@)

Assumption 11. The cost function satisfies the ®*-norm curvature condition with curvature
ke > 0, tolerance 7, ¢ > 0, and radius Re > 0:

D" (VL (0" + A) — VL,(0%) > ke®*(A) — Ta®(A)

for every
A€ B@*(Rq;) = {A e0: (I)*(A) S ch} .

Lemma 5 (Theorem 9.24 in (Wainwright (2019)). Suppose 6* € M, the decomposability
condition in Assumption [I0(ii) holds, and Assumption [[dl holds. Suppose also that
_ K
eV (M) < —.
mraV (M) < 55
Conditional on
G(\) N {@*(9 —0) < Rq>} ,

any optimal solution satisfies

Lemma 6 (Lindeberg-Feller central limit theorem). For each n, let Y, 1,...,Y,x, be inde-
pendent, mean-zero random vectors with finite covariance matrices. Suppose that, for every
>0,

kn,
S E [Vl B[ Yaills > 3] — 0
1=1

and

kn
Z Cov(Y,;) — X.
i=1
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Then
kn,
> Y -5 N0, D).

i=1
Lemma 7. Let A, B € R"™". Let C; C {1,...,n} satisfy |C1| < K, where K is fixed, and
define

CQ = {1,,n}\C1

maxZ|Bk]\ c—maXZ|Bk]|

Let

Then
|AB|oo < K| Al[maxCn + [[All s

Here, the mazimum over an empty set is defined to be zero.

Lemma 8. Suppose Assumptions [ and [{|(iii) hold, J is fized, and

Wolli = O(Vn).
Assume that there exist constants ¢, cq > 0, independent of n, such that
sup [A[[[Wollo <1 —coo,  sup [A[[Woulli <1 —ci.
AeC AeC
Then, uniformly over X\ € C,
(L, = AWo) |, = O(n'/*).

Lemma 9. Suppose Assumptions [§J(iii) and [0(1) hold. Let Xj; be the jth column of X;.
Then, for £ =0,1,2,

HW(fthHZ = Op(\/ﬁ)a HW(f([n - )‘0W0)71Xﬁ||2 - OP<\/E)-
E.4. Proof of Lemma (1, [THI.

Proof. 1t follows from Corollary 3 in (Chandrasekaran et al) (2009).

1(Sp) can be bounded by deg,, .. (So) and {(Lg) can be bounded by its incoherence measure
2inc(Lg). The identification condition is &(Lg)u(Sy) < 1/8. A stronger condition can be
deg,...(So) inc(Lg) < 1/16, due to Lemma Bl O

Proof of Lemma [Tl
Proof. Recall that
1<i<n

4Bl = s D1(AB)] Al = Z Aal,

and

1A o = | max | Aie].
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For every 1,

Z |(AB);;| < Z Z | Aix Bj| + Z Z | Aix By

7 keCy 7 keCq
< max | Ay Z Z | Bi;| + Z | Ak | maxz | By |
keCy
keCr j keCo

< K|[Allmaxcn + || Allsoc-
Taking the maximum over i gives
[ABloo < K[ Allmaxtn + [|Allocc,
which is the stated result.

Proof of Lemma [8l

Proof. Let
B,(A) = (I, = \Wo,)

Since zeroing columns cannot increase the maximum absolute row sum,
Wosllse < [[Wollse
Therefore, the two stability conditions and the Neumann-series argument give

sup [By(M[i < er'y sup[|Ba(M) oo <
AeC AeC

Consequently,

Sup || Bn(A)l> < sup VBN 1l1Ba (Moo = O(1).

If J =0, then Wy, = 0 and the result follows immediately. Hence, suppose J > 1. Let
;= (ep,...,e5) € R™/
be the matrix selecting the first J coordinates, and define
Ay =W, Il € R,

Since Wy, vanishes outside its first J columns,

Wou = AT,
Set
U=B,\NA4;, V=I;, Q. =1-\UV"
Then
I, — AWy = (I, — A\Wop)Qn(N).
Let

Ra(A) = (I, = AW) ™!



The first stability condition and the Neumann-series argument give
sup [ Ru() o < -
AeC

Both I, — AWy and I,, — A\W;,, are invertible. Hence, @, () is invertible and
Qn(N) ' = RN (L, — \Woy).

Therefore,
sup |Qn(A) oo < sup [[Rn(A)lse (1 + [AM[Wobloo)
Aec Aec
2—c
< = =0(1).
<= o)
Define
M;\) =1, = \V'U.
Since

VIQu(\) = MWV,
right-multiplication by Q,(\)~'V gives
M;N[VTQ.(N)'V] =1,.
Thus, M;()) is invertible and
M;N) T =VIQa(N) TV
Because J is fixed,

sup [[ My (A) 72 < Tsup [[Qu(N) "l = O(1).
AeC AeC

The Woodbury formula may therefore be applied:
Qu( N\t =1L, + UM\ VT,

Since C is compact, supyce |A| < co. Moreover,

TNVl < I1Ba (W) l2lWoull2

< O/ Wl [ Wl
— O(n1/4),

because
[Woulli < [Wolly = O(Vn), [Woulleo < [[Wolleo = O(1).

Therefore, the Woodbury representation gives
sup [|Qn(N) "2 = O(n'*).
AeC

Finally,
R,(A) = Qu(\) ' Ba(N),

63
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and hence

sup [|(1, — AWo) |2 = O(n'/*),

AeC
as required. O
Proof of Lemma [0

Proof. Fix j and write X = Xj;. For ¢ =0, 1,2, Assumption [J(iii) gives
Wolleo < IWoll% = O(1).

Let = EX. By Assumption [0](i), the components of X are independent across ¢ and have
means and variances that are uniformly bounded in n,t,, and j. Hence,

E[[Wg(X — )3 < Cn||Wsll% = O(n).
Moreover,

Wonlls < nllWoll ]l = O(n).

It follows that
E[WsX |5 = O(n),

and therefore, by Markov’s inequality,
W5 X[l2 = Op(v/n).
Let
R()n — (In - )\OWO)_I'
By the Neumann-series bound under Assumption [(iii),
[ Ronlloo < C;ol-
Consequently,
W5 Roulloo = O(1).
Applying the same second-moment argument with A, = W{ Ry, gives
E|[W5Ron X [|3 = O(n).
Hence, by Markov’s inequality,
W5 (L — AoWo) ™' X[l2 = Op(v/n),
for ¥ =0,1,2. O

E.5. Proof of Main Theorems.

Remark 3 (Proof convention: within transformation and two-way fixed effects). Through-
out the proofs that follow, Y;, X;, Z,(M), and &, denote the within-transformed quantities
obtained by removing the individual fixed effects o from ().
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The extension to specifications containing time fixed effects ¢;1,, uses the two-way within
transformation:
éit =&y —&. —E4+E..
Under Assumption [ for ¢ # j,
2
. o 1
Cov (€ir, Eje) = —— (1 - f) :

n

Let ] ]
T T
Mn:]n—ﬁ]_n]_n, MT:IT—T]_T]_T.
Because the errors, instruments, and regressors are transformed using the same symmetric
and idempotent projection matrices,

T
S Z(M)TE =D Z(M) e,
t=1 t=1
Under the strict-exogeneity condition imposed in the main text, these moments have con-
ditional mean zero. Consequently, the same rate, variance, and central-limit-theorem argu-
ments continue to apply, with the instruments and regressors interpreted as two-way within
transformed.

Proof of Theorem[d. First, note that the rate of the estimator can diminish with respect to
large n if both way,, Wmaxn — 0. This theorem indicates that ||/I/I7 — Wyll% is of the order
vir + 72n, which is a direct result from Theorem 1 in |[Agarwal et al| (2012). Hence, the
proof boils down to formally verifying the following assumptions (note that the italic text
maintain the same notations in |Agarwal et al. (2012)).

Verification of conditions in Theorem [1:

i) For RSC, it trivially holds, as the operator X(.) becomes the identity operator. There-
fore in our case v =1 and tolerance parameter 1, = 0 in their RSC condition.

ii) Equation (25) in the theorem does not need to be verified due to 1, = 0.

iii) Equation (26) has two conditions. One poses restriction on the {o norm of the error
W and the second poses restriction on the mazimum norm of W as well as the low
rank component ©.

Moreover the choice of two tuning parameter satisfies that

Aa = 4[| X5(W)

||Op7
4~y

L e
Rd

pa = 4R (X5(W))

where W in our context is our error and kg = \/mr(LO)mC(LO) in our context.
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Their spikiness parameter « is chosen such that
o 1

~

ki \/me(Lo)me(Lo)

as implied by Assumption [I(i).

Define a large enough positive constant . Therefore for us it suffices to just verify (iii)
for our context. Assumption [l and @] and conditions of theorem yield that with probability
greater than 1 — p, (p, — 0), we have v, > 4| E||2 and

o

2 4(||E||max+ ||LO||max)- (EQ)
Vme(Lo)me(Lo)
Thus, assumption (iii) is also satisfied. In addition, for the conclusion of Theorem 1, we

have K., = 0 as 1, equals 0 therein. Also we do not have misspecification in the low rank
and sparse component, then the second term in K§ and Kf. are all zero.

Tn 2 A El|max + 4

Hence there exists a positive constant C'; such that, with the same probability event,
IL = Lollz + 1S = Sollz < vy + drimy(So)
a?my(Sy)
my(Lo)me(Lo)’
where the second inequality is due to Assumption Bl Next, we present the results for

||.]l2, corresponding to the second statement of Theorem [l According to |Agarwal et al.
(2012), in case of identity design, we can cast the problem to a two step one. Define

S| = Zz‘,je{l,m,n}:i;éj |Si |- Namely:

S C’lrwgn + C’lms(So)wrznaxn + Ol

Step 1 For a given L = 0,,«,,, we shall optimize:

~ 1
S :=arg min —||W — L — S||% + 7.|51, (E.3)

SeRnxn 2

Step 2 For the estimator in the previous step S , we shall optimize:

N 1 .
‘= arg min §||W—L—S||%+Vn||L||*. (E.4)

LeRnxn,

Then set §“ = —Eii, so that W = L + S has zero diagonals.

Then we can apply Lemma @ Theorem 9.19 b) in [Wainwrightl (2019).)  We shall
verify respectively for those two steps the following three conditions:

i) The term

U(S):= sup M
ues\(0) ||ull

i1) The gradient condition to select \,:

G () = {CD* (VLo (67)) < %} |
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iii) Identification: ezists a positive ¢y and k such that,
1A%
2

> ZIIAlE — co®(A)? for all Al < 1.

Thus following the conclusion of the theorem we should have the bound:

A2
S (M),

Because % {/\nCID (%JIL) + 167292 (QK/HL)} 1S zero.

[A]; ; denotes a matrix with element A;;. For the optimization in the Step 1: 7, is

of order || E||max + || Lollmax Sp Wmaxn + o due to the gradient evaluated

my(Lo)me(Lo)
at the true value Sy is just [—(W;; — So,i;)]i,; and the dual norm ®*(.) is the [|.||max-

k=1, and ¥(S) < \/ms(Sp). This results to a bound of the order:

~ 1
S — S() 2 SJp Wmaxn mg SO = Rs. E5
I8 = Shlls Sy (s + ) Vs (50) (E5)

Then we can apply Lemma [l (Theorem 9.19 in [Wainwrightl (2019)) to Step 1. For
Step 2, we use the singular-value-thresholding representation; see also the related
operator-norm result in Lemmal[d] (Theorem 9.24 in Wainwright (2019)). The relevant
conditions are verified as follows:

i) For both steps, the loss is quadratic. Therefore,
1

so the curvature condition holds globally with x = 1 and zero tolerance.

ii) For Step 1, the entrywise ¢; norm is decomposable with respect to the support
space of Sy, and

iii) The gradient of the Step 1 loss evaluated at Sy is
VL,.(S) =5 —W=—(Ly+ E).

Since the dual of the entrywise ¢; norm is the maximum norm,
1

v/ (Lo)me(Lo)

Thus, the gradient condition holds for the stated choice of 7,.

" (VLA(50)) < [ Lollmax + [ Ellmax Sp

—"_ wmaxn'

iv) For Step 2, the nuclear norm is decomposable with respect to the tangent-space
pair generated by Ly, and

(M) S Vi



68

v) The gradient of the Step 2 loss evaluated at Ly is
VLn(Lo)=Lo+S—W=5—8,—E,
and hence

O*(VLa(Lo)) = IS = So = Ell2 < IS = Sollo + 1 Ellz Sp Re + wan.

vi) Because Sy is exactly sparse and Ly has rank r, the approximation-error terms
for both steps are zero.

According to Lemma HF] and the Step 1 Frobenius bound, we have

|§— Solt Sp (wmaxn + \/m (Lj)m (L0)> ms(So) = Rsv/ms(S)- (E.6)

Denote
— IT T o
SVT,, (A,) = U diag { (0j(An) — Vn)+} v, ()4 = max{z,0}.

For the optimization in Step 2, let

A=W 8.
The solution is obtained by singular-value thresholding:
L=SVT, (A),  |[4—L]s <.
Moreover, R
A, —Ly=FE— (S —95).
Therefore,

IL — Lolla < |1Z — Anll2 + [ An — Lo|l2
< Up+|Ell2 + IS = Soll2
Sp Wap, + Rsa (E7>

where the last inequality uses v,, < ws,, and H§ —Soll2 Sp Rs from Step 1. Combining
the two steps and applying the diagonal adjustment gives

IS = Soll2 Sp w2n + R
Therefore,

IZ = Loll3 + IS = Soll3 Sp w3, + R2 Sp Ra(Wo, B,

s ~uP

which proves the second conclusion of the theorem.

Finally, since

~

§u’ — So,ii = —(Lii — Loi),



we have
S — Soli1 < |S — Solu + | diag(L — Lo)|1:
<|S — Sl +nlIL — Lo|lz
Sp Rsv/mis(So) + n(Rs + way).

Assumption 12 (Dependence between the measurement error and data). Let
E=0(E), Uy = AoY: + Xi0,
and define the finite collection
P = {(Xjt, Xut), (Xji, Vo), (X, Ur), (X, 1) - 1 < g b < K

Assume
sup  sup {||Elab, | €]]|, + ||Ela:b] | ]|} = Op(1).

(at,be)eP 1<t<T

Moreover, uniformly over (a;, b;) € P and all E-measurable matrices A € R**™,

T
Var (Z a, Ab, g) <, T|A|l%.
t=1
Lemma 10. Define the gradient matrices
ST\ 8gnT(97/W) _ 1 - T | Tar 11
G(W) = T = _W;Zt (W) [WYt Xy WXt] ,
OGr (60, Wo) 1 <

A nT (U, Wo
GWy) = = = —n—T;ZtT(WO) (WY, X, WoX,],

which do not depend on the evaluation point 6.
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Suppose Assumptions [IH7 hold. Let AL := L— Lo, AS = S — So, By := (I, — MoWp) ™,
and Rg := (wmaxn + 1/\/mr(L0)mc(L0))\/m8(So). Throughout, Y;, Z;, X;, €; denote the

within-transformed quantities (see Remark[3).

(a) Baseline rate using the noisy matrix W. Assume
[Wolla = O(1),  wan = O(1).
Using W = Wy + E directly,
IGW) = GWo)ll2 = Op(wan +wh,),
G0 (00, W) = Gur (00, Wo)lla = Oplwan + w3,).
(b) Alternative bound via the |- |1, mnorm. Suppose, in addition, that

Wolli =0(),  [|E]lw = Op(1),
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and
max — Z ”X]t”max - (1)7 T Z Hgt”max - O )

where X is the jth column of Xt, || Xjjt||max = maxi<i<y, |xt7ij|, and ||e¢]|max = Mmaxi<i<p |€it]-
Then

|GW) = G(Wo)llo = Op(n"|Ela)
1o (B0, W) = Gur (60, Wo) 2 = Op(n | El11)
(¢) Improved rate using the denoised matrix W. Let
& =0(FE), Up := AoY: + X,
and consider the finite collection of primitive pairs
P = {(Xjt, Xie), (X, Y2), (Ko, Up), (Ko, &) 0 1 < jio b < K}

Suppose that

sup sup ||E| ab; | €] H2 0,(1), (E.8)
(at bt)EP 1<t<T

and

sup sup ||E[a;d] | €]]| = O,(1). (E.9)

(at,br)eP 1<t<T
Assume also that, uniformly over the pairs in P and over all £-measurable matrices A,

T
ar (Z a; Ab,
=1

Independence between E and the regressors or disturbances is not required; the conditional-

max

5) e TIAlI%- (E.10)

moment conditions above are the operative restriction. Under independence, the two conditional-
moment bounds reduce to their corresponding unconditional counterparts in the main assump-
tions, whereas under dependence they restrict the strength of that dependence.

Define
Pn = w2n+R57 Sp 1= Rs V ms(SO)7 Rn = 1+ ||W0||2+)0n7

d+1 (7’ \ 1)pn + Sn

and
Rip = (1+ || Boll2)xd (E.11)
If R =o0(1), then
IGW) = G(Wo)|l2 = Op(Risr),

|Gz (60, W) = G (B0, Wo)ll> = Op(Rizr)-

The bound in part (b) corresponds to the rate available under sparsity-style arguments for
measurement error in the adjacency matrix, of the kind used by ILewbel et al. (2024). When
E issparse, |E|; 1 = o(n) and part (b) is faster than the baseline of part (a). When F is dense,
however, |E|; 1 is generically of order n or larger, and part (b) delivers no improvement over
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part (a). This is precisely the regime in which the L+S-denoising rate of part (c) is needed:
by exploiting the assumed L+S structure of the latent adjacency matrix Wy = Lo + S, the
denoising step of Theorem [ produces a recovery error Ww— Wo = AL+ AS with controlled
spectral behavior, allowing part (c) to achieve a rate that the elementwise-sparse bound of
part (b) cannot reach.

The denoised rate of Lemma [I0(c) is strictly faster than the baseline of Lemma [I0(a) when-
ever
[ Boll2(1 + [[Woll2) r(wan + Rs) + Ray/mas(S0)

This holds in particular for fixed or slowly growing rank r in the dense-network regime where
|Whl|2 remains bounded, so that ||By|la = O(1) when there are no dominant units (J = 0).
Under finitely many dominant units, Lemma [§ gives || Boy||2 = o(n'/*), and the improvement

= o(wa, + w%n)

holds under correspondingly stronger conditions on r and m(.Sp).

Proof of Lemma 1. Part (a): || - |2 based bound.

Throughout this part, d = 2, so the columns of Z,(W) are chosen from W'Xj;,, where
[=0,1,2and j=1,..., K. Since K and the number of instruments are fixed, it suffices to
bound each entry of the relevant matrices.

Recall that
By = (I, — AOWO)il

The stability condition on Wy implies
[Wollse = O(1),  [[Bollo = O(1),  [|BoWolloe = O(1).

The uniform moment bounds in Assumptions [fl and [l together with these row-sum bounds,
imply

max —ZH itllz = Op(1), (E.12)

1<j<K nT
1 T
o 2 e = Os(0). (B13)
. =
ma S B+ o 2 Bl = 01 (B.14)
He{ln WO} t=1

Indeed, uniformly in ¢, j, and H € {I,, Wy}, the uniform componentwise second-moment
bounds and the bounded row sums of ByH imply

E||BoH Xjil[3 = O(n).
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Moreover, because ¢; denotes the within-transformed disturbance and the within transfor-
mation is a contraction,
Amax (E[StEtT ]) < op.
Consequently,
E||Boci|l3 = tr(Bg BoElewe; ]) < agl| Bollz < agn|| Boll, = O(n),

where

n n
1Bollz = > I1Boalls < Y I1Boalli < nll Bollz.
i=1 i=1

Therefore, the expectations of the normalized time averages are uniformly bounded, and
Markov’s inequality gives (E.12)—-(E.14]). Since

Y: = Bo(XtBo + WoXivo + &),
the compactness of the parameter space, the fact that K is fixed, and (E.I4)) implies

T
1
S I = 0,00) (E.15)
t=1
Consequently, defining

Ut = AOX/;S + Xt’YOa

we also have

7 2 I = 0,01 (E.16)

Define
Since W =Wy + F,

and
Ay =W? - W¢ = WoE + EW,y + E2.
Therefore, using ||[Wyll; = O(1) and || E||y = Op(w2y),

max || All2 = Op(wa, + w3,). (E.17)

0<1<2
Moreover,
[Wl2 < [[Woll2 + [|E[]2 = Oy(1),

where the final equality uses wy, = O(1).



We first consider the gradient. By its definition,

IGW) — G(Wo)ll2 S

+

1

nT

T

STZT W) - 27 (W) X,

t=1

5[

3
5[

M)~

t=1

[M] =

t=1

2

(2] (W)W — Z] (Wo)WolY,

[Z, (W)W — Z] (W)W X,

= [Rutll2 + [[Ru2ll2 + [ Rusl2-

For R, every (j, k, 1) entry satisfies
T

1
—= > XA Xy

t=1

| I 1/2 | I
< [| Al (ﬁz ||th||§> (ﬁz HthHg)
=1 t=1

It follows from (E.12) and (E.I7)) that

1/2

ni|l2 = Up(Wap + Wy, ).
[Ruill2 = Op(wan + w3,)

For R,» and R,3, define

Dy = (WHTW — (W) Tw.

Because

Dy =AW+ (W)TE,

we have

1Dl < [ AW 2 + [ Woll5 121

Thus,

max || D2 = Op(wan + w3,).

0<i<2

Each (j,1) entry of R, satisfies

T
1
o 2D
t=1

LT 1/2
2
< [|Dil|2 (n_T; ||th||2>

L 1/2
— Vi3] -
(o)

Therefore, by (E12)), (E1f), and (E.19),

[Ruzllz = Op(way + w3,).

73

(E.18)

(E.19)

(E.20)
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Similarly, every (7, k,[) entry of R,3 satisfies

LT 1/2
< [|Duff2 (ﬁz HthHi)
t=1
i 1/2
— X3 :
(3 ms)

T
1
— § X, D Xy
t=1

Hence
[Rausllz = Op(wan + w3,). (E.21)

Combining (E.I8)—(E.2I]), we obtain
IGW) = GWo)ll2 = Oplwzn +w3,).

We next consider the sample moment. Define

€t(907 M) =Y, — AMY, — X, 8y — M X;.

Then
Et(e()a WO) =&

and

0 :=€4(00, W) — & = —E(AY: + Xyy0) = —EU,.
Consequently,

Gur (00, W) — Gur (60, Wo)
1 & 1 &
= o 2 A W0l o 3 (2T W) = 2T (Wo)ledo, W)

= Rl + Rg.

For each instrument component of R4,

- 1/2
< |1l (WZ ||Wéxﬁ||§)
t=1

1 <& i
X (ﬁ;HUtH%) :
Because ||[Wy|l2 = O(1), (E-12) and (E.I6) imply
[Rall2 = Op(wan).

T
1
— > X, (WHTEU,
t=1

For Ry, use
e¢(00, W) = &1+ 6;
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to write

R t=1
73\;1
T
= > [2) (W)~ ZT ()],
t=1
R

For every (j,1) component of Ry,

. - 1/2
1 T AT 1 2
WZ&AQQM%WZWW)
t=1 t=1
LT 1/2
X (ﬁz H&H%) :
t=1
Thus,
IRa1ll2 = Op(wan + w3,).
Finally, since 6, = —EU,, every component of R, satisfies
o . 1/2
e ZX;AZTEUt < [[Al2[| B2 <ﬁ Z “th”§)
t=1 t=1

L 1/2
— Uy |3 )
(3w

||,R’22||2 = Op(wgn + w§n> - Op(wgn)v

where the final equality uses wy, = O(1).

It follows that

Combining the preceding bounds gives

1Gnr (B0, W) = Gur (60, Wo)ll2 = Op(wzn + w,,),
which completes the proof of part (a).

Part (b): |- |1 1-based bound.
Throughout this part, d = 2. We use the inequalities

|AB11 < [[Al1|Blry,  [ABJig < [|Blleo|Alva- (E.22)
For vectors x,y € R", we also use

|xTAy| < ||x||maX|A|171||y||max- (E23)
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Recall the definitions
A=W =W, D= WHW - (WH™W,, 1=0,1,2.
Since W =Wy + F,

and

Ay = WoE + EW, + E.
Using (E.22),
|As|11 < [WoE|11 + |EWo|ia + |E2|1,1
< (Wolls + [[Wolleo + ([ Elloc) [E]1,1-

By the additional hypothesis of part (b), [[Ws[[1 = O(1). Moreover, Assumption Hl(iii) gives
[Wolle = O(1), while ||E|| = O,(1) by assumption. Therefore,

max ‘Alyl,l = Op(|E‘171). (E24)

0<i<2

Moreover,
Dy =AW+ (WHTE.
Therefore,
[Diliy < [AS W+ [(We) T Elia

<N Wloo A n A+ W) T E1a

= W llool A1 + [Wolloo| El1.1-
Since

Wlleo < [[Wolloo + | Ellse = Op(1)

and

IWillso < IWolll, = O(1),
it follows that
max ‘Dl|1,1 = Op(‘E|1,1>- (E25)

0<1<2

We next record bounds for the data factors. Since
Y; = Bo (XiBo + WoXiyo + 1),

Assumption @l(iii) gives
[Bolloe = O(1),  [Wolloe = O(1).
Together with the boundedness of 5y and 7y and the fact that K is fixed, this gives

K
Villmax S 1 Xxellmax + €t ma-
k=1
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By the additional maximum-norm assumptions in part (b),

—ZHY%HmaX = 0p(1). (E.26)

Similarly, defining
Ut = AOYt + Xt’YOa

we have

—ZHUthaX = 0p(1). (E.27)

With R,1, Rn2, and R,3 defined as in part (a), we first bound the gradient difference. For
R, every (7, k, 1) entry satisfies
T

|
n—TZXjTtAzTth

\A| 1/2 1/2
L < Z || t||max) < Z ||th||max) :

Thus, by (E24) and the additional maximum-norm assumptions,

[Ruillz = Op (0 Y ELL) -

For R, every (j,1) entry satisfies

T
1
o 2 KDY
t=1

T 1/2
’Dl‘l,l 1 2
< n f ; ||th||max

( Z || tnmax) -

Therefore, by (E.25), (E.20), and the additional maximum-norm assumptions,
IRuallz = Op (0| Elra) -

Similarly, every (j, k,1) entry of R,3 satisfies

|D | 1 T 1/2
[1,1 2
< n (T Z ||th”max)
t=1
1/2
( Z ||th||max) :

[Rnslla = Op (n7E|11) -

T
1
T 2 X DX
t=1

Hence,
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Since K, d, and the number of instruments are fixed, the preceding entrywise bounds also
hold for the corresponding matrix 2-norms. Combining the three terms gives

IGW) = G(Wo)lla = O, (n Y| E11) -

We next consider the sample-moment difference. Recall that
(St = €t(00, W) — &t = —EUt
As in part (a), decompose

Gnr (00, W) — Gnr (6o, Wo)
1 < 1 <
= —TZ (W) 5t+_TZ (2] (W) — Z] (Wp)] :(60, W) .

t=1

g g

Rl R2

For each instrument Component of Ry,

— ZXT (WHTEU,
(W) E] v
< —11 ( Z ||XJt||max> ( Z HUthax>

(W) Elia < (W) hIEL 1 = [Wollo Eli = O E 1)

1/2

Furthermore,

Hence,

IRz = Op (07| E1) -

For R, write

R2 =Ra1 + Raz,
where
1T
T
Raoy = T ; Z (Wo)} €ts
1 T
Rag 1= T Z — Z, (Wy)] 6.

t=1
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For each component of Roq,

1 1A (1 — v
11,1
YT < s (155
t=1 t=1
L 1/2
X (TZ ||€t||?nax>
t=1
Thus,
IR21ll2 = Op (n7HE]11)
Finally, because d; = — FEU,, every component of Ros satisfies
1T
T AT
— > XATEU,
t=1

T 1/2 T 1/2
’ ZT ’11 1 2 1 2
< Lt E X — E U .
> n T < || ]t”max T pa || t”max

Using (E22) and (E.24)),
A By S BNl A 11 = 1Bl Ailia = Op(IE 1)

Therefore,
IR22l2 = Op (07 E]14) -

Combining the preceding bounds yields
|G (80, W) — Gur (0o, Wo)l|2 = O, (nillE’Ll) ;
which completes the proof of part (b).

Proof of part (c). Define

where

off(A) = A — diag(A).
The off-diagonal operator is redundant under the zero-diagonal constraint, but we retain it
to make the diagonal bookkeeping explicit. Since diag(Wy) = 0,

Aw = off(AL) + off (AS).

Recall that
Pn = w2n+Rsa Sp 1= Rs V ms(SO)a Kp =1+ ||W0||2+pn
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Theorem [I] and its cone condition imply

|AL[l. = Op((r VvV 1)p,), (E.28)

IALIF + |AS|lr = Op(Vr V1 p,), (E.29)
| off(AS)]1,1 = Op(sn), (E.30)
[Aw|l2 = Op(pn)- (E.31)

Consequently,
Wiz < [IWoll2 + [Awl2 = Op(#n).

Let &€ = o(FE). Since W is constructed from W = Wy + E, the matrices 171/\, Aw, AL, and
AS are £-measurable.

We first record the bilinear-form bound used below. Consider
T
1 T
B.r(A) = 7 ;:1 a, Aby,

where (ay, b;) is one of
(X, X)), (X5, Y2), (Xje, Up), (X, €0),

and A is £-measurable.

Suppose first that
where

|1 Pel2[|QEll2 = O, ((1+ || Boll2)xat") .
Define

T
1
t=1
The conditional-moment condition gives
[ME|[2 = Op(1).
Since the off-diagonal operator is self—adjoint under the Frobenius inner product,

E[B.r(A) | €] = <<off (AL), Pa MpQp) |

_ % (AL off (P1A15QT)), .

For any matrix NV,
[ off(N)[l2 < [|V][2 + [ diag(N)||2 < 2[|N][2.
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Therefore, nuclear—operator norm duality and (E28) give

2
[E[Bur(A) | €]l = ALl Pell2l| Mell2l| Qe

=0, ((1 + HBM@)/@%“%) : (E.32)

Moreover,

|AllF < || Pell2|| off (AL)||r||QEll2
< | Pell2l|AL|| || QEll2

= O (14 1 Bollo) et ViV T pu)

The conditional variance condition and conditional Chebyshev’s inequality yield

=0y ((1 + || Bollz2) ™

vrVi1p,
W) . (E.33)

If instead
A = Ppoff(AS)Qg,

then entrywise ¢/;—max norm duality gives
1
EB,r(4) | €]l =

1
< ~[off (AS) 1] Pp MpQ g llma-

(off(AS), Py MpQp) .|

n
Since
|1 Pg MEQ g max < [P MpQgll2 < [|Pell2| Mell2lQk |2,
we obtain <
ElBur(4) | €]l = O (1 + | Boll)si 22 (E.34)
Similarly,
|Allr < [|Pell2]] oft(AS)||F||QEll2
< ||Pell2|AS|F Q%2
and hence

Bur(4) ~E[B.r(4) | €] = O, ((1 + ||Bo||2)ni+1—“"vfp”") . (.35)

YL

Because r V1 >1and T > 1,
VrVilp, _ (rV1)p,
< .
n\/T n
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Thus every bilinear form considered above is

(r VvV 1)p, + sn

0, ((1+ Bl

) = Ou(Ri). (E.30)

Left factors such as W} Xj; or Wex ;+ are handled by absorbing the corresponding £-measurable
network matrices into Pg or Q. This explains why the conditional-moment conditions are
stated using the primitive vectors X ;.

Moment difference. As in part (a), write

—

Gnr (00, W) — Gnr (60, W)

— % tzi: Zi(Wo) " [&(90, W) — &4(bo, WO)}

T
1 - T _—
+ T ; [Zt(W) - Zt(WO)} (6o, W)
= Rl + RQ.
Let
Fy = Bo(X:Bo + WoXi).
Since
}/t = Ft + Boft
and
Ui = AoY; + Xy,
we have

T
1
Rl = —)\on—T ; Zt(Wo)TAwB()(St

T
1
— Ao ; Z,(Wo) " Aw F,

=: Aypr + Aopr + Asnr.

Every coordinate of A;,r is a finite sum of terms involving the pair (Xj;,e;), with By and
the powers of W}, absorbed into Pg and (Jr. Hence,

[Arnrllz = Op(Ror)-

After writing
Fy = By Xy B0 + BoWo X0,
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every coordinate of Ay, involves a pair (X, Xj;). Therefore,
| A2nr|l2 = Op(Ryr)-

The same argument using (X, Xj:) gives
| Asnr|l2 = Op(Ryr)-

Consequently,
IRall2 = Op(Ryrp)- (E.37)

For R, write

:%i[ — Zy( WO)]Tst

t=1
T —
T Z |:Zt Zt Wo)} [&(90, W) — &
=: Ro1 + R22-
For every [ < d,
-1
W= Wi =Y WAy Wi (E.38)
a=0

Thus each coordinate of Ry is a finite sum of bilinear forms involving (X, ;) and at least
one factor Ay,. It follows that

[Ra1llz = Op(Rir)-

Moreover, .
ei(0p, W) — ey = =AUy
Thus each coordinate of Ry involves the pair (X, U;) and at least two recovery-error factors.
One factor is paired with the data bilinear form, while every remaining factor is bounded
using
[Aw |2 = Op(pn)-

d+1

These additional factors are absorbed into x%*. Therefore,

[Razll2 = Op(Ryr)-
Combining these bounds yields
IRall2 = Op(Ryrp)- (E.39)
Equations (E.37) and (E.39) give
G (60, W) = Gur (B0, Wo) 2 = Op(Riz):
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Gradient difference. As in part (a), decompose
T

o~ 1 _ T
IGIV) = EW)la S || D [207) = W) X,
t=1 2
1 o=,
= [Zt(W)TW - Zt(WO)TWO} Y,
t=1 2
1 =T o~
+ | [Zt(W)TW - Zt(WO)TWO} X,
t=1 2

= [[Rutllz + [ Ru2ll2 + [ Rnsl2-

For an instrument column of the form W'X jt, define
A=W —W!, D= WHYW-—WH w,.
By (E.38), A; is a finite sum of terms containing at least one factor Ay,. Moreover,
Dy =AW+ (WHT Ay

Therefore, every term in D; also contains at least one factor Ay .

Each coordinate of R,,; has the form
1T
— > XA X,
t=1
and hence involves the pair (Xj;, Xj;). Therefore,

[Ruillz = Op(Ror)-

Each coordinate of R,» has the form

T
1 T
—= D XD,
=1
and hence involves the pair (X;;,Y;). Thus,

Rnzll2 = Op(Ror)-

Finally, each coordinate of R,3 has the form

T
1
—= > X DXy,
t=1

which again involves the pair (X;;, Xj;). Hence,

[Rnsll2 = Op(Ryr)-
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Combining the three bounds gives
IGW) = G(Wo)|l2 = Op(Ry7)-
This completes the proof of part (c). O

Proof of Theorem[2. Step 1 The proof consists of two steps. First, we show that when W,
is correctly specified, we establish the large sample performance of 6,(W;). In the first step,
when W, is correctly specified, e,(6y, W) = &; and hence

G (00, Wo) = Y Z (Wo)er/ (nT).

t=1

Note that the gradient

. 0L ST Z, (W) (Y, — AWY; — X,8 — WX d
agnT(97W) _ _nT thl t( ) ( t t tﬁ t’Y —LTZ WY;&;XtaWXt)

0T 0T
with Y, = (I, — AoWo) 1 (XiB0 + WoXivo + &). Define E[G(W)] = G(W). Recall that
OGnr (0, W)

0T
Recall QOt = (WO(In — )\OWO)_l(XtBO + W()Xt’)/o) Xt, W(]Xt> and we have

0Gur(0,Wo) Sy Z] (Wo)Qur  imy Zi (Wo) (Wo(Ln — AaWo) "¢, Onxior))

o097 nT nT
= Rl + RQ

aGw) =

To prove Ry + Ro — —Xz,g, holds, Assumption [0] yields the first term R; converges to
—X2,0,- For the second term R, we have niTZthl ZN(Wo)(Wo(I, — MoWo)te), let us

compute the variance,

A =0 3 201 Z¢ (Wo) (Wo(Ln — AWo) ™" (1n — MoWo) ™ TWy Zi(Wo)

n?T? '
Assume that the column sums Y, [Woim| < ¢,. From Assumption [ and its remark we
have ||So|l: = O(y/n) , and moreover, from Assumption [, || Lo|l2 < \/m.(Lo)me(Lo)|| Lol max
is bounded and we have ||Lo|l; = O(v/n||Loll2). So we can deduce that ||[Wyll; = O(y/n) .

Since we have

A < o2 ST N ZT (Wo)Wo(I — XoWo) ™Mol (In — Mo Wo) ™ TWY Zy(Wo) |
wiee = n2T?
08 S 2 (W)l [Wolln = AoWo) (= AoWo) ™ TWG Z4(Wo) e
B n2T?2
ford =0,1,2.

To fill in details since there are finite number of columns of W, to have unbounded col-
umn sums of order bounded by ¢,, we have by Lemma [7] with m and M being constants,
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HXtTWéTHoo ~ HXTHmaan + HXTHOO < n, and
(L = XoWo) ™" "Wy Zi(Wo)lloo S 11(Zn = XoWo) ™ "Wy [lso 1 Ze(Wo) o S Cn,

08 >t 127 (W) looll (T = A Wo) ™ "W Zu(Wo)llss - Ty
n?T1? ~ e

[Az]loo <

Thus to ensure that [|A;|. — 0 we need to have £ — 0 to ensure Ry —, 0. It shall be
noted that this is already ensured by our Assumptions [Il It is negligible since its 2-norm is

of order O,(y/c,/(nT)) = O,(1/(n'*V/T)) = 0,(1).

By the linearity of the moment condition, we have

Gur (B (Wo), Wo) = Gur (80, Wo) + G(Wo) (8,(Wo) — 6y).

Hence the first order condition yields that
0 = G(Wo) "Asitgur (Bp(Wo), Wo) = G(Wo) " Asiigur (B0, Wo) + G (Wa) " A G (o) (6,(Wo)
or equivalently,
G(Wo) TR (Wo) (6,(Wo) — o) = ~G(Wo) TA 7 g (60, Wo)-
By Assumption B and [7, we conclude that G(Wj )TAL =, —Y.0,A7", and
G(Wo) "AAG(Wo) = 22 0, A 220000

which is nonsingular as Assumption [l assumes X, is of full column rank and Assumption
[7 assumes A is a positive definite matrix.

We shall first prove the consistency. For convenience we introduce the vector O,(.) notation.
Let a,, be a positive sequence. A finite dimension vector A,, = O,(a,) means that |4, /a,| =
O,(1) for any norm ||.||. Thus

G(Wo) TR EG(Wo) (6,(Wo) — o) = —CG(Wo) T Arkgur (B0, Wo),

22000 A 22000 (Bp(Wo) — 80) + 0, ([ (G, (Wo) — Bo)l|2) = —G(Wo) T At gur (60, Wh).

By Assumptions [0l and [7, we have that
—G(Wo) A gur (B0, Wo) = —G(Wo) "A™Gur (80, Wo) + Op(l|Gu (B0, Wo) 2)-

By Lemma [0 and the above derivation, we have that ,

1
H - (W(])TAnTgnT(eO?WO)H? - (

77

Thus the consistency follows, ||/9\p(WO) — Opll2 = 0,(1).

Furthermore, the variance matrix Var(vnTg,r (6o, Wo)) = Var(32,_, Z (Wy)ei/V/nT) asymp-
totically converges to 02Xz, 7,, i.€.

VT oy 2,0 Gur (60, Wo) 5 N(0, 1,,). (E.40)

- 00)7
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We shall try to understand the asymptotic of the above term by apply Lemma

Compute the covariance to ensure finite variances:
1

Cov(Z, (Wo)eu/VnT) = E | =2, (Wo)ewe, Zu(Wo)
Since by Assumption [ the elements of &; are i.i.d. with E[e;e/] = 021,

Cov(Z (Wy)e,/V/'nT) = UOE[ZT(WO)Zt(WO)]

Without loss of generality, we prove the result assuming no collinearity (i.e., the vectors
are linearly independent). m = 3K. The proof can be extended to cases with collinearity.
Compute Z, (Wy) Z(Whp):
Zi(Wo) = (X4, Wo Xy, WEX,),
XX, X Wo X, XTWEX,
Z (W) Z(Wo) = | (WoX)TX, (WoXy)TWoX, (WoX,)TWEX,
(WEX)TX, (WEX,)"TWoX, (WEX,)TWEX,

Since by our Assumption B, — ST E[ZT (Wo) Zy(W)] converge to Yz,7,.- Thus condition
i) in Lemma [0l is verified.

To verify the Lindeberg condition (condition ii) ) for Lemma [ applied to g,r(6y, Wy) =
= ST ZT (Wy)e,. Without loss of generality, we consider 2 4+ ¢ moment with § = 1. We
thus compute the third moment of Y, ;; = %, a scalar component of %, with
Zi(Wy) the i-th row of Z,(Wp) = (X, Wo X, WZX,), X; an n x K matrix, and g;; ~ (0,03)
with Efle;|’] = ps < oo. The matrix Wy has row sums > | [Wom| < 1 and column

sums > o+ |W, < ¢,. However since the maximum absolute elements of W, is 1. For
i=1 0,2m - 0

E[1Z¢.i;(Wo) Plus

component j, we calculate E[|Y,, ;]3] = CRE

For the first block (j =1,...,K), Z;.;(Wo) = X5, so E[|(Z;..;(Wo))]?] = O(1).

For the second block (j = K+p=K+1,...,2K), (ZiW0))ik+p = i Wo.imXt.mp, and
row sums < 1 give E[|(Z;(W0))i k1p|®] < max,,[|Ximpl®] = O(1).

For the third block (j = 2K +p = 2K +1,...,3K), (Z:(W0))i2k+p = Dmet WeimXtmps
with only for mth column of W}, with infinite sums we need to enforce the following bound.

n n
(W5 im| < Z (Wo,irl|Worm| < Z Wo,irl <1

r=1 r=1
Then use the fact that

n

n
!Z Gim) Xeampl <D [Woir| max (Wom| | max [ Xl
1§r§nm:1

r=1 -
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So E[[(Z:(Wo))izr+p’] < El[(Xe)mpl’] = O(1). Thus, E[|Y,4]°] = O (;z727), and the
Lindeberg term is ., S0 E[|Y,..]] = O (W) = 0(1). Hence we do not need any
further restrictions on ¢, for verifying this condition.

Define the variance covariance matrix
T -1 —1wT —1/_2 -1 T —1 -1
EGMM - (EZOQOA ZZOQO) ZZQQOA (O-OEZOZO)A EZOQO(ZZOQOIX EZOQO)
Together with equation ([E40), we have

\/nng}@(ép(WO)—eo) = —zgij(G(WO)TA—lG(WO))‘1G(WO)TA—1\/nTgnT(00,WO)+op(1)
4 N(O, Ingsr).
Step 2

Second, we study the deviation between ép(W) and @,(WO) to establish the large-sample
performance of 6,(1W). By the linearity of the sample moments,

~ o~ ~ o~ -1 ~ ~

0(W) — by = = (GOV)TAGGOV))  GOV)TA 1 gur(60, W),

Decompose L R
(0,(W) —6o) — (6,(Wo) — b0) = Rinr + Ranr + Raur,

where
ATANTRN=-1A(T17 -1 ~ TA-1A~ -1
Ruwr = [~ (GOV)TRAGI)) ™ + (GOV)TAAGW)) |
x G(W) A} gur (00, W),
~ TA-1A !
Ror = (GOWo) AL G(W0))
x| = GOV)T + GWo)T| Kt gr (60, V),

-~

~ ~ o~ -1 ~
Ryar = (GOV0)TR3G(W)) — G(wo) AL}

X [gnT(GO, Wo) — gur(fo, W)] .

We apply Lemma [I0(c) to bound each remainder. Recall R%, from (E.II]). Lemma [I0(c)

gives

IGW) = G(Wo)lla = Op(Rip), (E.41)

|Gn (00, W) — Grr (00, Wo)l2 = Op(Riyr)- (E.42)



For Rs3 ., since

(Govo R iGw)

= Op(l)
2
and

H@(WO)T/A\Z%

’2 = Op(l)a

Equation (E.43) gives
Rsnrllz = Op(Ryr)-

For Ra 7, Step 1 and Equation (E.45)) give

G (00, W)ll2 < |7 (60, Wo)ll2 + |Gnr (60, W) = Gur (60, Wo)l2 = Oy (
Together with Equation ([E.44)), this yields
* 1 * *
||R2,7ZT||2 = OP |:RnT (ﬁ + RnT):| = OP(RnT)7
provided R}, = o(1).

For Ri 7, define

~ A~

1

vnT

AnT = G(W)TK;%@(W), AO,nT = @<W0>TK1:71“6(W0)

Equation (E.44) implies
[Anr — Aorlle = Op(Ryr)-

Using the inverse identity

~

At = Agpr = At (Aowr = Aur) Az
together with R
[Azzll2 + 1 Agarlla = Op(1),
we obtain R
1A%r = Agarllz = Op(Ryr).
Therefore,
[Rurlls = Oy [Ri (2 4 Rir )| = (i)

provided R}, = o(1).

Combining the three terms and recalling from Step 1 that

15,0%) ~ tall: =0, (=)

we obtain

18,(W) = boll2 < 110,(Wo) = bollz + Rzl + |Ramrlls + [Ranrll2
1

=0, — +R* | .
p(/_TLT nT)

89
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By the definition in (EIT]),

« rV 1)p, + s,
Rip = (14 | Boll et LV D0t o0
where
pn:w2n+Rs7 Sn:Rs\/ms(SO)a Rn = 1+||W0||2+pn
Thus the preceding display retains all spectral factors without requiring them to be uniformly
bounded.

Under the boundedness conditions in Theorem 2] and when p, = O(1), we have x,, = O(1)

and hence
R = O ((rv1)(w2n+Rs)+Rs\/m5(So))
nT — n .

Rate comparison. In contrast, using the noisy matrix W = W, 4+ E directly without
denoising, Lemma [T0(a) gives

18, (W) = boll2 = O, +w%+w;)

1
( vnT
Therefore, the denoised estimator has a strictly smaller plug-in error whenever

Ry = 0(way + w3,).

Equivalently,
(1+|Boll2) d“{ rV1)p, + sn} =0 (n(wgn + wgn)) )
Finally, if
1
Ri-=o0
T <vnT)
then

VnT @(W) - @(W@) = 0,(1).
Combining this result with Step 1 and Slutsky’s theorem gives
VAT Sailin (B,) = 0 ) =5 N0, ).

E.6. Proof of Proposition [Il

Proof. Recall that

Gur (0, W, M) Z Z(M)" (Y, = \WY, — X, — WXpy).
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and Z,(M) is of the form M‘X, for ¢ = 0,1,2. Moreover, E{G(M)} = G(M). Define
6,(W, M) as the plug-in estimator using Z;(M):

o~ -~ N ISR PN ~

0, (W, M) = | X(W)TZ(M)R 320 X(W)| XW) 20084 2(M)TY. (E43)

We compare with the estimator using W:
—1

Op(W, M) = Boanns = | X(W)TZ(OR42(0) X (W)| - X(W)"Z(M)RAZ(M)TY.

By the first-order condition for ép(W, M) and linearity of the moment function in 0, we have
the exact expansion

0,(W, M) — g = —[GW, M)TALGW, M)] "' G(W, M)T A} Gur (60, W, M).
Under Assumptions [IH7] @(/W, M) =, —Xz,0,(M) and Apr —p A, so that
9 (W M) — 0y = [EZOQO( )TA_IZZOQO(MH_IEZOQO( )TA_l gnT(QO’ /W M) (1 + Op(l))

The deviation from the limiting form is o, relative to I gnT(HO,W M)]l2, so the rate of
H0 (W M) — 6|2 matches that of HgnT(GO,W M)||2 up to multiplicative constants. Let
By := (I, — \oWy) ! and R := (Waxn + 1/\/mr Lo)me(Lo) \/ms So)-

Rate of the GMM estimator (using W). Let Z;; be the jth column of the n x m
matrix Z;(M). The residual at 6y when using W is ,(0p, W) = ¢, — Mg EY; — E X7y, where
E =W — W,. Substituting Y; = Bo(X;00 + Wo X0 + €¢), the jth element of g,r (6o, W, M)
is

T
1
nT - ZT<M )ler — MEY; — EXyy]
1 T
== ; Z} Z M) EBo(X80 + WoXi0)
1 T
— = > Zu(M)EXpy — Z M)EBye,
t=1

= Op(l/\/ nT) + Rl,j + 7-\),37]' + RQJ.

For each i, let
Ei_i=Fn,....Eii1,Eii1,..., Em)T e R*!
denote the vector of off-diagonal entries in row i of E. Let
ZNJE = O'%ZE

and define

where
T n—1
Ope = 000gp.p € R".
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By Assumption 8 and joint normality,
Elei | E) = E/_;6,.
Define .
g = (E{ _10n,... B, _.6,) .
Then
& = UE + gta
where &; is independent of £ and has conditional mean zero. Under the uniform eigenvalue
bounds on X g,

el = Op(Vrllperll2) -

Decompose
T

Ao T
Raj = T ;th(M) EBopip
X o

nT

t

Zji(M)" EBo&:.
1
The first term is the endogeneity-bias component, whereas the second is conditionally cen-
tered. Using the bounds in Assumption 8, we obtain

max[Ra| Sp n/2 " |lpoell2 + | Byt

Then
1
max Rl < |)\0|n—T Z 1 Z5:(M)|2]| Boll2|| Xt 80 + WoXivoll2 || E|l2
t
Sp [1Boll2(1 + [[Woll2) wan,
1
mgXlegl < > 1Zi M)l Ell2 1 X0l Sp wan,
t
Hence
Gt (00, W, M) |2 = Oy (n'*~*|| pell2 + wanl| Boll2(1 + [Woll2) + 1/v/nT),
yielding

1Bcnins (W, M) = Ooll2 Sp >~ lpeplla + 1 Bolla(1 + [[Woll2) wan + 1/v/nT,
which under the boundedness assumption || By||2(1 + ||[Wol|2) = O(1) gives the rate (I3).

Step 2: Effect of replacing W, by w.

We now study the deviation between gp(W) and gp(Wo). Because the sample moment is
linear in 6, the first-order condition gives the exact representation

—~ ~ o~ —~ 11 ~ ~

0,(W) =6y = — |GW)TALEGW) | GW) A2 Gur (B0, W).
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Similarly,
~ ~ ~ o~ -1 < ~
Op(Wo) = by = = [GOW) A C(Wo) | GOWo) A 1 gur (60, Wh).
Define e .
AnT = G(W)TA;%GO/V), AO,nT = G(W())TA;%G(W())
Then o
{6,(W) =05} — {6,(Wo) — 0o} = Rint + Ropr + Ranr,
where

o~~~

Ry = (—2;} + A(;;T> GWV) A3 gwr (60, W),
Ranr = Agh [=GOV)T + GOV0)T| Ridgur (60, ),
Rt = Ay kr OV Bk [ur (8o, Wh) — 560, T

Recall the rate defined in (E.11)):

1 (rV 1w, + s,
" n

o = (1+ [ Boll2)

Y

where
wn:w2n+Rs7 Sn:Rs\/ms(SO)u Rn = 1+||W0||2+wn
Lemma [I0(c) gives

IGW) = G(Wo)|l2 = Op(Risy), (E.44)
G0z (60, W) — Gur (60, Wo) 2 = Op(REp). (E.45)
By Step 1,
1 ~
Gn1 (0, W/ =0, —), G(W, = 0,(1),
g0 Wl =0y (=) G}z = O,(1)
and

AO,nT —p GS—A_IG[).

Since Gy has full column rank and A~! is positive definite,

[ Agnrll2 = Op(1).

Moreover, Equation (E.44) gives
1Anr = Agurll2 = Op(Ryp).
If R}, = o(1), Weyl’s inequality implies
)\min(A\nT) > Amin(Aonr) — HA\nT — Aonrll2,

and hence
[AL 2 + 1 AG nrll2 = Op(1).
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Using the inverse identity

A= Agky = At (Aowr = Aur) AGhr,
we obtain

A — AgLrlls = Op(Rig). (E.46)

Next, Equation (E.45) and Step 1 imply
| Grnr (B0, W)ll2 < ||Gnz (B0, Wo)ll2 + |Gnr (60, W) — Gnr (6o, Wo)l|2

~0, (V% + R;;T) . (E.47)

For R3 .7, Equations (E.40) and the boundedness of the multiplying matrices give
[Ranrllz = Op(Ryr)-

For Ro 7, Equations (E.44) and (E.4T) give

* 1 *
[Raarlls = 0y [Rir (1= + R )|
= 0P<R:;T)7
provided R, = o(1).

n

Similarly, Equations (E.40) and (E.47) yield

* 1 *
|Rinrll2 = Op |:RnT (ﬁ + RnT>:|
= OP(R:LT)'

Combining the three remainder bounds gives

0p(W) = 0p(Wo) | = 0,(Ri).

Since Step 1 establishes

15,0%) ~ tall: = 0, (=)

we conclude that

P 1 .
15,7) = 6ol = Oy (= + R ). (5.45)

Rate comparison. Using the noisy matrix W = Wy + E directly, Lemma [[0(a) and the
same first-order-condition argument give

H@mo—wh—@( +w%+@ﬁ,

1
vnT



95

provided the corresponding sample Jacobian remains nonsingular. Therefore, the denoised
estimator has a strictly smaller network-error contribution whenever

Rop = 0(wan + w3,).

Asymptotic normality. Suppose, in addition, that

v nTR:LT = 0(1)7

. 1
Rir=o(37):
VT {B,(W) = 8,(Wo) } = 0,(1).

Combining this result with the oracle central limit theorem from Step 1 and applying Slut-

or equivalently,

Then

sky’s theorem yields
VnT (ep(W) - eo) s N(0, D).

Equivalently, the asymptotic-normality condition can be written as

(L+ || Boll2)st™ {(r V Dwy, + 80} = 0 ( %) :

When T is fixed, this reduces to
(1 + ||Bo||2)lii+1{(7’ V l)wn =+ Sn} = 0(\/5)

E.7. Proof of Theorem [3l

Proof. This step estimates the weight matrix Wy = Ly + Sy jointly with the regression coef-
ficient 0. Specifically, we minimize the objective in (§) using a block-coordinate procedure.
When L and S are given, 6 is estimated by standard GMM using the plug-in weight matrix
L+ S. When @ is given, minimization over (L, .S) becomes a penalized regression problem
involving a nuclear-norm penalty on L and an elementwise ¢; penalty on the off-diagonal
entries of S.

To streamline the exposition, we establish the result using the instrumental variable Z;(M)
for an arbitrary fixed matrix M. The same proof applies when M is exogenous or o(F)-
measurable and satisfies the corresponding norm and moment conditions. Additional argu-
ments are required when M is estimated using the same outcome data as the supervised
estimator.

Throughout the proof, we impose

diag(L + S) =0,
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so that all estimated adjacency matrices have zero diagonal.

Recall that
1 T
Gur (6, W, M) = —TZ Y, = AWY, — X,8— WXp).

For
= ()\7 /8T7 f}/T)T’
define the n? x m matrix
~ 1
Xt(ea M) = ﬁ()‘Y;S + Xt")/> ® Zt(M)7
and let
- 1 T ~
Xor(0, M) := n gxt(e, M).

At the true parameter, write

_ - 1
Xt<M) = Xt(eo, M) = H(AOY; + Xt’YO) ® Zt(M)

The vectorization identity
vec (Z (M)W (AY; + X)) = [(\Y; + Xiy) ® Zy(M)]" vec(W)
implies that, for fixed 6 and M,
G (0, Wi, M) = (0, Wa, M) = — X u7(0, M) vec(W; — W). (E.49)

Define
Gur (0,10, M) = G (6, W, M) R 30 (6, W, M)
and the adjacency-only objective
Q°(L,S) := %HW — L —8||% 4 vpr|| L« + Tur Z |Sij]-
i#]
The complete supervised objective can therefore be written as

QnT(67L7 Sa M) - gnTQnT(ea L + Sa M) + Q(T)L(La S)

Let (L1, 519 be the adjacency-only estimator obtained by minimizing Q°(L, S), with the
same tuning parameters v,r and 7,7 as those appearing in the supervised objective. Set

O fo G,

Because (Z[O], S [0]) is constructed using only the observed adjacency matrix W = Wy + E it
is measurable with respect to o(E).

Let
Wy 1= Way + R, Sp = R/ ms(S).
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By Theorem [
IZ1 — Lo[l2 = Op(wn),
1S9 — Soll2 = O,(R.),
off (S — Sy) . Op(sn). (E.50)

Thus, W satisfies the conditions of Lemma M0l(c).

The supervised estimator is obtained by the following block-coordinate procedure, initialized
at (L0, 500,

a) Given (Z[O], S 1), define
il — ; ol
0 arg min Gnr (0, WP M).

b) Given ol and L define

§[1] = arg min {SnTQHT (é\[l]a E[O} + S’ M)
SERMX™:
diag(ZI0)+5)=0

1 N
+ §||W— Lo — S||% —i—TnT;\Siﬂ}
i#j

¢) Given 81V and S, define

Z[l] = arg min {gnTQnT (é\[l]7 L + §[l]7 M)
LERan:
diag(L+8011)=0

1 —~
+ §||W —L— S|+ unT||L||*}.

d) Set
Wi .— T 4 gl
and define

~

_ : wi ar
0, arg%ggan(@,W, ).

We now establish the rate of the resulting estimator.

Step a). The estimator ol is the plug-in GMM estimator based on the adjacency-only

estimator W, Because W is o(E)-measurable and satisfies (E50), Theorem 2 using
Lemma [I0(c), gives

1 *
16" — 6|2 = O, (ﬁ + RnT) . (E.51)
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For conciseness, define

1
tnr = ——= + Rl

vnT

16 — Go]|2 = Op(anr).

Then

Because 01! minimizes g,r(0, WOl ),
Gur (1, WO ML) < gur (6, WO, M), (E.52)
The oracle sampling bound and Lemma [I0}c) imply
|Gz (60, W, )2 = Oy (aur).

Under Assumption [7, there exist constants 0 < ¢ < C' < oo such that, with probability
approaching one,
cllvll < v ALz < Clloll3
for every conformable vector v. Consequently,
cllgar (%, WO, M)|3 < qur (8", W, M)

S QnT(90> /W[O]a M)

< Ollgar (60, W, M5
It follows that

g (81, WL, M) 15 = Op(ans). (E.53)

We also verify the operator-norm bound used below. Let
Ui(0) := \Y; + X,y.
For each of the finitely many columns Z; ;(M) of Z,(M),

|+06) 2,500 = LIGO I,

2
By Lemma [0 and the moment conditions on the regressors and instruments, both norms on
the right-hand side are O,(y/n), uniformly for ¢ in a neighborhood of 6. Since the number
of instruments m is fixed,

[ Xz (00, M)|l2 = Op(1).
Moreover, (E-51) gives 01U — 6y = 0,(1) under a,r = o(1). Therefore,

X (0, M| = O,(1). (E.54)

Steps b) and c). These two updates are performed with A fixed. By the definition of
shl,

QnT(é\[l}az[O])g[l];M) S QnT(é\[I]7E[O}7§[O]aM)
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Similarly, by the definition of LI,
Qur (0, LM, S M) < Qur (0, L1, SU; A1),
Combining these inequalities,

Qur (W, LV, S M) < Qp (1Y, L1, S A1), (E.55)

Let

Ap=TLW T Ag.=5_ g0l

and define
Hyp = WH oWl = A + Ag.

We first establish a lower bound for the change in the adjacency-only objective. The function

1
Qn(L,S) = SIW =L~ Sl + varl| Llls + 7 > 1531
i#]
is convex in (L, S) and is 1-strongly convex in the direction L + S. More precisely, for any
two feasible pairs (Ly,S1) and (Ls, S2), the strong-convexity remainder in the quadratic part
is

1
§||(L1 +81) = (Lo + S2)||7-

Because (E[O], Sl ) minimizes Q° over the convex zero-diagonal feasible set, its first-order
optimality condition and the strong convexity of the quadratic part imply
Q°(ZIM, 51y — QO (L), 5lony
> H(zm + Gy — (7 4 §[01>Hi
| Hrr|[7- (E.56)

| — DN —

For fixed § and M, equation (E.49) shows that q,7(6, W, M) is a convex quadratic function
of vec(W). Its gradient is

Veew)@nr (0, W, M) = =2X .00, M)A - Gr (0, W, M). (E.57)

0]

The exact quadratic expansion around Wl gives

an(é\[l]’ /W[O]’ M) - an(é\[lh WD]) M)
= - <Vvec(W)QnT(§[l]7 W[0]7 M)7 VeC(HnT)>

— vec(Hur) "X (00, MYAZAX (01, M) vec(Hyr).
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The final term is nonpositive. Therefore,
QnT<§[1]a W[O]a M) - QnT<§[1]a W[l]a M)
S ‘ <Vvec(W)QnT(§[1]7 W[0]7 M), VeC(HnT)> ‘

< [Tty aur @, WO, 20) || |1 (E.58)

On the other hand, the descent inequality (E.55]) implies
< Gur |qur (0, WP, M) — qur (@, W1, A1) (E.59)
Combining (E56), (E5]), and (E59), we obtain

1 —_~
EHHnTH%‘ S fnT vaec(W)QnT(é\[l]7 W[O], M)H2 HHnTHF

Hence,
||HnT||F S 2§nT vaec(w)an(/@\[l], W[O], M) ) (EGO)
By (E57), (E53), (E54), and [|A,1]2 = O,(1),
”vvec(W)QnT(é\u], WM? M) ”2
< 2| X (8, M) o[ A2 |2 |G (B, WO, )
= Op(anT).
It follows from (E.6Q) that
W — WO = O, (Enrant). (E.61)

This stability bound is important because Wi depends on the outcome data and therefore
is not o(E)-measurable. We do not apply Lemma [I0(c) directly to W, Instead, we apply
that lemma only to the initial estimator W% and control the additional supervised update

through (E.GIJ).

The bound also implies the aggregate recovery inequality
W = Wolle < W = WO+ W — Wy

This inequality controls the aggregate adjacency estimator, but does not by itself give sepa-
rate recovery rates for L and S,

Step d). Define
_ agnT<07 W[l]a M)

G 67




101

and

&l . gur (6, W, M)
' 00T

We first verify that the GMM Jacobian evaluated at W remains well conditioned. Because
the Jacobian is affine in W, the same design bounds used above give

|G = Gz <, IWH = W|| = Oy (uranr)- (E.62)
When &,r = O(1) and a,7 = o(1), the right-hand side is 0,(1).

Moreover, the fixed-M version of Lemma [0(c), applied only to the o(FE)-measurable esti-
mator W, and the oracle law of large numbers give

IG = Go(M)|la < |G = G(Wo, M)s + [|G(Wo, M) = Go(M)] |5
= Op(Ryyr) + 0p(1) = 0p(1). (E.63)
Combining (E.62) and (E.63), we obtain

~

GS = Go(M) + 0p<1).

By the identification condition,
Amin (Go(M)TA™'Go(M)) > 0.

Since ]\\;} —, A7!, Weyl’s inequality implies that, for some constant ¢ > 0,
Auin (GIRAG) > e+ 0,(1).

Consequently,

(@i, ek

S

= 0,(1). (E.64)
2
Because the moment function is affine in 6,
Gur (B, W, M) = Gur (60, WU, M) + G (8, — o).
The first-order condition for the final GMM step is
G 3 Gur (0, W, M) = 0.
Therefore,

~

~~ oo~ N\ L~ —~
0, — 0y = — (GZA;;GS) GTA LG (00, W, M), (E.65)

Using (E.49),
Gnr (6o, W[l], M) — gnr (6o, /W[O}a M)

= — X 70, M) vec(WH — W0, (E.66)
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It follows that
Gt (Bo, W, M)z < 1|gar (6o, W, M)
1K (B, M) o[ W — T
= Op(ant) + Op(§uranT)-
Combining this bound with (E.63]) and (E.64]), we obtain
165 = Boll> = Op(ant) + Op(Euranr).
If &r = O(1), it follows that

~ 1
5.~ bul = 0, (4 Ri ) (©.67)

This proves the rate in (14]).

Finally, we establish the asymptotic distribution. Define

~ ~ ~

T = |GV TR 4E)] AW TR

The GMM expansions for §, and 91 give

~ ~

g, — 0 = — [\I!(W[”) - xIx(W[O])] Gur (00, W, M)
—w(Wh) [?nT(Qo, W M) = Gur (60, W, M)] :
The Jacobian perturbation bound and the inverse identity imply
[TV = SOz = 0, (I~ WOr)
Together with (E.53), (E.66]), and (E.GI)), this yields
1. =82 = O, (aur W = WO|r ) + O, (W)~ W1 )
= Op(&nranr).

Suppose, in addition, that
VTR, =0(1)  and & = o(1).
Then
VT &t = & (14 VT Ry ) = o(1).
Consequently,

VT (8, = ) = o,(1).

The asymptotic distribution of 55 is therefore the same as that of the initial plug-in estimator
1 established in Theorem [ Thus, supervision may affect finite-sample performance, but
under &, = o(1) it is asymptotically negligible at the v/nT scale and does not alter the
first-order limiting distribution. This completes the proof.
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O

E.8. Proof of Corollary 2l The proof follows the same steps as in Theorem 2], with the
only difference being the substitution of the supervised estimator’s rate.
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