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Abstract. This paper analyzes spillover effects in spatial (network) models when the neigh-
borhood (adjacency) matrix is contaminated by measurement error from reporting, aggre-
gation, or disclosure imperfections, leading to inconsistent estimation of network effects. We
introduce a regularization framework for the latent network that allows for sparse and/or
low-rank structure and accommodates potential correlation between measurement errors and
outcomes. We propose two estimators: (i) a two-stage procedure that first denoises the ad-
jacency matrix and then incorporates the purified network into a regression analysis, and (ii)
a Generalized Method of Moments (GMM) estimator that jointly estimates regression pa-
rameters and refines the network structure. We then establish strictly improved consistency
rates for the spillover effect estimator relative to naive estimation ignoring measurement
error. Simulations demonstrate that, in the presence of noisy networks, our approach re-
duces the root mean squared error of spillover estimates relative to conventional methods
by approximately 50− 80%. We apply our framework to examine the international spillover
of economic growth, and the tax competition across U.S. states, illustrating that denoising
might restore Leontief stability and yields improved estimates of spillovers.
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1. Introduction

Network analysis provides powerful tools to quantify policy spillovers and identify piv-
otal agents for targeted interventions, particularly when policymakers face binding resource
constraints (Ballester et al., 2006; Zenou, 2016; Galeotti et al., 2020). A large literature
shows that economic outcomes often depend on interactions among interconnected units,
giving rise to amplification, diffusion, and multiplier effects that are central to policy de-
sign (Acemoglu et al., 2012; de Giorgi et al., 2020; Araujo et al., 2023). These insights have
motivated the widespread use of spatial and social interaction models to study peer effects,
diffusion dynamics, and network-based policy interventions across a broad range of economic
settings.

Methodologically, the literature on spatial and social interaction models differs mainly in how
the network structure is handled. A dominant strand assumes that the adjacency matrix is
correctly specified and directly observed, and studies spillover effects conditional on this ob-
ject (Lee, 2007b; Bramoullé et al., 2009; Lee et al., 2010; Banerjee et al., 2013; Elhorst, 2014;
Lee and Yu, 2014; Yang and Lee, 2017; Zhu et al., 2020; Kuersteiner and Prucha, 2020),
(Shin and Thornton, 2021; Chernozhukov et al., 2021). An alternative and growing line
of research relaxes this assumption by estimating the network jointly with model param-
eters, typically imposing dimension reduction constraints such as sparsity to address the
curse of dimensionality in high-dimensional settings (Manresa, 2016; Lam and Souza, 2020;
de Paula et al., 2025).

Sparsity-based methods work well when the latent network is dominated by a few strong
links, but they fail in the dense networks that arise in production, trade, and financial
settings, where the observed adjacency matrix is itself contaminated by measurement error
(Fisman and Wei, 2004; Upper, 2011; Anand et al., 2015). In such settings, two distinct
forms of latent structure coexist beyond idiosyncratic noise. First, outcomes may be driven
by a small number of pervasive (though individually weak) latent forces such as common
shocks, shared technologies, or institutional linkages, naturally represented by a low-rank
component (Chudik and Pesaran, 2013; Kapetanios et al., 2021). Second, networks may
contain a small number of strong bilateral or idiosyncratic interactions, naturally represented
by a sparse component (Lam and Souza, 2020; de Paula et al., 2025). Imposing sparsity
alone discards the pervasive signal, while ignoring measurement error produces non-vanishing
bias as elementwise small errors accumulate along network paths (Lewbel et al., 2024). The
stakes are practical: in our cross-state tax-competition application, the standard spatial
GMM estimator with the raw inverse-distance weight matrix yields λ̂ > 1, violating the
Leontief stability condition and implying explosive multipliers, while our estimator returns
λ̂ < 1 within the admissible region. We therefore propose a regularization approach for
the observed adjacency matrix that filters measurement error while preserving low-rank or
sparse signal, developed formally in Section 3.
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Throughout, by regularization we mean imposing restrictions: low-rank, sparse, or low-
rank-plus-sparse, directly on the latent adjacency matrix W0 rather than on the regression
coefficients, as identifying restrictions that make denoising of the observed network feasible.

The problem is non-trivial because it combines matrix-valued measurement error with a
spillover estimator that depends nonlinearly on the network matrix through the Leontief
inverse (In − λW )−1, so errors in W propagate through the estimator in ways classical
errors-in-variables corrections do not handle. Low-rank and sparse structures have deep
foundations in statistics and econometrics, appearing in approximate factor models, latent-
variable graphical models, and high-dimensional covariance estimation (Bai and Ng, 2002;
Chandrasekaran et al., 2010; Fan et al., 2011). A large methodological literature develops
penalized procedures to recover low-rank or sparse patterns in covariance and precision ma-
trices (Cai et al., 2011; Candès et al., 2011; Agarwal et al., 2012; Fan et al., 2018). Despite
their success in these settings, regularization of this kind has not, to our knowledge, been
adopted in the econometrics literature to address measurement error in observed network
adjacency matrices, or to improve the estimation of spillover effects and other policy-relevant
network statistics. We build on this literature by developing two complementary estimation
approaches. The first is a two-stage procedure that denoises the observed adjacency matrix
by separating low-rank or sparse signal from measurement error before estimating spillover
effects. The second is a regularized Generalized Method of Moments (GMM) estimator that
jointly estimates the network and the model parameters in a single step. We establish that
our estimator is consistent, in contrast to naive estimation that ignores measurement er-
ror and remains inconsistent in dense regimes. Simulation results show that the proposed
method achieves a 50–80% reduction in the root mean squared error of spillover estimates
under noisy weight matrices, with measurement noise ranging from moderate to high.

Our main theoretical contribution is to characterize how the bias of standard spillover es-
timators depends on the structure of the latent network and the measurement error, and
to show that this bias does not vanish in the dense regime that characterizes economic net-
works. Lewbel et al. (2024) show that modest link misclassification bias in the estimation of
linear social-interaction models may be negligible as long as misclassification is not pervasive;
we extend their analysis to settings in which the latent network has many but individually
weak connections, and in which the measurement error itself need not be sparse. We further
allow the measurement error to be correlated with unobservables in the outcome equation
(Candelaria and Ura, 2023; Lewbel et al., 2023), which can introduce non-vanishing bias if
ignored. We derive convergence rates for both the spillover-parameter estimator and our
estimated adjacency matrix. Beyond these formal results, the framework also delivers an
interpretable decomposition of network connections (a low-rank component capturing perva-
sive relationships and a sparse component isolating localized interactions, with identification
following standard strategies in the literature (Chandrasekaran et al., 2011)) and we use this
decomposition to provide a novel expression of the network eigencentrality that quantifies
the contributions of each component.
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We illustrate the practical relevance of our framework through two empirical applications:
international spillovers in GDP growth across 23 economies and tax competition among 48
U.S. states. In both settings, our estimated network produces spillover estimates that differ
markedly from those obtained using the raw adjacency matrix, highlighting the empirical
importance of network denoising. In the cross-economy GDP-growth application, regulariza-
tion affects not only the scale of spillovers but also the inferred structure of interdependence.
The network decomposition further reveals distinct regional and global components of cross-
economy interdependence. These empirical findings demonstrate how our framework can
uncover the structure of interdependence in economic networks and support more reliable
inference in spatial econometric analysis. In the U.S. tax-competition application, the raw
inverse-distance weight matrices yield explosive estimates λ̂ > 1 that violate the Leontief
stability condition, while our estimator returns stable estimates.

The remainder of our paper is organized as follows. Section 2 motivates the framework
by explaining why measurement error matters in dense networks, illustrating three possi-
ble network structures (sparse, low-rank, low-rank-plus-sparse), and demonstrating with the
U.S. Input-Output Table that real-world dense networks exhibit exploitable regularization
structure. Section 3 presents the spatial interaction model and introduces the plug-in and
regularized GMM estimators under low-rank, sparse, or low-rank-plus-sparse structure. Sec-
tion 4 provides assumptions and establishes consistency and asymptotic normality results for
both estimators. Section 5 presents simulation evidence. Section 6 applies our methods to
estimate spillover effects using noisy network data. Section 7 concludes. Proofs, algorithms,
and additional technical details are provided in the appendices.

2. Motivation

This section sets up the notation and previews the regularization framework used throughout
the paper. Let N := {1, . . . , n} denote the set of n units or nodes and E the set of edges
between them, so that (N , E) represents the graph. Let W0 be the n× n adjacency matrix
encoding the true connections, with (i, j)-th element W0,ij; we write W0,ij 6= 0 when unit i

is connected to unit j and W0,ij = 0 otherwise.1 We further assume no self-loops, so that
W0,ii = 0 for all i = 1, . . . , n.

The econometrician observes a noisy version of W0,

W = W0 + E,

where E is a measurement-error matrix whose sources are discussed in Section 2.1. Before
formally motivating the regularization framework, we briefly preview the structural decom-
position of W0 that plays a central role throughout the paper.

To reduce estimation complexity for large n, it is natural to impose structural assumptions
on W0. The most common choice (sparsity) is plausible for social networks dominated by
a few strong links, but fails to describe networks in which a large number of units share

1We allow the connection from i to j to differ from that from j to i, so the graph may be directed and W0

need not be symmetric.
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common interests or characteristics: a highly sparse network typically splits into several
disconnected components. We therefore propose to model W0 as the sum of a low-rank and
a sparse component,

W = L0 + S0︸ ︷︷ ︸
≡W0

+E, (1)

where L0 captures pervasive, common connections and S0 captures sporadic or idiosyncratic
connections.

The components L0 and S0 need not individually satisfy the zero-diagonal constraint. When
W0 has a zero diagonal, we can define L∗

0 = L0 − diag(L0) and S∗
0 = S0 + diag(L0), which

absorb the diagonal corrections so that both represent networks without self-loops:

W = L∗
0 + S∗

0︸ ︷︷ ︸
≡W0

+E. (2)

While L∗
0 is not exactly low-rank, it inherits the low-rank structure of L0 and differs only on

the diagonal. Section 2.3 illustrates the usefulness of this decomposition through concrete
examples. We further develop our theoretical analysis (Section 4) in terms of L0 and S0

and note that the results extend directly to L∗
0 and S∗

0 . Both theoretical and empirical
evidence in the following sections show that this decomposition captures several meaningful
network structures encountered in practice (Diebold and Yılmaz, 2014; Barranca et al., 2015;
Gamble et al., 2016; Newman, 2010).

2.1. Why dense measurement errors matter. A central feature of the applications
mentioned in the introduction is that the observed network is dense and measured with error.
We document four such sources of error in Section 2.2; here we develop the consequences
for spillover estimation. The existing literature, such as Lewbel et al. (2024), assumes that
measurement error in the network is sufficiently sparse that it does not affect the consistency
of the spillover estimator. In particular, consistency of λ̂ can be preserved when the aggregate
magnitude of the error vanishes asymptotically, for example when

1

n

∑

i,j

|Eij| = op(1).

This condition is naturally satisfied when the total error budget grows slowly relative to the
size of the network, as in settings where the underlying adjacency matrix itself is sparse.
Intuitively, when only a small fraction of links are contaminated and the magnitude of each

contamination is small, the resulting perturbation to the network propagation mechanism
becomes negligible in large samples.

The situation is fundamentally different when measurement errors are dense. Even when
each entry of E is elementwise small, the errors accumulate across the O(n2) entries of the
matrix and across the propagation paths generated by the spatial multiplier. The aggregate
distortion may not vanish asymptotically, and the estimator λ̂GMM may fail to be consistent.

To recover W0 from W in the dense regime, some structural restriction on W0 is needed.
Depending on the application, the appropriate structure is:
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i) Sparse: W0 = S∗
0 , where most links are absent. Suitable for social networks.

ii) Low-rank: W0 = L∗
0, where connections arise from a small number of common

factors or shared institutional features. The primary case for dense networks such as
input–output tables and financial exposure matrices.

iii) Low-rank plus sparse: W0 = L∗
0 + S∗

0 , the general case combining pervasive com-
mon connections with idiosyncratic strong links.

Misspecifying this structure leaves residual bias: assuming W0 = S∗
0 when a non-negligible

L∗
0 is present discards the pervasive systematic connections that drive spillovers; assuming

W0 = L∗
0 when strong idiosyncratic links are present absorbs those links into the residual.

Moreover, the low-rank and sparse decomposition introduced above is the device we use to
operationalize this regularization. We emphasize that it is a flexible modelling device, not an
economic interpretation. The interactions-model estimator θ̂p depends only on Ŵ = L̂∗+ Ŝ∗,
not on the individual components. We thus do not rely on any economic interpretation of
L∗
0 and S∗

0 as separate network objects. Nevertheless, Appendix C discusses the economic
interpretation of L∗

0 and provides identification conditions for the L∗
0 + S∗

0 decomposition.

The practical importance of regularizing W0 rests on three observations. First, measurement
error in dense networks is non-negligible: it may not vanish with sample size, so standard
asymptotic consistency arguments fail. Second, it may be endogenous: measurement errors
may share common sources with the outcome disturbances or covariates, so that E can be
statistically dependent on εt or Xt, even conditional on the fixed matrix W0. This violates
the exogeneity conditions underlying standard instrumental-variable corrections. Third, it is
economically consequential : in our empirical illustration with the U.S. Input–Output Table
(Section 2.4), ignoring measurement error entirely distorts the estimated propagation matrix
by 9%, and misspecifying the structure of the error (treating it as purely sparse) compounds
the distortion to 68%. A method that filters dense, structured noise while preserving the
signal in W0 is therefore not a refinement but a prerequisite for credible inference about
network spillovers.

2.2. Sources of measurement error in economic networks. The economic literature
documents several mechanisms through which the observed adjacency matrix W may depart
from the latent network W0. Many policy-relevant production, trade, and reconstructed fi-
nancial networks contain numerous weak links and can be dense relative to conventional
social networks. Consequently, measurement error may affect a large fraction of their
entries. A related source of potentially dense measurement error arises when the adja-
cency matrix is constructed from geographical or economic distance (LeSage and Pace, 2009;
Getis and Aldstadt, 2004): errors in the underlying distance measurem (arising, for example,
from centroid approximations, omitted transport links, or bandwidth choices) can propagate
across entire rows or columns of W . We discuss several additional sources of measurement
error below.
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(i) Aggregation and reporting error in input–output networks. A widely studied dense eco-
nomic network is the input–output table, where the (i, j) entry records the share of com-
modity i used as an intermediate input in producing commodity j. Acemoglu et al. (2012)
establish that propagation multipliers are highly sensitive to the precise pattern of bilat-
eral input shares across all n2 entries of this matrix. The observed Bureau of Economic
Analysis table aggregates transactions across hundreds of heterogeneous firms and products
into sector-level flows, and is further subject to reporting inaccuracies, imputation of miss-
ing entries, periodic revisions, and reconciliation between the supply and use tables. Given
these, the analyst observes a sector-level W that departs from any meaningful sector-level
W0, and the resulting errors propagate along multi-step Leontief chains.2 Our method takes
the sector-level network as primitive and denoises around a sector-level truth. We show in
Section 6 that even at the sector level, denoising restores Leontief stability and materially
changes estimated cross-sector multipliers.

(ii) Mirror-statistic discrepancies in bilateral trade networks. International trade flows pro-
vide a second canonical example of a dense network where measurement error affects every bi-
lateral entry. Trade flows are recorded twice: by the exporting country as exports and by the
importing country as imports. These two independent records of the same physical shipment
should agree, but in practice they differ substantially and systematically. Fisman and Wei
(2004) exploit this bilateral mirror-statistic structure to measure the evasion gap, i.e., the
log difference between Hong Kong’s reported exports to China and China’s reported im-
ports from Hong Kong at the six-digit product level and show that a one-percentage-point
increase in the tariff rate is associated with a three-percent increase in the evasion gap. This
tariff-related underreporting may affect many product categories and can be amplified by
product misclassification, as importers reclassify high-tariff goods into lower-tariff categories.
The resulting measurement error need not be confined to a small number of trade links and
may affect a substantial fraction of the bilateral trade network in a manner correlated with
tariff rates. Because tariff schedules are systematically related to trade volumes and revealed
comparative advantage, the measurement error Eij tends to correlate with the true W0,ij,
violating classical errors-in-variables assumptions and biasing estimates of trade-network
spillovers.

(iii) Entropy-based reconstruction error in interbank exposure networks. Bilateral interbank
exposures form a naturally dense network for studying systemic risk and financial conta-
gion. Each bank’s balance sheet records its total interbank lending and borrowing, but
the bilateral breakdown, who lent to whom and in what amount, is typically confidential.
Regulatory data under the Basel II framework require reporting of exposures only above
a threshold of 10% of regulatory capital, so the majority of bilateral links are unobserved
(Anand et al., 2015). Researchers and regulators therefore reconstruct the full n × n bilat-
eral exposure matrix from the observable marginals (total lending and borrowing of each

2The literature on aggregation in production networks treats this as a separate methodological problem; see
e.g. Barrot and Sauvagnat (2016) and Boehm et al. (2019). Our framework is complementary: it addresses
reporting and revision error at whatever level the network is observed, and is silent on the firm-to-sector
aggregation step.



8

bank) using maximum-entropy algorithms. As Upper (2011) and the systematic evaluation
of Anand et al. (2015) document, the maximum-entropy solution fills in the matrix as uni-
formly as possible, implicitly treating the network as if every bank lent to every other bank
in proportion to its total activity. This assumption yields a fully dense reconstructed matrix,
but one that systematically underestimates concentration and overestimates diversification:
in reality, interbank lending is relationship-based and concentrated among a small set of
counterparties. The reconstruction error E = W −W0 may therefore be dense. It affects ev-
ery entry of the matrix, and is potentially correlated with the true bilateral exposures, since
banks with large total lending are disproportionately misrepresented. Stress-testing exercises
that rely on the reconstructed network underestimate contagion risk precisely because the
entropy assumption smooths away the concentrated exposures that drive cascading failure.

(iv) Recall error and endogeneity in reported network links. Even when network data are
collected via direct reports rather than algorithmic reconstruction, the observed adjacency
matrix is subject to recall error, misunderstanding, and measurement timing mismatches.
Lewbel et al. (2024) study economic network models in which some reported binary links
are misclassified: true connections are recorded as absent (false negatives) and absent con-
nections are recorded as present (false positives). They establish that this misclassification
introduces new sources of endogeneity beyond the standard simultaneity problem in spa-
tial models: the mismeasured adjacency matrix contaminates the spatial lag WY , creating
correlation between regressors and structural errors, and invalidating standard instrumental
variables based on powers of W . The result is that conventional Two-Stage Least Squares
(2SLS) estimators that ignore misclassification are inconsistent even when the fraction of
misclassified links is small relative to n, because in a dense network a small misclassification
rate still corresponds to a large absolute number of erroneous entries. Panel data settings
compound this problem: if the network is observed at lower frequency than the outcome
variable, links created or dissolved between survey waves appear as persistent misclassifica-
tions correlated with individual fixed effects that cannot be differenced away (Lewbel et al.,
2023).

The four mechanisms above are heterogeneous in origin but share the three features high-
lighted at the end of Section 2.1: the measurement error is dense, correlated across entries
through shared sources (aggregation, tariff incentives, reconstruction algorithm, or recall
bias), and asymptotically non-negligible. These properties together explain why classical
errors-in-variables corrections may be insufficient: they presume sparse or vanishing noise
that can be handled by instrumental variable (IV) or measurement-error bias corrections,
whereas the dense, correlated errors documented here require a different approach. Imposing
a regularization on W0 (as a low-rank matrix, a sparse matrix, or their combination) pro-
vides the identifying restrictions needed to disentangle the systematic signal from the noise,
motivating the framework developed in the remainder of the paper.

2.3. Examples of network structures. To build intuition, we describe four common eco-
nomic network structures and show how each fits into the low-rank, sparse, or low-rank plus
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sparse framework. For simplicity, throughout this subsection, we assume the network is
observed without measurement error, so W = W0.3

2.3.1. Complete network. We begin by considering one of the simplest examples: a fully
connected network. In this setup, the link matrix W0 is an n × n matrix of nonzero off-
diagonal values, where it is common to set W0,ii = 0 to avoid self-loops. The link matrix
corresponding to a complete network generated by nonzero constants c = (c1, · · · , cn)⊤ is
defined as

W0 =




0 c1c2 c1c3 · · · c1cn
c2c1 0 c2c3 · · · c2cn

...
...

...
. . .

...
cnc1 cnc2 cnc3 · · · 0


 ,

where ci’s are positive constants within the bounded support [cmin, cmax], and they could be
viewed as individual characteristics that vary across i. Let L0 = cc

⊤, which is a symmetric
low-rank matrix with rank 1. Its singular value is ‖c‖22, and the associated singular vector
is c/‖c‖2. Then we could also express W0 = L0 + S0 = L∗

0, where the sparse component S0

is a diagonal matrix whose (i, i)th element is −c2i to guarantee no self-loops in W0. Such a
network could be used to capture the common interaction structure driven by individuals or
agents who interact through a common market or platform.

2.3.2. Low-rank network. Motivated by the structure of the latent factor, we consider the
network in which the strength of the connection is determined by W0,ij = ai + zizj if i 6= j,
where ai’s are individual characteristics and zi’s are some latent variables.4 Denote a as a
vector consisting of ai. In this example, W0 = L0 + S0 = L∗

0, where L0 = a1
⊤
n + zz

⊤ is
a matrix of rank no more than 2 with a = (a1, · · · , an) and z = (z1, · · · , zn), and S0 is a
diagonal matrix whose (i, i)th element is −L0,ii to remove self-loops. Networks of this kind
arise in production networks and financial systems, where common shocks or institutional
linkages generate pervasive, dense interactions.

2.3.3. Group network. Another example of interest is the pure group network, where there
are two or more communities, potentially of distinct sizes to avoid eigenvalue multiplicity in
the link matrix. Moreover, individuals within the same community are assumed to be con-
nected with each other, while individuals do not connect to others outside their community.
For example, suppose n = 20, and 6 individuals belong to community 1 and the rest belong
to community 2. We define

W0 =

[
L1 06×14

014×6 L2

]
+ S0 = L∗

0 ,

3Note that the link matrix or adjacency matrix could be used to describe the connection strength between
individuals. If it does not satisfy the bounded row sum assumption, it could be further scaled by its ℓ∞
norm.
4In a more general term, the low rank component can be understood as network effects related to a principal
agent, see Galeotti et al. (2020) . The principal agent is formed by connections with respect to many nodes
within the network, and the effects are dense.
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where L1 = (c1, c2, · · · , c6)⊤(c1, c2, · · · c6) and L2 = (c7, · · · , c20)⊤(c7, · · · , c20), and S0 is a
diagonal matrix such that S0,ii = −c2i . Note that W0 still admits the low-rank and sparse de-
composition. The low-rank component admits a block structure and its rank equals the num-
ber of communities. One of its two singular vectors is proportional to (0, · · · , 0, c7, · · · , c20),
while the other is proportional to (c1, · · · , c6, 0, · · · , 0). See Figure 1 for the network graph
and the heatmap of W0. This setting captures trade blocs, regional banking clusters, and sec-
toral linkages, and the rank of L0 equals the number of communities. We could also extend it
to allow sporadic between-group connections, which are described by few nonzero off-diagonal
elements in S0. Then the general model could be written as W0 = L0 +S0 = L∗

0 +S∗
0 , where

the low-rank component captures the within-group connections and the sparse component
represents the between-group connections.

2.3.4. Dominant units. An interesting example comes from considering networks containing
a set of dominant units also known as key players, see Calvó-Armengol et al. (2009); Zenou
(2016). One definition of dominant units used in the network literature identifies them as the
set of units whose actions have large and persistent effects on the other agents.5 One way to
measure the effect of the unit j on others is to use its weighted out-degree dj, defined simply
by the j-th column sum of W0: dj =

∑n
i=1 W0,ij. We then call the unit j a dominant unit

if its weighted out-degree is large or grows as the sample size does. For example, suppose
n = 20 and there is only one dominant unit, namely the first individual, who is connected to
13 individuals. We assume that each nondominant unit is also connected to its immediate
neighbors. Then the link matrix W0 is specified as below:

W0 =




0 w1,2 0 · · · · · · · · · · · · · · · 0

w2,1 0 w2,3 · · · · · · · · · · · · · · · 0
...

...
...

...
. . .

...
...

...
...

w14,1 0 · · · w14,13 0 w14,15 · · · 0 0

0 · · · · · · 0 w15,14 0 w15,16 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · · · · · · · w20,19 0




.

See Figure 2 for the network graph and the heat map of W0.

This network is naturally sparse. The number of nonzero entries in each row is bounded,
although the column corresponding to the dominant unit may contain a growing number
of nonzero entries. While this column can be represented as a sparse rank-one matrix, the
full adjacency matrix need not be low-rank because it also contains links among neighboring
units. We therefore treat W0 as a sparse matrix. Appendix D provides further discussion of
alternative low-rank-plus-sparse representations and their identification.

2.4. Empirical illustration: the US Input-Output Table. To demonstrate that mea-
surement error in dense economic networks has economically meaningful consequences, and
that the L+S decomposition provides an effective device for recovering the underlying true

5We follow the definition of dominant units as in Pesaran and Yang (2020, 2021); Lee et al. (2023).
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Figure 1. Graphical representations of simulated adjacency matrices associ-
ated with different groups
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Notes: Examples for the weight matrix formed by individuals who belong to different groups.
The left one is the network graph and the right one is the heat map of the adjacency matrix.
There are two groups, one of which has 6 members and the other has 14 members. Only
members within the same group have connections, and the connection strength is randomly

simulated.

Figure 2. Graphical representations of the simulated adjacency matrix with
dominant units.
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Notes: Examples for the weight matrix with dominant units. The left one is the network
graph and the right one is the heat map of the adjacency matrix. There are 20 individuals
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network structure, we revisit the 2002 US Input-Output table from Graham and de Paula
(2020), compiled by the Bureau of Economic Analysis and studied by Acemoglu et al. (2012).
It contains an n× n network of n = 417 sectors (after dropping rows and columns with zero
direct input requirements), where entry (i, j) indicates the share of sector i’s output used
in sector’s j production. This network is dense by construction(nearly all sectors interact)
making it a canonical example where sparsity cannot be assumed and measurement error is
pervasive. We treat the observed W as a noisy version of the true network W0 and apply
our Algorithm 1 (Appendix A) to recover W0.

To assess the quality of the denoising, we compare three candidate representations of W0, a
purely sparse estimate Ŝ, a purely low-rank estimate L̂, and the combined version Ŵ = L̂+Ŝ.
The purely sparse estimate satisfies ‖Ŝ −W‖max = 0.025 and ‖Ŝ −W‖2 = 0.470, indicating
that the tiny elements might have non-negligible aggregation effects. The purely low-rank
estimate satisfies ‖L̂−W‖max = 0.999 and ‖L̂−W‖2 = 1.214, indicating that the low-rank
structure alone might fail to capture occasionally large idiosyncratic links. The combined
estimate achieves ‖Ŵ −W‖max = 0.024 and ‖Ŵ −W‖2 = 0.183, materially outperforming
either alternative. This superiority is further confirmed by eigenvector alignment. The inner
product between the leading eigenvectors of W and Ŵ is 0.981, compared with 0.526 for Ŝ

and 0.222 for L̂, indicating that the low-rank and sparse decomposition might best preserve
the spectral structure of the observed network. From Figure 3, we could see that the sparse
component Ŝ captures large idiosyncratic bilateral links, while the low-rank component L̂

exhibits a distinctive stripe pattern, revealing that pervasive but individually weak linkages
aggregate into systematic structure that a purely sparse representation would miss.

To quantify the econometric consequences of measurement error, we compare the Leontief
diffusion matrices (In − λŴ )−1, (In − λW )−1, and (In − λŜ)−1 following Acemoglu et al.
(2016) with λ = 0.7. Leaving measurement errors uncorrected produces a 9% deviation in
the spectral norm relative to our estimators:

‖(In − 0.7Ŵ )−1 − (In − 0.7W )−1‖2
‖(In − 0.7Ŵ )−1‖2

= 9%.

Misspecifying the structure of measurement errors by treating it as a purely sparse discarding
the low-rank component compounds the distortion substantially, producing a 68% deviation:

‖(In − 0.7Ŵ )−1 − (In − 0.7Ŝ)−1‖2
‖(In − 0.7Ŵ )−1‖2

= 68%.

These results demonstrate that measurement error in dense networks is not merely a theo-
retical concern: it materially distorts estimated propagation channels. Hence it is essential
for reliable inference to correctly specify the error structure accounting for both its sparse
idiosyncratic component and its low-rank systematic component. Figure 4 illustrates this
point visually: the stripe pattern present in the full diffusion matrix (In − 0.7Ŵ )−1 is elimi-
nated when the low-rank component is omitted, confirming that misspecification of network
structure biases spillover estimates in economically meaningful ways.
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Figure 3. Heatmaps of 20 sectors from the 2002 Input-Output Table W (left), estimated
sparse component Ŝ (centre), and estimated low-rank component L̂ (right). The stripe
pattern in L̂ reveals pervasive systematic structure missed by a purely sparse representation.
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Figure 4. Heatmaps of 20 sectors from the diffusion matrix (In − 0.7Ŵ )−1 (left), (In −
0.7Ŝ)−1 (centre), and the difference (right). Omitting the low-rank component eliminates

the stripe pattern and distorts estimated spillover propagation by 68%.

3. Methodology

Without additional restrictions, the decomposition need not be unique or economically inter-
pretable. Assumption 1 imposes the conditions required for its mathematical identification.
The joint regularization on L0 and S0 then provides the structure needed to separate the
latent network W0 from the noise E. We provide the modeling definitions and estimation pro-
cedures we propose to tackle this problem. We offer additional assumptions and asymptotic
results in Section 4.

3.1. Estimation. We formally describe here the social/spatial interaction model of interest.
We consider a panel data scenario, but assume the true underlying network does not vary
with time. Denote data points as {Yt, Xt}t=1,··· ,T , where Yt is the n× 1 outcome vector and
Xt is the n ×K design matrix of exogenous covariates. We assume that the true model is
generated by the unobserved n× n adjacency matrix W0 encoding the true connection, and
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that we have a noisy or contaminated observation, such that we can write

Yt = λ0W0Yt + α + ιt1n×1 +Xtβ0 +W0Xtγ0 + εt

W = W0 + E, (3)

where λ0 represents the scalar (social / spatial) interaction or spillover effect, β0 ∈ R
K are

standard slope coefficients, γ0 ∈ R
K are contextual effects (spillover effects of the observable

characteristics Xt), α = (α1, . . . , αn)
⊤ is the vector of individual fixed effects, ιt is a time

fixed effect at period t, 1n×1 is an n× 1 vector of ones, and εt is an n-dimensional vector of
idiosyncratic disturbances, assumed for now to be independent and identically distributed
over units i and time t. We assume the covariates Xt to be exogenous to the outcome
unobservables and network formation process such that E[εit | Xt,W0Xt, · · · ,W d

0Xt] = 0, for
a small integer d > 0, i = 1, · · · , n and t = 1, · · · , T . Crucially, we allow for the measurement
errors to be endogenous in the sense that E[εit | E] 6= 0, which introduces additional bias
into conventional estimates when W0 is replaced by W (Boucher and Houndetoungan, 2025;
Hardy et al., 2019; Lewbel et al., 2024).

Collect all parameters of interest into θ0 := (λ0, β
⊤

0 , γ
⊤

0 )
⊤ ∈ R

2K+1. When covariates Xt

are exogenous and the adjacency matrix W0 is correctly observed, the literature proposes
to select m linearly independent columns from [Xt,W0Xt, . . . ,W

d
0Xt], for a small positive

integer d, as instruments for the regressors X̄t(W0) = [W0Yt, Xt,W0Xt] in estimating θ0
(Kelejian and Prucha, 1998; Lee, 2003, 2007a).

The degree d should be chosen such that the number of retained instruments is at least
2K + 1 to satisfy the order condition, i.e. 2K + 1 ≤ m ≤ (d+ 1)K (see Assumption 6). For
an arbitrarily pre-specified n× n adjacency matrix M , let Zt(M) be the n×m matrix that
collects the linearly independent columns from [Xt,MXt, . . . ,M

dXt] and let Xt(W ) be the
n× (2K + 1) matrix that collects the regressors [WYt, Xt,WXt]. Note that Xt(W ) uses the
observed adjacency matrix W as opposed to the true W0 showing up in model (3).

By defining εt(θ,W ) := Yt − Xt(W )θ and thus εt = εt(θ0,W0) , we obtain the population
moment condition E[Z⊤

t (M)εt] = 0m×1 for any exogenous M . Thus we have the empirical
moment conditions:

ḡnT (θ,W,M) :=
1

nT

T∑

t=1

Zt(M)⊤εt(θ,W ) . (4)

The distinction made between the matrix used to construct the regressors Xt(W ) and the
instruments Zt(M) is necessary to define our supervised estimator below. When M = W

such that no distinction is necessary, we simply write ḡnT (θ,W ) = ḡnT (θ,W,W ). For a given
m×m moment-weighting matrix Λ̂−1

nT , we define the sample GMM objective function as

JnT (θ,W,M ; Λ̂−1
nT ) := (nT )ḡnT (θ,W,M)⊤Λ̂−1

nT ḡnT (θ,W,M).
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When fixed effects are present, within transformation 6 is applied to Yt, Xt(W ), and Zt(M)

before constructing the GMM objective; we suppress this transformation in the notation
that follows. The extension to two-way fixed effects is discussed in Remark 3.

Finally, we stack all time series observations into the nT -dimensional outcome vector Y :=

[Y ⊤
1 , . . . , Y ⊤

T ]⊤, the nT × (2K + 1) design matrix X(W ) := [X1(W )⊤, . . . , XT (W )⊤]⊤, and
the nT ×m matrix of instruments Z(M) := [Z1(M)⊤, . . . , ZT (M)⊤]⊤. Using this notation,
we can express the GMM estimator as

θ̂GMM(W,M) := argmin
θ∈Θ

JnT (θ,W,M ; Λ̂−1
nT ) (5)

=
[
X(W )⊤Z(M)Λ̂−1

nTZ(M)⊤X(W )
]−1

X(W )⊤Z(M)Λ̂−1
nTZ(M)⊤Y.

We define θ̂GMM = θ̂GMM(W,W ). In practice, we can obtain a two-step GMM estimator
by using the weight matrix Λ̂−1

nT . 7 representing an initial consistent estimator obtained by
using the identity Λ̂−1

nT = Im as the first-step GMM weight matrix.

The rates of our estimators along with all formal assumptions and theoretical results, are
presented in Section 4. If W0 were observed without error, Kelejian and Prucha (1998) and
Lee (2007a), for example, guarantee that the standard GMM estimator θ̂GMM is consistent
for θ0 in (3). However, when measurement error is present, small elementwise noises in E

can accumulate, leading to inconsistent estimation of the regression coefficients and spillover
effects.

Therefore, when measurement error exists, we need a way to correct for this additional noise
in our estimation. We make use of the information afforded by the low-rank plus sparse
plus error decomposition as in (1) to obtain an estimate Ŵ . Theoretically, we quantify the
estimation accuracy of Ŵ and its asymptotic influence when used as an input for estimating
θ0. We now describe the details leading to our two proposed estimators. Our first option
is the “plug-in estimator,” and the other is the “supervised estimator,” both defined in the
following subsection.

3.2. The plug-in estimator and the supervised estimator. Our proposed estimators
make use of the structure for the adjacency W in (3) by using penalized convex low-rank
and sparse estimation. Our first proposal is simply a plug-in estimator that first produces
a denoised estimate for W0 and uses this estimate in place of the observed version when

6The within transformation eliminates the individual effects α by subtracting unit-specific time averages:
writing Y· :=

1

T

∑T

t=1
Yt, the transformed outcome is Ÿt := Yt − Y·, and Xt(W ) and Zt(M) are transformed

analogously. Since α is constant over t, it is differenced out by this demeaning; the time effects ιt are removed
by the additional cross-sectional demeaning discussed in Remark 3. The moment conditions (4) constructed
from the demeaned variables remain valid.
7In practice, we obtain a feasible two-step GMM estimator by first computing θ̃ using the identity weighting
matrix and then using Λ̂−1

nT , where

Λ̂nT =
1

nT

T∑

t=1

Zt(W )⊤ diag
(
ε̂ 2

1t, . . . , ε̂
2

nt

)
Zt(W ), ε̂t = Yt −Xt(W )θ̃.
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calculating the GMM estimator. Recall that A is an n×n matrix and Aij denotes its (i, j)th
element. We first minimize the following loss function to denoise the adjacency matrix by
taking advantage of its low-rank plus sparse structure:

(L̂, Ŝ) := arg min
L∈Rn×n,S∈Rn×n,Lii+Sii=0,1≤i≤n

1

2
‖W − L− S‖2F + νn‖L‖∗ + τn

∑

i 6=j

|Sij|, (6)

where ‖A‖F is the Frobenius norm of A, ‖L‖∗ is the nuclear norm of L, νn and τn are
positive tuning parameters. Similar to (Candès et al., 2011; Cao et al., 2017), we propose to
use Algorithm 1 to solve the optimization problem in (6). Defining Ŵ := L̂+ Ŝ, our plug-in
estimator is then simply given as in (5) to replace W with Ŵ .

θ̂p(Ŵ ) := argmin
θ∈Θ

JnT (θ, Ŵ , Ŵ ; Λ̂−1
nT )

=
[
X(Ŵ )⊤Z(Ŵ )Λ̂−1

nTZ(Ŵ )⊤X(Ŵ )
]−1

X(Ŵ )⊤Z(Ŵ )Λ̂−1
nTZ(Ŵ )⊤Y. (7)

Our second proposal, the supervised estimator, minimizes the combination of the GMM
objective function and the penalized square loss based on the low-rank plus sparse decom-
position. The estimator (θ̂s, L̂s, Ŝs) is defined as

arg min
θ∈Θ,L∈Rn×n,S∈Rn×n,Lii+Sii=0,1≤i≤n

ξnTJnT (θ, L+ S,M ; Λ̂−1
nT )

+
1

2
‖W − L− S‖2F + νnT‖L‖∗ + τnT

∑

i 6=j

|Sij|, (8)

where ξnT is an additional nonnegative tuning parameter necessary to balance the variations
contained in the observed adjacency and the outcome variables. It is worth noting that
Cai et al. (2021) also study a supervised method based on a purely low-rank structure for
analyzing network centrality. Their approach, which focuses on the leading singular vectors,
differs from ours in that it does not incorporate a spatial regression.

A full procedure for solving (8) is given in Algorithm 2 in Appendix B. Note that, as a
by-product of the algorithm, the estimator produces supervised low-rank and sparse decom-
positions that incorporate information from the outcome and covariates.

4. Asymptotic theory

In this section, we discuss the theoretical properties of our estimation procedures. Our main
interest is to quantify the impact of using an estimated adjacency matrix on recovering
both the true adjacency and the spillover parameters of interest. We shall use the following
notation: Let A and B be matrices of dimensions n× n. For i = 1, . . . , n, we use λi(A) and
σi(A) denote the i-th largest eigenvalue and the i-th largest singular value of the matrix A.
Let λmin(A) denote the minimum eigenvalue of A. Let ‖.‖2 denote the Euclidean-norm of a
vector. We use ‖A‖1, ‖A‖2, ‖A‖∞, ‖A‖max to denote the l1-norm, l2-norm, l∞ norm, max
norm respectively. |A|1,1 =

∑n
i=1

∑n
j=1 |Aij|. Let 1 ≤ r ≤ n be the rank of A. For a matrix
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A ∈ R
n×n, let:

mr(A) := max
1≤i≤n

n∑

j=1

I(Aij 6= 0), mc(A) := max
1≤j≤n

n∑

i=1

I(Aij 6= 0),

ms(A) :=
∑

i,j

I(Aij 6= 0), degmax(A) := max{mr(A),mc(A)}.

We use ei to denote the standard basis vector, i.e., the ith column of the identity matrix, and
vec(A) to denote the column vectorization of matrix A. For sequences {an}∞n=1 and {bn}∞n=1,
we denote an . bn if there exists a positive constant C such that an/bn ≤ C for all n, and
denote an = o(bn) (resp. an ≍ bn) if an/bn → 0 or an ≪ bn (resp. an . bn and bn . an). We

use
d→ and →p to indicate convergence in distribution and in probability, respectively. We

use Xn = Op(an)(.p an) to indicate Xn/an is bounded in probability, i.e. for any ε > 0, there
exists M(ε) > 0 such that P(|Xn/an| > M(ε)) < ε for all n ∈ N. We assume min(n, T )→∞
or n → ∞. In what follows, Yt, Xt, Zt(M), and εt denote the within-transformed versions
of the model objects, with individual fixed effects removed. The asymptotic results carry
through under the two-way transformation that additionally removes time fixed effects; see
Remark 3.

Assumption 1 (True weight). (i) (Low-rank component) L0 is an n×n low-rank matrix
with rank(L0) = r, min(mr(L0),mc(L0))→∞, and ‖L0‖max = O(1/

√
mr(L0)mc(L0)).

(ii) (Sparse component) S0 is an n× n sparse matrix with ‖S0‖max = O(1).

(iii) (Joint identification) ms(S0)
mr(L0)mc(L0)

→ 0 and degmax(S0)2

min{mr(L0),mc(L0)} → 0.

Assumption 1 collects conditions on W0. Part (i) requires the low-rank signal to be pervasive
but individually weak: the condition ‖L0‖max = O(1/

√
mr(L0)mc(L0)) allows L0 to be

distinguished from S0; it fails when L0 is spiked (as in the dominant-units example), in
which case the low-rank part is better absorbed into S0. The rank r may diverge with n

provided the relevant rates still vanish. Part (ii) requires S0 to be bounded and Part (iii)
allows S0 to have relatively few nonzero links compared with the dense part.

Hence the decomposition W0 = L0 + S0 is uniquely determined when n is large, making the
rank parameters r and ms(S0) well-defined. We stress this is a mathematical requirement
only: θ̂p uses Ŵ = L̂ + Ŝ as a single object, so we rely on no economic interpretation of
the components, and inference about θ is robust to weak identification of the decomposition.
Part (iii) holds trivially when L0 = 0n×n or S0 = 0n×n, and as a side implication limits
the sum over individual columns of W0, yielding ‖W0‖1 = o(

√
n), which is used in the rate

analysis of θ̂p(Ŵ ). The following assumption imposes conditions on the measurement error
E in the observed matrix W , required for the large-sample analysis as n→∞.

Assumption 2 (Noise). (i) E is an n×n noise matrix such that Eii = 0 for i = 1, · · · , n.

(ii) E satisfies ‖E‖2 ≤ w2n with probability greater than 1− pn, where pn = o(1).
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(iii) E satisfies ‖E‖max ≤ wmaxn with probability greater than 1− pn, where pn = o(1).

Assumption 2 is mild. It does not require the entries of E to be independent or identically
distributed (a useful feature in spatial and social network contexts), where measurement
errors often exhibit dependence. It also does not require w2n or wmaxn to vanish; these are
sequences that bound the spectral and entrywise norms of E, and may grow with n. Whether
the bounds delivered by Theorems 1–2 are informative depends on joint conditions involving
(w2n, wmaxn, r,ms(S0), n), discussed after each theorem.

The roles of w2n and wmaxn are complementary. The spectral norm bound w2n controls the
aggregate noise level and governs how well the low-rank component L0 can be separated
from E. The entrywise maximum wmaxn controls the largest individual perturbation and
governs the recovery of S0. We illustrate how E looks like in the following examples.

Example 1 (A sample-covariance error matrix). Suppose the error arises from estimating a
covariance matrix: let z1, . . . , zT be independent mean-zero Gaussian vectors in R

n with
covariance Wz, whose eigenvalues are positive and bounded away from 0 and ∞. Let
Ẽ = T−1

∑T
t=1 ztz

⊤
t − Wz be the sampling error. To respect the no-self-loop convention

we take E = Ẽ − diag(Ẽ), so Eii = 0 and Assumption 2(i) holds. Since ‖diag(Ẽ)‖2 =

maxi |Ẽii| = Op(
√

log n/T ) is dominated by ‖Ẽ‖2, removing the diagonal leaves the rates
unchanged. By Theorem 6.5 of Wainwright (2019), taking η =

√
n/T gives ‖E‖2 ≤

C‖Wz‖2{
√

n/T + n/T} =: w2n with probability ≥ 1− c1 exp(−c2n); taking η =
√

log(n)/T

and applying a union bound gives ‖E‖max ≤ C(maxi Wz,ii){
√
log(n)/T+log(n)/T} =: wmaxn

with probability ≥ 1 − 2n−c3 . Thus, Assumption 2 holds with w2n ≍
√
n/T + n/T and

wmaxn ≍
√
log(n)/T + log(n)/T . If n/T → 0, these rates simplify to w2n ≍

√
n/T and

wmaxn ≍
√

log(n)/T , and both vanish, with the spectral bound dominating the entrywise
one — the aggregate noise exceeds the worst individual entry, as is typical in dense networks.
�

Example 2 (Dense Gaussian noise: comparison with Lewbel et al. (2024)). Suppose Eij are
i.i.d. N(0, σ2

n) for i 6= j and Eii = 0, with σn possibly diminishing in n. As in Exam-
ple 1, applying the operator-norm bound of Wainwright (2019) and a union bound over
the entries gives, with probability approaching 1, ‖E‖2 ≤ 4σn

√
n =: w2n and ‖E‖max ≤

8σn

√
log n =: wmaxn. Assumption 2 holds with wmaxn = 8σn

√
log n and wmaxn → 0 when-

ever σn = o(1/
√
log n). By contrast, E|E|1,1 ≍ n2σn. The condition |E|1,1 = op(n) used

by Lewbel et al. (2024) requires σn = o(1/n). For 1/n ≪ σn ≪ 1/
√
n, the spectral-norm

condition w2n → 0 ensures the GMM estimator θ̂GMM(W ) is consistent (cf. Theorem 2 b),
while their |E|1,1 = op(n) condition fails. Our estimator θ̂p(Ŵ ) further sharpens the rate via
dimension discounting. For σn ≥ c > 0, the available bound for the GMM estimator does
not guarantee consistency. More generally, the plug-in estimator is consistent whenever the
dimension-discounted rate condition stated in Theorem 2(a) holds. �
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We next show the properties L̂ and Ŝ corresponding to (6). Define

an :=

{
{mr(L0)mc(L0)}−1/2, L0 6= 0n×n,

0, L0 = 0n×n.

Define the rates

RF (W0, E) = max{r, 1}w2
2n +ms(S0)w

2
maxn +ms(S0)a

2
n,

R2(W0, E) = w2
2n +ms(S0)w

2
maxn +ms(S0)a

2
n,

Rs(W0, E) = (wmaxn + an)
√
ms(S0).

Let
B0 = (In − λ0W0)

−1, ρn = w2n +Rs(W0, E),

sn = Rs(W0, E)
√

ms(S0), κn = 1 + ‖W0‖2 + ρn,

and define the dimension-discounted rate

R∗
nT := (1 + ‖B0‖2)κd+1

n

(r ∨ 1)ρn + sn
n

.

Theorem 1. Suppose Assumptions 1–2 hold. Let the tuning parameters satisfy

νn = Cνw2n, τn = Cτ (wmaxn + an),

for sufficiently large constants Cν , Cτ > 0.

(a) Frobenius bound. The two-step estimator satisfies

‖L̂− L0‖2F + ‖Ŝ − S0‖2F .p RF (W0, E), (9)

|Ŝ − S0|1,1 .p Rs(W0, E)
√

ms(S0) + n{w2n +Rs(W0, E)}. (10)

(b) Sharpened spectral-norm bound. The two-step estimator satisfies

‖L̂− L0‖22 + ‖Ŝ − S0‖22 .p R2(W0, E).

The rates RF , R2, and Rs share a common structure with three error sources: a term in
w2n about low-rank recovery; a term ms(S0)w

2
maxn related to ms(S0) nonzero sparse entries,

and a term involving ‖L0‖max. The factor r in RF is replaced by unity in R2, reflecting
the rank discount of Theorem 9.24 in Wainwright (2019). Both rates parallel Corollary 1 of
Agarwal et al. (2012) and Theorem 9.19 of Wainwright (2019). Note that estimator of L∗

0

and S∗
0 inherits the theoretical properties of the corresponding estimators of L0 and S0. For

instance, since L̂∗ = L̂− diag(L̂), we have ‖L̂∗ − L∗
0‖2 = Op(‖L̂− L0‖2), which implies that

estimation accuracy is preserved under the diagonal adjustment.

The conditions required for first-step and second-step consistency differ in an essential way.
For the L+S decomposition (L̂, Ŝ) to be consistent in operator norm using the bounds in
Assumption 2, i.e., ‖L̂− L0‖2 →p 0 and ‖Ŝ − S0‖2 →p 0, we require

w2
2n → 0, ms(S0)w

2
maxn → 0, ms(S0)a

2
n → 0.
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in keeping with the standard L + S literature. Frobenius consistency, ‖L̂− L0‖F →p 0 and
‖Ŝ − S0‖F →p 0, requires the stronger condition max{r, 1}w2

2n → 0 in place of w2
2n → 0,

while the other two conditions remain unchanged. Consistency of the spillover estimator
θ̂p(Ŵ ), ‖θ̂p(Ŵ )− θ0‖2 →p 0, requires only weaker dimension-discounted conditions, given in
Theorem 2 below.

Next, define Ŵ := L̂ + Ŝ, where (L̂, Ŝ) is the estimator in Theorem 1. We use Ŵ as the
working matrix for estimating the model in (3). We now impose the conditions used to
analyze the spillover-parameter estimators.

Assumption 3 (True parameters). (i) The parameter space Θ = C ×B × Γ is a compact
subset of R× R

K × R
K for some finite dimension K.

(ii) The true value, denoted as θ0 = (λ0, β
⊤
0 , γ

⊤
0 )

⊤, lies in the interior of the parameter
space Θ. Moreover, λ0β0 + γ0 6= 0K×1.

Assumption 4 (Adjacency matrix). W0 is a non-stochastic spatial weight matrix satisfying

(i) The diagonal elements of W0 are 0, such that W0,ii = 0 for all i = 1, . . . , n.

(ii) In,W0,W
2
0 are linearly independent.

(iii) Suppose that J is fixed and that the absolute column sums of W0 are uniformly bounded
in n, except possibly for those of its first J columns. Let W0,u contain the first J columns
of W0 and zeros elsewhere, and let W0,b = W0 −W0,u. When J = 0, set W0,u = 0n×n

and W0,b = W0. Assume that there exist constants c∞, c1 > 0, independent of n, such
that

sup
λ∈C
|λ|‖W0‖∞ ≤ 1− c∞, sup

λ∈C
|λ|‖W0,b‖1 ≤ 1− c1.

Assumption 3 imposes standard conditions on the true parameters. The assumption λ0β0 +

γ0 6= 0K×1 is imposed to guarantee the identification of all the parameters in the model (see,
e.g., Bramoullé et al. (2009)). Assumption 4 (i) requires that the true adjacency matrix W0

have zero diagonal, which rules out self-loops. Regarding Assumption 4 (ii), the matrices In,
W0, and W 2

0 are linearly independent, i.e. there do not exist any nontrivial scalars α0, α1, α2

such that
α0In + α1W0 + α2W

2
0 = 0n×n.

Assumption 4(iii) restricts the number of dominant units to a fixed finite value and imposes
uniform stability. The first stability condition guarantees that In−λW0 is invertible uniformly
over λ ∈ C.

Assumption 5 (Spatial errors). The primitive disturbances εit are independently and iden-
tically distributed across i and t with mean 0, variance σ2

0 > 0 and E |εit|2+δ < ∞ for a
constant δ > 2.

Assumption 6 (Instrumental variables). (i) Define the covariates xt,i = (xti1, . . . , xtiK)
⊤.

Suppose supn,t,i, 1≤l≤K E|xtil|2+δ <∞ for some δ > 2. For each i, {xt,i : t ∈ Z} is strictly
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stationary and strongly mixing over t. The mixing coefficients are uniform in n and i:
there exist constants C <∞ and ρ ∈ (0, 1) such that

sup
n,i

αn,i(h) ≤ Cρh, h ≥ 1.

For each t, the cross-sectional processes {xt,i : i ∈ Z} are independent across i. Depen-
dence between E and xt,i’s is allowed, subject to the conditional moment restrictions
stated in Lemma 10(c) in the Appendix.

(ii) M is a pre-specified adjacency matrix. The instrumental variable matrix Zt(M) has
columns chosen from M ℓXjt for ℓ = 0, . . . , d and j = 1, . . . , K. We require E[εt |
Zt(M)] = 0n×1. Suppose Zt(M) has m linearly independent columns, where m is a
fixed constant satisfying m ≥ 2K + 1.

sup
n,t,i, 1≤l≤m

E|zt,il|2+δ <∞, δ > 2.

(iii) limmin(n,T )→∞(nT )−1
∑T

t=1 E
[
Zt(M)⊤Zt(M)

]
exists and is nonsingular, denoted as ΣZ0Z0 .

(iv) Let Q0t :=
[
W0(In−λ0W0)

−1(Xtβ0+W0Xtγ0), Xt, W0Xt

]
. We assume the m×(2K+1)

matrix limmin(n,T )→∞(nT )−1
∑T

t=1 E
[
Zt(M)⊤Q0t

]
exists, denoted as G0, and is of full

column rank.

Assumption 7 (Moment condition and GMM weight matrix). The GMM weight matrix
Λ̂−1

nT ∈ R
m×m converges in probability to some symmetric positive-definite matrix Λ−1 ∈

R
m×m, whose eigenvalues are bounded away from 0 and ∞.

Assumption 5 and 6 include standard moment assumptions. The independence requirement
across i in Assumption 5 and Assumption 6(i) might be strong in network settings, but it can
be relaxed to weak cross-sectional dependence with all rates in Theorems 2 and 3 unchanged
in order. We maintain independence for expositional simplicity. Assumptions 6 (ii) are
regularity conditions on the instrumental variables. Among other things, the requirement
that E[εt | Zt(M)] = 0n×1 precludes M = W if the measurement error E is endogenous.
Assumptions 6 (iii) and (iv) impose nonsingularity on the variance covariance matrix of the
instrumental variables, and rank conditions of gradient of the moment functions. The full
column rank condition ensures that we only consider linearly independent columns of the
instrument matrix, a common practice in the literature (Lee, 2003). Take M = W0, this
is linked to the rank conditions of W0, the variance covariance structure of Zt(W0) and the
correlation between Xt and Zt(W0). To further understand the implications of the above
assumption, let Zt(W0) be the n×m matrix. Note that (nT )−1

∑T
t=1 Zt(W0)

⊤Zt(W0) is a par-
titioned matrix whose elements have the form (nT )−1

∑T
t=1 X

⊤
t [W

l1
0 ]⊤W l2

0 Xt, for any l1 and l2
between 0 and d. This condition can be implied by λmin(limn,T→∞{nT}−1

∑
t E{Z⊤

t Zt}) > 0,

and λ2K+1(W0W
⊤
0 ) > 0. Then ΣZ0Q0 is of full column rank could be implied by a condi-

tion that λ2K+1(W0W
⊤
0 ) > 0, limT→∞ T−1

∑
t[Xt,W0Xt, · · · ,W d

0Xt] has column rank greater
than or equal to 2K + 1, and all eigenvalues of In − λ0W0 are bounded away from 0 and
∞. Assumption 7 is a standard assumption imposed on the GMM weight matrix. Because
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M is fixed and time invariant, Zt(M) is a measurable function of Xt. Therefore, {Zt(M)}
inherits the strong-mixing property, with αZ(M),n(h) ≤ αX,n(h).

Before establishing the consistency of our spillover-parameter estimator, we first examine
the bias introduced by E when using the classical GMM estimator. We provide an intuitive
argument illustrating how the measurement error matrix E biases the moment functions and
the importance of its removal, particularly when the instrument matrix Zt(M) also depends
on W , as in standard spatial regression. For simplicity here, assume no contextual effects
are present.When Zt(M) consists of exogenous instruments satisfying E[Zt(M)⊤εt] = 0m×1,
the moment function is given by

ḡnT (θ,W,M) =
1

nT

T∑

t=1

Zt(M)⊤(Yt − λWYt −Xtβ).

Substituting W = W0 + E,

ḡnT (θ,W,M) =
1

nT

T∑

t=1

Zt(M)⊤(Yt − λW0Yt −Xtβ)−
λ

nT

T∑

t=1

Zt(M)⊤EYt.

Thus, if E is independent of (Zt(M), Yt) and has mean zero, then

E
[
Zt(M)⊤EYt

]
= 0m×1,

and hence
E[ḡnT (θ0,W,M)] = 0m×1.

However, when Zt(M) is a plug-in version of the instrument with M = W , i.e.,

Zt(W ) = [Xt,WXt] = [Xt, (W0 + E)Xt],

the moment function becomes

ḡnT (θ,W ) =
1

nT

T∑

t=1

[Xt, (W0 + E)Xt]
⊤[(Yt − λW0Yt −Xtβ)− λEYt

]
.

Expanding the moment function ḡnT (θ,W ) with the instrument matrix [Xt, (W0+E)Xt], we
get:
[

1

nT

T∑

t=1

(−λX⊤
t EYt)

⊤,
1

nT

T∑

t=1

[X⊤
t E

⊤(Yt − λW0Yt −Xtβ)− λX⊤
t W

⊤
0 EYt − λX⊤

t E
⊤EYt]

⊤

]⊤
.

Even if Eij’s are i.i.d. mean zero, with bounded second moment and independent of (Xt, εt),
there will be moment condition misspecification. Specifically,

E[ḡnT (θ0,W )] 6= 0m×1,

since the expectation of the last term yields: n−1
E[X⊤

t E
⊤EYt] = n−1

E
[
X⊤

t E[E
⊤E] (I −

λ0W0)
−1Xtβ0

]
6= 0K×1, which might be non-negligible under our assumptions. Recall that

θ̂GMM denotes the efficient two-step GMM estimator based on a given adjacency matrix W ,
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obtained in closed form in (5). From the preceding results, it follows that θ̂GMM is likely to
be inconsistent. We now analyze the convergence rate of θ̂p(Ŵ ).

Since W0 is not directly available for constructing instruments, one approach is to use Zt(Ŵ )

as plug-in instruments, where Ŵ is obtained from Algorithms 1 and satisfies Theorem 1.
When W0 is correctly observed, the minimizer θ̂p(W0) satisfies the standard panel-data esti-
mator convergence rate:

‖θ̂p(W0)− θ0‖2 = Op(1/
√
nT ).

However, when W0 is replaced by a denoised estimate Ŵ , the associated minimizer θ̂p(Ŵ )

depends on the deviation Ŵ −W0. The corresponding convergence properties are detailed
in the following results.

Theorem 2 (Performance of the plug-in estimator). Recall the definitions of B0, ρn, sn, κn,

and R∗
nT given above. Consider the model described in (3). Suppose Assumptions 1–7 hold.

(a) The plug-in estimator. If R∗
nT = o(1), then

‖θ̂p(Ŵ )− θ0‖2 = Op(R∗
nT ) +Op

(
1√
nT

)
.

(b)The GMM estimator. Using the noisy matrix W = W0 + E directly,

‖θ̂GMM − θ0‖2 = Op(w2n + w2
2n) +Op

(
1√
nT

)
. (11)

(c) Asymptotic normality. If

√
nT R∗

nT = o(1),

then √
nT
(
θ̂p(Ŵ )− θ0

) d−→ N (0,ΣGMM).

where

ΣGMM =
(
G⊤

0 Λ
−1G0

)−1
G⊤

0 Λ
−1Ω0Λ

−1G0

(
G⊤

0 Λ
−1G0

)−1
,

and

Ω0 =
1

n
E(Zt(W0)

⊤εtε
⊤
t Zt(W0)).

Under the assumptions of Theorem 2(a), the plug-in estimator θ̂p(Ŵ ) is consistent provided
that

R∗
nT = o(1).

The factor 1/n discounts the noise contribution by the network size, so consistency holds even
when w2n and wmaxn do not vanish individually, for example, when r and ms(S0) remain
bounded and w2n is of constant order. By contrast, the available bound for the GMM
estimator based on the noisy matrix does not guarantee consistency when w2n is bounded
away from zero; the moment-misspecification example above shows that inconsistency can
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occur in this case. The noise-induced component of the plug-in estimator’s rate is strictly
smaller whenever

R∗
nT = o(w2n + w2

2n).

The improvement reflects how the L + S decomposition enters the analysis. Denote ∆L :=

L̂ − L0 and ∆S := Ŝ − S0 as the recovery errors from Theorem 1. The recovery error
Ŵ −W0 = ∆L + ∆S affects the spillover estimator only through bilinear forms (averages
over the network) with the instruments and residual design, and these averages discount
the error according to its structure. The low-rank error enters through its nuclear norm,
controlled by

√
r ‖∆L‖F , contributing O(r) effective directions rather than all n; the sparse

error enters through |∆S|1,1, controlled by its ms(S0) nonzero entries rather than all n2.
The measurement error can therefore be large in aggregate while the spillover estimator still
converges.

Example 2 constructs regimes in which |E|1,1/n does not vanish, while the dimension-
discounted condition R∗

nT = o(1) may still hold. This condition is sharp for sparse mea-
surement error such as link misclassification in 0–1 networks, but fails in the dense case
that motivates our analysis: Example 2 constructs the case in which |E|1,1 is of order n2

yet the plug-in estimator remains consistent. The two analyses cover disjoint measurement-
error regimes: sparse errors with Lewbel et al. (2024), dense errors with structured latent
adjacency in our framework. When L0 = 0n×n, the rate specializes to Op(ms(S0)wmaxn/n)

(Corollary 1).

The following corollary specializes Theorem 2 to the pure-sparse case L0 = 0n×n. Within
Assumption 1, only part (ii) on S0 is needed, and the coherence terms drop out. The rate is
driven entirely by the sparse recovery error n−1|Ŝ − S0|1,1, the same ℓ1-type quantity as the
|E|1,1/n condition of Lewbel et al. (2024), but applied to the recovery error after denoising
rather than to the raw measurement error.

Corollary 1. Suppose L0 = 0n×n and let Ŝ denote the pure-sparse estimator obtained by

fixing L̂ = 0n×n. Suppose Assumption 1(ii), Assumption 2(i),(iii), and Assumptions 3–7

hold. Assume additionally that

‖S0‖1 = O(1), ‖E‖∞ = Op(1),

and

max
1≤j≤K

1

T

T∑

t=1

‖Xjt‖2max = Op(1),
1

T

T∑

t=1

‖εt‖2max = Op(1).

Then

‖θ̂p(Ŝ)− θ0‖2 = Op

(
|Ŝ − S0|1,1

n

)
+Op

(
1√
nT

)

= Op

(
ms(S0)wmaxn

n

)
+Op

(
1√
nT

)
.
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The rate in Corollary 1 follows from Lemma 10(b): the sparse recovery error enters the
spillover estimator only through n−1|Ŝ − S0|1,1. In the pure-sparse case, the sparse-recovery
argument used in the proof of Theorem 1 gives

1

n
|Ŝ − S0|1,1 = Op

(
ms(S0)wmaxn

n

)
.

Although Corollary 1 covers the pure-sparse case, the gain from our general analysis is most
pronounced when the low-rank component L0 is genuinely present and r and ms(S0) remain
controlled relative to n.

Remark 1 (Asymptotic collinearity). It should be noted that variation in peer connections
plays an important role in identification and estimation as noted, for example, in Manski
(1993) (p.535) and de Paula (2017). In a single, dense and large network, the leading
eigenvector of a row-normalized and positive adjacency matrix may become (asymptotically)
proportional to a vector of ones. In this case, peer averages become increasingly similar
across individuals, complicating identification and estimation of spillover effects. A recent
formulation of this issue in the context of peer effects is provided by Hayes and Levin (2024),
who show that this collinearity arises when W0 is row-normalized, positive, and exhibits
unbounded minimum degrees. Our setting differs in two respects. For a nonnegative row-
normalized matrix, W01n = 1n holds exactly. When nodal covariates are independent of the
network and the minimum degree diverges, peer averages may concentrate around a common
value, producing asymptotic collinearity; see Hayes and Levin (2024). Our assumptions do
not generally impose row normalization or diverging minimum degree, so this conclusion does
not follow automatically in our setting. The presence of a sparse component S0 does not by
itself eliminate this possibility. Without row normalization, 1n need not be an eigenvector
of W0, and the argument requires separate verification. �

As mentioned previously, we emphasize that our results are also suitable for the case when
E is endogenous with respect to εt. As an example, in social networks this can arise
when misclassification errors are not generated at random, instead being correlated with
unobservables driving the network formation process, such as the framework considered by
Candelaria and Ura (2023). To see this, we provide a rate analysis to compare the rate when
E is endogenous or not of both our estimator and the GMM estimator. For simplicity, we
adopt the following assumption on the relationship between these two sources of error, see
similar assumptions as in (Lee and Yu, 2014):

Assumption 8 (Endogenous measurement error). Suppose Model (3) holds and W0 is sym-
metric and positive semidefinite. For each i, let

εi = (εi1, . . . , εiT )
⊤ ∈ R

T ,

and let
Ei,−i = (Eij : j 6= i)⊤ ∈ R

n−1

collect the off-diagonal elements of the ith row of E, with Eii = 0.
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Suppose that the vectors (ε⊤i , E
⊤
i,−i)

⊤ are independent across i and jointly Gaussian:
(

εi
Ei,−i

)
∼ N (0, ΣεE) ,

where

ΣεE =

[
σ2
0IT σ0σEn

−sρεE
σ0σEn

−sρ⊤εE σ2
En

−2sΣE

]
, s >

1

2
.

Here, ρεE ∈ R
T×(n−1) governs the dependence between the outcome disturbances and the

measurement error, and ΣE ∈ R
(n−1)×(n−1) is a correlation matrix. Assume that there exist

constants cE, CE, Cρ > 0, independent of n and T , such that

cE ≤ λmin(ΣE) ≤ λmax(ΣE) ≤ CE, ‖ρεE‖2 ≤ Cρ,

and that ΣεE is positive semidefinite.

Assumption 8 is imposed together with Assumptions 2 and 5. Thus, the disturbances re-
main marginally i.i.d. across i and t, while dependence between E and εt is allowed. The
Gaussian specification is imposed solely to illustrate the rate in the presence of endogenous
measurement error.

Denote θ̂GMM(W,M) and θ̂p(Ŵ ,M) the GMM and plug-in estimator with instrument Zt(M).
In comparison to the exogenous measurement error case, the bias of θ̂GMM(W,M) = θ̂p(W,M)

could be larger than our proposed estimators. It is because the deviation between sample
moments ḡnT (θ,W,M) and ḡnT (θ,W0,M) might be more severe. This is reflected in our
simulation exercises, see Section 5. For simplicity, we shall illustrate without the contextual-
effects regressor W0Xt (i.e., setting γ0 = 0K), so the regressors are [W0Yt, Xt]. Define
G(M) = −n−1

E[Z⊤
t (M)[W0Yt, Xt]]. To explain this, take M as exogenous; the leading term

for the moment estimator θ̂p(Ŵ ,M)−θ0 is−(G⊤(M)Λ−1G(M))−1G⊤(M)Λ−1ḡnT (θ0,W0,M),
according to Theorem 2. We shall suppress the dependence of M on W0 and E. The following
proposition characterizes a rate bound for both the GMM estimator and our estimator.

Recall that ḡnT (θ,W,M) = 1
nT

∑T
t=1 Zt(M)⊤ (Yt − λWYt −Xtβ −WXtγ).

Proposition 1 (Endogenous error bias). Suppose that M is fixed or exogenous and that

the conditional-moment conditions in Lemma 10(c) hold. Under Assumptions 1–8, with

‖B0‖2(1 + ‖W0‖2) = O(1) and R∗
nT = o(1), we have

‖θ̂p(Ŵ ,M)− θ0‖2 .p R∗
nT +

1√
nT

, (12)

‖θ̂GMM(W,M)− θ0‖2 .p n
1/2−s‖ρεE‖2 + w2n +

1√
nT

. (13)

Three features of this comparison are worth highlighting.

First, the endogeneity bias n1/2−s‖ρεE‖2 appears only in the GMM rate (13). It originates
from a bilinear form that is quadratic in E: the correlation between E and εt contributes a
non-vanishing mean to Z⊤

t EB0εt, whose magnitude is governed by ρεE. In the plug-in case,



27

the analogous bilinear form involves (∆L +∆S)B0εt. Its low-rank component is controlled
by

‖∆L‖∗ = Op((r ∨ 1)(w2n +Rs)) ,

whereas its off-diagonal sparse component is controlled by

|∆S|1 = Op

(
Rs

√
ms(S0)

)
.

Under the conditional-moment conditions, the plug-in bound therefore contains no additional
explicit term involving ρεE. Second, even in the absence of endogeneity (ρεE = 0), the
denoised rate improves upon the GMM rate: the noise-level term w2n in (13) is replaced by
the rate R∗

nT in (12), which is strictly smaller whenever R∗
nT = o(w2n).Third, the denoised

rate attenuates the dependence on the noise magnitude w2n rather than eliminating it: w2n

enters through the L+S coupling ‖∆L‖2 = Op(w2n+Rs), but its effect is multiplied by the
factor r/n rather than by 1. As a result, the rate scales not with the raw noise level w2n but
with the ratio of the structural complexity (r, ms(S0)) to the sample size n. This reflects the
benefit of our approach. Finally, we consider the rate of the supervised estimator as defined
in Equation (8). Denote Ŵs = L̂s + Ŝs.

Theorem 3 (Performance of the supervised estimator). Suppose Assumptions 1–7 hold.

Let M be fixed, exogenous, or σ(E)-measurable and satisfy the stated instrument and design

conditions. Let θ̂s denote the supervised estimator defined in (8).

νnT = Cνw2n, τnT = Cτ (wmaxn + an),

for sufficiently large constants Cν , Cτ > 0.

Suppose

R∗
nT = o(1) and ξnT = O(1).

Then

‖θ̂s − θ0‖2 = Op

(
1√
nT

+R∗
nT

)
. (14)

If, in addition, √
nT R∗

nT = o(1) and ξnT = o(1),

then √
nT (θ̂s − θ0)

d−→ N (0,ΣGMM).

The supervised estimator achieves the same rate as the plug-in estimator in Theorem 2 and
it is strictly smaller than that of the noisy-W GMM estimator whenever R∗

nT = o(w2n+w2
2n).

The rate still depends on w2n, but only through the dimension-discounted recovery rate R∗
nT .

It is worth noting that the rate in (14) depends on the parameters (r,ms(S0), n, T ) and on
the spectral characteristics of the underlying network (‖B0‖2, ‖W0‖2), rather than directly
on the noise level w2n compared to the rate of the GMM estimator. The condition on ξnT
ensures that the generated error from the first-iteration estimator θ̂[1] does not inflate either
the sparse recovery in Step b) or the low-rank recovery in Step c) beyond the unsupervised
noise level, so that the supervised decomposition matches the plug-in decomposition rates.
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The following corollary specializes Theorem 3 to the pure-sparse case L0 = 0n×n, paralleling
Corollary 1: only Assumption 1(ii) on S0 is needed, the coherence terms drop out, and the
rate is driven entirely by the sparse recovery error n−1|Ŝs−S0|1,1, making the connection to
the misclassification framework of Lewbel et al. (2024) explicit.

Corollary 2. Suppose L0 = 0n×n and consider the pure-sparse supervised estimator obtained

by imposing L = 0n×n, so that Ŵs = Ŝs. Suppose Assumption 1(ii), Assumption 2(i),(iii),

and Assumptions 3–7 hold. Assume, in addition, that

‖W0‖1 = O(1), ‖E‖∞ = Op(1), ξnT = O(1),

and

max
1≤j≤K

1

T

T∑

t=1

‖Xjt‖2max = Op(1),
1

T

T∑

t=1

‖εt‖2max = Op(1).

Then

‖θ̂s − θ0‖2 = Op

(
1

n
|Ŝs − S0|1,1

)
+Op

(
1√
nT

)
. (15)

Moreover, Lemma 10(b), together with the sparse-recovery bound for Ŝs, gives

‖θ̂s − θ0‖2 = Op

(
ms(S0)wmaxn

n

)
+Op

(
1√
nT

)
. (16)

The theoretical performance of the supervised estimator is similar to that of the plug-in
estimator, as confirmed by the simulation and application results in Sections 5 and 6. We
shall also note that both Theorems 2 and 3 do not require E to be exogenous, as long as
Zt(M) does not directly involve W . Furthermore, both theorems yield rates in which the
noise level w2n enters only after dimension-discounting by the factor r/n (rather than at
the raw spectral rate w2n delivered by the noisy-W baseline), reflecting the fundamental
advantage of the L+ S decomposition combined with the within transformation.

5. Simulations

In this section, we present simulation exercises to evaluate the performance of our proposed
estimators. We first introduce four data-generating processes (DGPs) for the network ad-
jacency matrix W0. We then describe how it is contaminated with noise, and discuss the
Monte Carlo simulation results.

5.1. Generating W0. The diagonal elements of W0 are assumed to be 0. Hence we set all
diagonal elements of E to be 0 and do not penalize S0 on its diagonal. The other entries of
E are generated as explained in Section 5.2.

i) DGP 1(Low rank) In this setup, L0 is generated by a pure low-rank matrix with
r = 2,

L0 = UDV ⊤, U, V ∈ R
n×r , and U⊤U = Ir, V ⊤V = Ir, (17)
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where D is the r × r diagonal matrix D = diag{0.80, 0.81, . . . , 0.8r−1}, and U and V

—the left and right singular vectors of L0, respectively— are the first r columns of
two random n×n orthonormal matrices generated according to standard algorithms
(Stewart, 1980; Mezzadri, 2007). We then set W0 = L∗

0, where L∗
0 has zero diagonal

elements and its off-diagonal elements are the same as L0.

ii) DGP 2 (Low rank+ sparse) Our second DGP still uses the same L0 as in DGP 1,
but adds a sparse n× n component S0, where we randomly pick mr = 2 elements in
each row and draw their values from a Uniform(0.5, 1) distribution. Note that W0

could be written as
W0 = L∗

0 + S∗
0 , (18)

where L∗
0 is defined as in DGP 1 using U , V and D generated as in (17), and S∗

0 has
zero diagonal elements and its off-diagonal elements are the same as S0.

iii) DGP 3 (Dominant units) Our third DGP generates W0 as a network with dominant
units as presented in Subsection 2.3.4. Suppose the number of dominant units is
J = 2. The first J units are dominant players in the network, whereas the remaining
n− J units are ordinary players. We could partition W0 as

W0 =

[
W11 W12

W21 W22

]
. (19)

Let WD = [W⊤
11,W

⊤
21]

⊤ be the n × J dominant block of the adjacency matrix cor-
responding to the dominant units, and WR = [W⊤

12,W
⊤
22]

⊤, the right block of the
adjacency matrix corresponding to ordinary units.

For each column of WD, the first ⌊n0.9⌋ entries, except the diagonal elements, are
drawn independently from a Uniform(0, 1) distribution, and the remaining entries
are set equal to 0. For WR, we induce sparsity by imposing that each individual is
connected with equal weights to the immediate predecessor and successor. Note that
W0 could be viewed as a purely sparse matrix S∗

0 as each of its row has at most 2+J

nonzero elements, and we treat L∗
0 as a zero matrix.

iv) DGP 4 (Group) Our fourth DGP divides the individuals into two groups. The first
n/4 members form group 1, the remaining 3n/4 form group 2, and only members
within the same group have connections. For each group, the connection strength
between any two different individuals i and j within the same group is defined
by dgug,iug,j/

∑
i u

2
g,i, where d1,1 = 1 and d2,2 = 0.9, ug,i’s are latent individual-

specific characteristic generated independently from standard normal random vari-
ables. Note that DGP 4 admits the low-rank form such that L0 = UDU⊤, where
U = [U1, U2], D is a 2 × 2 diagonal matrix with d1,1 = 1 and d2,2 = 0.9, U1 =

[u1,1, · · · , u1,n/4, 0, · · · , 0]/
√∑

i u
2
1,i and U2 = [0, · · · , 0, u2,1, · · · , u2,3n/4]/

√∑
i u

2
2,i,

and W0 = L∗
0, where L∗

0 has zero diagonal entries and its off diagonal elements
are the same as L0.
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5.2. Monte Carlo setup. For our simulation exercises, we set λ0 = 0.25, β0 = (−1, 2).
We generate two covariates for Xt independently from a N(0, 1) and a N(5, 2), respectively.
We set sample sizes n ∈ {40, 80, 120} and time dimensions T ∈ {1, 5, 15, 50}, considering
specific combinations of panel sizes due to computational constraints. We take as given a
true network W0 generated using one of the DGPs introduced in the previous subsection,
and keep it constant across 100 Monte Carlo simulations.

Our exercises additionally consider the possibility that measurement errors are endogenous.
That is, we allow for correlated disturbances between the outcome equation (εt) and the
errors that contaminate the adjacency matrix (E), as outlined in our Assumption 8. Let
σE and σε be two positive constants. Specifically, for i, j = 1, · · · , n, we generate Eij ∼
i.i.d. N(0, σ2

E) for i 6= j, and set Eii = 0. We generate εt such that its ith component εit
satisfies εit = ρσε

∑n
j=1 Eij/

√
n+ vit, and vit are i.i.d. N(0, (1− ρ2)σ2

ε) that are independent
of Eij. Note that εt|E is normally distributed and we could simply obtain its conditional
mean and variance. We define Vec(E) as the vector obtained by stacking the off-diagonal
elements of E.(

εt
Vec(E)

)
∼ N

(
0n2 ,

[
σ2
ε · In ΣεE

Σ⊤
εE σ2

E · In2−n

])
, t = 1, . . . , T.

where ΣεE is the n× (n2 − n) matrix that captures the correlation between εit and Vec(E)

stacks all Eij for i 6= j into a long vector. Note that it is implied from the previous sections
that cov(εit, Eij) = ρσ2

Eσε/
√
n for i 6= j and cov(εit, Ekj) = 0 if k 6= i. In the simulation, we

set σε = 0.15, σE = 0.3/n0.7 and ρ = 0 or 0.7. By setting ρ = 0, we recover the exogenous
measurement error case from Assumption 2.

Given values for the adjacency W0, covariates Xt, parameters θ0, and disturbances εt, we
use the reduced-form representation of model (3) to generate our outcome Yt at every time
period:

Yt = (In − λ0W0)
−1(Xtβ0 + εt), t = 1, . . . , T . (20)

Throughout the simulation we set W = W0 + E, which is the observed noisy version of
the adjacency matrix, to construct estimates of parameters θ0. Once the adjacency matrix
is generated, we use it to construct a robust scale proxy of the errors and set the tuning
parameters for estimation as below. We fix ξnT = 1 and denote Int(W ) as the interquartile
range of Wij. Then we choose the sparse penalty as τn = τnT = 2Int(W ) log(n) and νn =

νnT = Int(W )
√
n.

5.3. Simulation results. Tables 1 - 3 present the simulation results using the setting out-
lined in the previous subsections. We highlight several key takeaways in this setup. First,
Tables 1 reports relative root mean squared errors (RMSE) for estimates of the spillover
scalar parameter λ0, where the benchmark is the standard GMM estimator. Observe that
both our plug-in and supervised estimators achieve lower RMSEs than the GMM benchmark
uniformly across all DGPs and sample sizes. Moreover, the GMM estimates tend to perform
worse in the endogenous case and hence there is more improvement in the endogenous case.
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Table 1. Relative RMSE for estimators of λ0

Exogenous Plug-in Supervised Plug-in Supervised Plug-in Supervised Plug-in Supervised

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.499 0.409 0.262 0.258 0.251 0.245 0.239 0.235
n=80 0.279 0.279 0.203 0.203 0.200 0.196 0.197 0.188
n=120 0.361 0.353 0.146 0.140 0.131 0.124 0.120 0.135

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.444 0.438 0.285 0.280 0.231 0.221 0.211 0.207
n=80 0.360 0.359 0.237 0.235 0.201 0.198 0.181 0.181
n=120 0.297 0.296 0.146 0.145 0.101 0.102 0.071 0.071

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.449 0.450 0.328 0.331 0.248 0.252 0.260 0.282
n=80 0.341 0.341 0.218 0.218 0.158 0.160 0.125 0.131
n=120 0.285 0.285 0.185 0.186 0.164 0.166 0.128 0.133

Group T = 1 T = 5 T = 15 T = 50

n=40 0.364 0.356 0.243 0.228 0.214 0.200 0.207 0.204
n=80 0.239 0.230 0.154 0.155 0.140 0.137 0.135 0.145
n=120 0.206 0.205 0.148 0.147 0.130 0.126 0.132 0.122

Endogenous Plug-in Supervised Plug-in Supervised Plug-in Supervised Plug-in Supervised

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.376 0.317 0.261 0.260 0.256 0.261 0.249 0.260
n=80 0.223 0.224 0.207 0.206 0.207 0.201 0.204 0.196
n=120 0.276 0.269 0.135 0.124 0.128 0.120 0.123 0.145

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.371 0.364 0.274 0.266 0.242 0.235 0.235 0.234
n=80 0.327 0.325 0.218 0.214 0.190 0.190 0.181 0.183
n=120 0.238 0.238 0.136 0.135 0.105 0.105 0.092 0.093

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.383 0.384 0.314 0.318 0.290 0.299 0.280 0.305
n=80 0.274 0.274 0.203 0.204 0.167 0.169 0.162 0.171
n=120 0.211 0.211 0.144 0.144 0.119 0.120 0.114 0.119

Group T = 1 T = 5 T = 15 T = 50

n=40 0.311 0.305 0.237 0.218 0.219 0.202 0.217 0.224
n=80 0.183 0.183 0.152 0.153 0.144 0.141 0.142 0.152
n=120 0.174 0.172 0.140 0.141 0.135 0.132 0.136 0.135

Denote λ̂W and λ̂p as the baseline estimate and the plugin estimate calculated using equation (7) with
weight matrices W = W0 + E and Ŵ respectively. The supervised estimate is obtained by equation (8)
with M = Ŵ to construct the instruments. All entries represent RMSE values normalized by the RMSE of
the baseline λ̂W . The endogenous measurement error is simulated with a correlation structure parameter
ρ = 0.7 as described in (20). The listed four DGPs correspond to those introduced in Subsection 5.1.
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Table 2. Relative recovery accuracy of Ŵ

Exogenous Ŵ Supervised Ŵ Ŵ Supervised Ŵ Ŵ Supervised Ŵ Supervised Ŵ

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.320 0.320 0.320 0.321 0.320 0.323 0.320 0.328
n=80 0.226 0.226 0.226 0.227 0.226 0.227 0.226 0.228
n=120 0.185 0.185 0.185 0.186 0.185 0.186 0.185 0.188

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.392 0.391 0.392 0.391 0.392 0.391 0.392 0.392
n=80 0.275 0.274 0.275 0.274 0.275 0.274 0.275 0.274
n=120 0.225 0.225 0.225 0.225 0.225 0.225 0.225 0.225

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.556 0.556 0.556 0.556 0.556 0.556 0.556 0.556
n=80 0.489 0.489 0.489 0.489 0.489 0.489 0.489 0.489
n=120 0.333 0.333 0.333 0.333 0.333 0.333 0.333 0.333

Group T = 1 T = 5 T = 15 T = 50

n=40 0.340 0.362 0.340 0.363 0.340 0.364 0.340 0.365
n=80 0.224 0.224 0.224 0.225 0.224 0.226 0.224 0.227
n=120 0.185 0.187 0.185 0.187 0.185 0.187 0.185 0.188

Endogenous Ŵ Supervised Ŵ Ŵ Supervised Ŵ Ŵ Supervised Ŵ Supervised Ŵ

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.320 0.320 0.320 0.323 0.320 0.328 0.320 0.346
n=80 0.226 0.226 0.226 0.227 0.226 0.228 0.226 0.232
n=120 0.185 0.186 0.185 0.186 0.185 0.188 0.185 0.194

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.392 0.391 0.392 0.391 0.392 0.391 0.392 0.392
n=80 0.275 0.274 0.275 0.274 0.275 0.274 0.275 0.274
n=120 0.225 0.225 0.225 0.225 0.225 0.225 0.225 0.225

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.556 0.556 0.556 0.556 0.556 0.556 0.556 0.556
n=80 0.489 0.489 0.489 0.489 0.489 0.489 0.489 0.489
n=120 0.333 0.333 0.333 0.333 0.333 0.333 0.333 0.333

Group T = 1 T = 5 T = 15 T = 50

n=40 0.340 0.362 0.340 0.365 0.340 0.367 0.340 0.374
n=80 0.224 0.225 0.224 0.226 0.224 0.228 0.224 0.233
n=120 0.185 0.187 0.185 0.187 0.185 0.188 0.185 0.190

The relative recovery accuracy is defined as ‖Ŵ −W0‖F /‖W −W0‖F , with baseline weight matrix W =
W0 + E. Endogenous measurement error is simulated with a correlation parameter ρ = 0.7, as specified

in (20). The listed four DGPs correspond to those introduced in Subsection 5.1.
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Table 3. Relative recovery accuracy of (In − λ̂Ŵ Ŵ )−1

Exogenous Plug-in Supervised Plug-in Supervised Plug-in Supervised Plug-in Supervised

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.541 0.478 0.420 0.418 0.415 0.411 0.414 0.407
n=80 0.315 0.315 0.297 0.296 0.296 0.294 0.296 0.292
n=120 0.447 0.440 0.288 0.281 0.277 0.269 0.271 0.277

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.417 0.416 0.398 0.397 0.394 0.392 0.392 0.390
n=80 0.295 0.294 0.278 0.278 0.274 0.274 0.273 0.272
n=120 0.243 0.243 0.227 0.226 0.223 0.223 0.222 0.222

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.545 0.545 0.543 0.543 0.542 0.542 0.542 0.542
n=80 0.507 0.507 0.504 0.505 0.505 0.505 0.504 0.505
n=120 0.332 0.332 0.324 0.324 0.324 0.324 0.324 0.323

Group T = 1 T = 5 T = 15 T = 50

n=40 0.539 0.556 0.475 0.486 0.468 0.480 0.469 0.480
n=80 0.387 0.383 0.332 0.332 0.328 0.325 0.328 0.326
n=120 0.329 0.331 0.300 0.304 0.295 0.297 0.296 0.295

Endogenous Plug-in Supervised Plug-in Supervised Plug-in Supervised Plug-in Supervised

L (Low-rank) T = 1 T = 5 T = 15 T = 50

n=40 0.474 0.421 0.409 0.408 0.406 0.407 0.405 0.404
n=80 0.324 0.324 0.325 0.324 0.328 0.323 0.328 0.320
n=120 0.340 0.334 0.224 0.215 0.217 0.210 0.213 0.230

L+Sparse T = 1 T = 5 T = 15 T = 50

n=40 0.409 0.407 0.393 0.391 0.388 0.386 0.387 0.385
n=80 0.297 0.296 0.276 0.275 0.273 0.272 0.272 0.271
n=120 0.241 0.241 0.223 0.223 0.219 0.219 0.218 0.218

Dominant T = 1 T = 5 T = 15 T = 50

n=40 0.533 0.532 0.535 0.535 0.535 0.535 0.536 0.537
n=80 0.492 0.492 0.494 0.494 0.496 0.496 0.496 0.496
n=120 0.320 0.320 0.321 0.321 0.321 0.321 0.321 0.321

Group T = 1 T = 5 T = 15 T = 50

n=40 0.492 0.507 0.442 0.442 0.440 0.441 0.444 0.450
n=80 0.327 0.331 0.301 0.301 0.298 0.293 0.297 0.295
n=120 0.315 0.317 0.297 0.301 0.295 0.295 0.296 0.294

The recovery accuracy of the Leontief inverse is defined as ‖[In − λ̂pŴ ]−1 − (In − λ0W0)
−1‖F and ‖[In −

λ̂s(L̂s + Ŝs)]
−1 − (In − λ0W0)

−1‖F for the plug-in and supervised estimates solved from equations (7)
and (8) respectively. Both are then normalized by the baseline ‖(In − λ̂WW )−1 − (In − λ0W0)

−1‖F
with W = W0 + E to obatin the relative recovery accuracy. Endogenous measurement error is simulated
with a correlation parameter ρ = 0.7, as specified in (20). The DGPs correspond to those introduced in

Subsection 5.1.
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Our proposed methods perform better than GMM by approximately 50–80% for small n
and T . Our methods achieve at least a 75% improvement in RMSE for n = 120, T = 50.
The relative performance of our methods generally improves as the number of nodes in the
network n and the number of time periods T increase. This behavior is as predicted by the
theory in the cases where the adjacency matrix is assumed to be constant across time.

In terms of the recovery performance of the denoised adjacency matrix, as evidenced in Table
2, the plug-in method and the supervised method perform similarly. Moreover, there is little
difference between the exogenous and endogenous cases because we use the same observed
adjacency matrix.

Finally, we explore how our methods perform in recovering not just the scalar spillover
effect λ0, but the full diffusion multiplier matrix given by (In − λ0W0)

−1. This quantity is
highly important as a policy tool, as it summarizes the cumulative spillover effects of a given
economic shock. As shown in Table 3, by providing reliable estimates for both λ0 and W0,
our proposed methods achieve better performance in terms of Frobenius norm across DGPs
and sample sizes. Although the estimates of W0 might be similar in both the exogenous
and the endogenous cases, our method could obtain more reliable estimates of λ0 as well as
better recovery accuracy in the endogenous case.

6. Empirical Applications

This section illustrates the use of our estimators for social/spatial interactions. We consider
two examples, applying our methods and examining the spillover effects. In each example,
we first construct a raw spatial weight matrix and then apply Algorithms 1 and 2 described
in the Appendix to obtain our estimates. To select the penalties, we use the interquartile
range (IQR) of the raw weight-matrix entries as a robust scale estimate, denoted by σ̂. The
sparse and low-rank penalties are parameterized as CSσ̂ log(n) and CLσ̂

√
n, respectively,

with the constants chosen by the Bayesian Information Criterion (BIC). We estimate the
spillover coefficient λ̂ and refer the column sum of the Leontief inverse (In − λ̂Ŵ )−1 as the
total network influence.

6.1. Example 1. In our first example, we examine an application to annual Gross Domestic
Product (GDP) growth as our outcome of interest. Following Mankiw et al. (1992), the
explanatory variables include the annual growth rate of the working-age population defined
as individuals aged 15 to 64, denoted as X1, and the log investment share, X2, which serves
as a proxy for the saving rate. We also include individual and time fixed effects in our
specifications. The dataset is downloaded from the World Development Indicators (WDI)
and covers a balanced panel of 23 economies from 1970 to 2023.8

8These economies are: Australia (AU), Canada (CA), Mainland China (CN), Denmark (DK), Finland (FI),
France (FR), Germany (DE), Hong Kong SAR China (HK), Indonesia (ID), Ireland (IE), Italy (IT), Japan
(JP), Korea (KR), Malaysia (MY), Mexico (MX), Netherlands (NL), New Zealand (NZ), Singapore (SG),
Spain (ES), Sweden (SE), Thailand (TH), United Kingdom (GB), and United States (US).
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Economic activity is well known to exhibit substantial spatial dependence (see, e.g., Krugman,
1991). Neighboring economies tend to trade more, share regional demand and supply shocks,
and compete for mobile factors of production. For this reason, we use a geographic-proximity
weight matrix as a natural and predetermined benchmark to study spillovers. The raw spatial
weight matrix is constructed as the row-normalized inverse squared distance matrix based on
Haversine distances and denoted by W2.9 Note that row-normalization on the weight matrix
is standard in the spatial econometrics literature, as it facilitates a clear interpretation of the
spatial autoregressive coefficient as the strength of the average influence. All off-diagonal
entries of W2 are strictly positive, which contrasts sharply with the sparsity assumptions
sometimes invoked in the literature. This dense structure makes W2 a natural candidate for
our estimating approach, since many of the small off-diagonal weights likely reflect weak,
noise-contaminated links rather than economically meaningful connections.

We estimate Model (3) with two-way fixed effects under two scenarios. Panel A includes only
X1 and X2 as covariates. We assume that those variables are contemporaneously exogenous
and use the spatial lags WX1 and WX2 as instruments. Panel B includes both the original
covariates and the contextual variables WX1 and WX2 as regressors, using the second-order
spatial lags W 2X1 and W 2X2 as instruments. Table 4 reports the deviations of the estimated
weight matrices from the raw matrix W2. We consider three alternative specifications: a
purely sparse structure with τ = 0.0443, a purely low-rank structure with ν = 0.2709, and
a combination of both with τ = 0.0443 and ν = 0.2709, where the penalties are selected
according to BIC respectively. We first examine the differences between estimated adjacency
matrices and the raw matrix W2. We find that the purely low-rank estimator L̂ exhibits
substantial departure from W2, particularly in terms of the matrix maximum norm. Most
of the elements in L̂ are small but not exactly 0, suggesting that a low-rank approximation
alone may fail to preserve several important links in the original network. By contrast,
the purely sparse estimator Ŝ retains only 96 nonzero entries. Although this produces a
more parsimonious network representation, it has the largest deviation from W2 under l2
norm. The low-rank-plus-sparse estimators provide a more balanced representation and
both ‖Ŵ2 −W2‖max and ‖Ŵ2 −W2‖2 remain small relative to the corresponding deviations
of the competitors. A further calculation shows that ‖Ŵ2 − Ŝ‖max = 0.02 and ‖Ŵ2 − Ŝ‖2 =
0.11, indicating that it may capture diffuse connections that may be discarded by pure
sparsification. Notably, the supervised low-rank and sparse estimates based on two panel
specifications remain very similar to the unsupervised one, which is consistent with our
theoretical findings. A further comparison of the heat maps of the raw W2, the estimated
Ŵ2, and Ŝ is also shown in Figure 5. We observe that the low-rank plus sparse estimate Ŵ2

appears to preserve the dominant network structure while allowing for pervasive weak link
effects.

9For economies i 6= j, we compute the Haversine great-circle distance Dij between capital cities (in millions
of meters) and then form the raw weight matrix by setting the (i, j) entry as 1/D2

ij for i 6= j, and the
diagonal entries as 0, and then apply row-normalization.
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Table 4. Comparisons of Estimated Weight Matrices

Estimator ‖Ŵ −W2‖max ‖Ŵ −W2‖2 Rank(L̂2) Nonzero entries(Ŝ2)

Ŝ 0.044 0.385 – 96
L̂ 0.269 0.349 14 –
Ŵ2 0.044 0.289 2 78
Ŵs (Panel A) 0.047 0.301 2 115
Ŵs (Panel B) 0.045 0.299 2 116

Note: We calculate the differences between each estimated weight matrix and the raw weight
matrix W2. We consider the purely sparse matrix estimate Ŝ, the purely low-rank matrix
estimate L̂, the low-rank plus sparse matrix estimate Ŵ2 and its supervised estimates Ŵs

under model (3) in Panel A (without contextual effects) or Panel B (with contextual effects).
Rank (L̂) reports the rank of the low-rank component, and nonzero entries (Ŝ) refer to the
number of nonzero entries in the sparse component when the corresponding decomposition

is available.

Raw W2 Estimated W2 Estimated S2

Figure 5. Heatmaps of different spatial weight matrices associated with 23 economies,
including the raw weight matrix W2 (left), the estimated low-rank and sparse matrix Ŵ2

(center), and the estimated purely sparse matrix Ŝ (right).

In the regression analysis, we evaluate the impact of the investment rate and working-age
population growth, and report the estimated spillover coefficient λ̂ based on different weight
matrices in Table 5. For each candidate weight matrix W , we also compute the column sums
of the Leontief inverse (In− λ̂Ŵ )−1 and designate the economy with the largest column sum
as the key player. Relative changes compared to the raw W2 benchmark are also reported.

In Panel A (without contextual effects), the purely sparse estimator Ŝ2 only retains the
strong connections and reduces λ̂ by 16.7% and total influence (i.e., the corresponding column
sum from the Leontief matrix, see above) by 11.3% compared to those obtained from the
raw W2. Conversely, the purely low-rank estimator L̂2, amplifies network connections via
aggregating pervasive weak links and increases λ̂ by 11.3% and total influence by 12.0%
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compared to those obtained from the raw W2. These results indicate that the sparse and low-
rank components might capture distinct aspects of the network. The sparse component filters
out scattered weak links, whereas the low-rank component summarizes pervasive dependence.
Correspondingly, the low-rank-plus-sparse estimator Ŵ2 produced more moderate deviations
from the raw benchmark.

The benefits of our approach become more pronounced in Panel B with contextual effects.
The raw W2 produces a negative estimate λ̂ that is much lower than the our estimates. The
sparse estimator and the low-rank-plus-sparse estimator produce moderate positive values
that might be more reasonable. As higher-order spatial lags can magnify noise in the raw
matrix, this reversal suggests that our approach can improve the plausibility and stability
of the estimated spillover effects.

Table 5. GDP-Growth GMM Spillover Estimates and Influence Analysis

Weight matrix λ̂ ∆λ̂ Key player Total influence ∆influence

Panel A: without contextual effects

Raw W2 0.377 0.0% SGP 2.211 0.0%
Ŝ2 0.314 -16.7% SGP 1.961 -11.3%
L̂2 0.420 11.3% SGP 2.475 12.0%
Ŵ2 0.354 -6.2% SGP 2.147 -2.9%
Ŵs 0.356 -5.6% SGP 2.178 -1.5%

Panel B: with contextual effects

Raw W2 -0.109 0.0% MEX 0.985 0.0%
Ŝ2 0.124 214.2% SGP 1.290 31.0%
L̂2 -0.052 52.3% MEX 0.993 0.8%
Ŵ2 0.095 187.6% SGP 1.212 23.0%
Ŵs 0.095 186.9% SGP 1.211 22.9%

We report the estimated spillover coefficient λ̂ obtained using different weight matrices. The
raw W2 matrix is the row-normalized inverse squared distance weight matrix. We consider
its sparse estimator Ŝ, its low-rank estimator L̂, and its low-rank plus sparse estimator Ŵ2

and its supervised version Ŵs. Panels A and B correspond to the scenarios without and
with contextual effects respectively. We record the maximum column sum of the Leontief
inverse (In− λ̂Ŵ )−1 and refer to it as the total influence of key player. The relative changes
of the spillover effect and the total influence are also computed using the raw matrix W2 as

the baseline.

Moreover, the decomposition also yields interesting practical insights. Compared with Ŝ2, we
find that including the low-rank component in Ŵ2 primarily rescales the overall magnitude of
the spillover influence vector rather than altering the key player. This pattern indicates that,
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while the identity of the key player remains robust to the decomposition strategy, the esti-
mated strength of network spillovers depends materially on whether the low-rank component
is retained, underscoring the practical relevance of the full low-rank plus sparse decomposi-
tion over the purely sparse estimator. Figure 6 presents the graphical representations of Ŵ2,
L̂2, and Ŝ2, respectively. Ŵ2 admits the decomposition Ŵ2 = ŜŴ2

+ L̂Ŵ2
and comparing the

leading eigenvectors of Ŵ2, L̂Ŵ2
and ŜŴ2

, we find that vŴ2
≈ 0.56vL̂

Ŵ2

+ 0.48vŜ
Ŵ2

from

a regression perspective as discussed in equation (C.1). Both the low-rank and the sparse
components contribute substantially in this application, indicating that the identification of
influential nodes depends not only on a few strong connections, but also on the cumulative
effect of widespread weak links. Notably, as shown in Figure 7, vŜ

Ŵ2

has many zero en-

tries, and its nonzero entries concentrate on the Asian economies, whereas vL̂
Ŵ2

loads on all

economies but assigns slightly smaller weights to Western economies. One possible interpre-
tation is that the sparse eigenvector captures localized regional clustering centered on Asia,
while the low-rank eigenvector reflects a global common factor that is slightly attenuated
for Western economies in accounting for the broader geographic diffusion inherent in the
low-rank structure.
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Figure 6. Graphical representation of different spatial weight matrix associated with 23
economies, including the estimated low-rank and sparse one Ŵ2 (left), the estimated low-

rank one L̂ (center) and the estimated purely sparse one Ŝ (right).

6.2. Example 2. In our second example, we apply our methods to examine tax compe-
tition among the 48 contiguous U.S. states. This application was originally studied by
Besley and Case (1995) using data from 1962 to 1988, with a pre-specified geographic weight
matrix Wg defined as the row-normalized 0-1 neighborhood adjacency matrix setting 1 to
state pairs that are geographically adjacent and zero, otherwise. Besley and Case (1995)
emphasize a political-economy channel for tax-setting spillovers, as policymakers respond
to voters who benchmark their policies against those of peer states. Consequently, states
may face both political and economic incentives to align their fiscal policies with those of
their neighbors. This dataset has recently been extended to cover 1962–2015 (T = 53) and
analyzed by de Paula et al. (2025). We obtain the spatial weight matrix W2, which is a
row-normalized inverse squared distance matrix based on Haversine distances between state
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Figure 7. Plots of eigenvector centrality associated with different weight matrices. De-
note the low-rank and sparse components of our estimator Ŵ2 as L̂ and Ŝ, i.e. Ŵ2 =

L̂
Ŵ2

+ Ŝ
Ŵ2

. From left to right, we provide the eigenvector centrality plots of Ŵ2, L̂
Ŵ2

and Ŝ
Ŵ2

respectively. Orange dots mark economies whose entries in the leading eigenvector

of Ŝ
Ŵ2

are nonzero, while red dots mark economies whose entries in the leading eigenvec-

tor of L̂
Ŵ2

are smaller than 0.2. The economies corresponding to red dots are Canada,
Denmark, Finland, France, Germany, Ireland, Italy, Mexico, Netherlands, Spain, Sweden,
United Kingdom, and United States, and those corresponding to orange dots are Australia,
China, Hong Kong SAR China, Indonesia, Japan, Korea Rep., Malaysia, New Zealand, Sin-

gapore, Thailand.

capitals, as the observed weight matrix. In addition to endogenous spatial effects captured
by WY , the covariates include state-level characteristics such as per-capita income, the un-
employment rate, and the proportions of young and elderly populations, without and with
their contextual covariates WX in Panel A and B respectively. We also include individual
and time fixed effects in our specifications. Lagged neighbor income and lagged neighbor
unemployment are used as instruments as in the original paper by Besley and Case (1995).

We consider three specifications, which yield a purely sparse matrix estimate Ŝ2, a purely
low-rank matrix estimate L̂2, and a low-rank plus sparse estimate Ŵ2. The purely sparse
estimate Ŝ2 captures the strong links and retains 90 nonzero entries. The estimate L̂2 is a zero
matrix under the selected penalty, suggesting that the data do not provide enough evidence of
a low-rank component. The combined estimator Ŵ2 coincides with the sparse-only estimator
Ŝ2, and hence we only report results about Ŵ2 in the subsequent analysis. The supervised
variants Ws in Panels A and B are very close to those of the unsupervised estimate Ŵ2.

Figures 8 and 9 provide heatmaps and graphical representations of the raw geographic weight
matrices Wg, W2 and the estimate Ŵ2, respectively. We find that the raw inverse geographic
distance matrix W2 is much denser than the raw geographic adjacency matrix Wg. It may be
more vulnerable to measurement errors, and thus exaggerate the overall degree of network
dependence and obscure the dominant transmission channels. By contrast, the estimated
network discards many weak, noise-dominated connections, thus providing a clearer visual-
ization of the significant links and improving interpretability.
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Figure 8. Heatmaps of adjacency matrices associated with 48 states. From left to right,
this figure provides the heatmaps associated with the row-normalized 0-1 geographic adja-
cency matrix Wg, the row-normalized inverse squared distance matrix W2, the estimated

low-rank and sparse matrix Ŵ2.
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Figure 9. Graphical representations of different weight matrices. From left to right,
this figure provides the network representation for the row-normalized neighborhood weight
matrix Wg, the row-normalized inverse squared distance matrix W2 and the estimated low-

rank and sparse weight matrix Ŵ2.

Table 6 provides a more detailed characterization of the state-level network structure. States
are sorted according to their column sums, which measure the aggregate strength of their
outward connections. Massachusetts is identified as the most influential state under all three
weight matrices. Its out-degree is 1.70 under the row-normalized adjacency matrix Wg, 1.61
under the row normalized inverse squared distance matrix W2, and 0.72 under the estimate
Ŵ2. The estimated network therefore preserves the leading position of Massachusetts while
substantially reducing the magnitude of its estimated outward influence. This suggests that
our estimate does not fundamentally alter the ranking of the major network hubs, but re-
moves potentially noisy links that may inflate the overall strength of network connections
rather than incorporating them into the core neighborhood topology. By contrast, the rank-
ing based on Wg differs more noticeably because the geographical adjacency matrix only
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captures direct neighboring relationships, whereas W2 allows for distance-decaying connec-
tions between all states.

Table 6. Top 4 States Ranked by Out-degree

Raw Wg Raw W2 Ŵ2

Rank State Out-degree State Out-degree State Out-degree

1 MA 1.70 MA 1.61 MA 0.72
2 GA 1.62 MD 1.57 MD 0.64
3 TN 1.58 RI 1.53 RI 0.63
4 ID, NH 1.53 DE 1.52 DE 0.63

Notes: We consider three choices of the weight matrix, including the raw row-normalized
adjacency matrix Wg, the raw row-normalized inverse squared distance matrix W2, and the
estimate Ŵ2. For each matrix, we compute the out-degree (column sums) and report the
four states with the largest values in descending order. The abbreviations MA, GA, TN,
ID, NH, MD, RI, DE stand for Massachusetts, Georgia, Tennessee, Idaho, New Hampshire,

Maryland, Rhode Island and Delaware, respectively.

Table 7. Spillover Estimates and Influence Analysis

Weight matrix λ̂ ∆λ̂ Key region Region impact ∆ Region impact

Panel A: without contextual effects

Raw Wg 0.658 30.3% Mountain 0.181 3.9%
Raw W2 0.505 0.0% SA 0.174 0.0%
Ŵ2 0.220 -56.5% SA 0.168 -3.3%
Ŵs 0.220 -56.5% SA 0.168 -3.3%

Panel B: with contextual effects

Raw Wg 1.006 -11.0% NA NA NA
Raw W2 1.130 0.0% NA NA NA
Ŵ2 0.811 -28.3% SA 0.177 NA
Ŵs 0.811 -28.2% SA 0.177 NA

Notes: We report the estimates of the spillover coefficients obtained using different spatial
weight matrices. Wg and W2 denote the row-normalized 0-1 adjacency matrix and the
row-normalized inverse squared distance weight matrix respectively. Ŵ2 and Ŵs are the
estimator and the supervised estimator constructed from the raw weight matrix W2. If
|λ̂| < 1, region impact is computed by first obtaining the column sums of the Leontief inverse,
and then aggregating them according to the nine geographical divisions. The divisions with
the largest total impact are reported as the key region. The relative changes of the spillover
and the region impact are reported using the results associated with the raw W2 matrix as

the baseline when available.
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Table 7 reports the estimated spillover coefficient λ̂ and the regional influence analysis using
different weight matrices. We consider two scenarios, Panel A (without WX) and Panel B
(with WX), respectively. In both panels, two raw weight matrices Wg and W2 produce quite
similar results, and they both exhibit much larger or even explosive values of λ̂ in Panel
B. Such large values are likely driven by measurement error or noise in the raw adjacency
matrices, yielding exaggerated spillover estimates that could be unreliable and potentially
misleading. In contrast, the estimators, including the low-rank-plus-sparse estimator Ŵ ,
and its supervised variants, produce substantially smaller and more stable λ̂ values, and
consistently identify the South Atlantic as the key region. Recall that each weight matrix is
row-normalized prior to estimation. By the Perron–Frobenius theorem, the spectral radius
of a row-normalized non-negative matrix is 1, and hence the standard Leontief-stability
condition reduces to |λ̂| < 1 (LeSage and Pace, 2009). Explosive spillover estimates can
cause some elements of the Leontief inverse to become negative and hard to interpret. These
results indicate that our approach might yield more plausible and interpretable spillover
effects, avoiding the inflated influence suggested by raw network matrices.

Table 8. Top Four States Most Strongly Influenced by Massachusetts

Weight matrix 1st 2nd 3rd 4th

Panel A: Without contextual effects

Raw Wg MA (1.30) RI (0.59) CT (0.48) VT (0.45)
Raw W2 MA (1.13) RI (0.34) NH (0.24) CT (0.17)
Ŵ2 MA (1.04) RI (0.19) NH (0.17) ME (0.06)
Ŵs MA (1.04) RI (0.19) NH (0.17) ME (0.06)

Panel B: With contextual effects

Ŵ2 MA (2.51) RI (1.88) NH (1.82) ME (1.48)
Ŵs MA (2.52) RI (1.88) NH (1.82) ME (1.48)

Notes: We evaluate the column corresponding to Massachusetts in the Leontief inverse
and interpret its entries as the total influence that a shock originating from Massachusetts
exerts. We report the four largest values in parentheses along with the corresponding states.
Four choices of the weight matrix are considered: the raw adjacency matrix Wg, the raw
row-normalized inverse squared distance matrix W2, the estimator Ŵ2 and the supervised
estimator Ŵs . The abbreviations MA, RI, CT, VT, NH, ME stand for Massachusetts,
Rhode Island, Connecticut, Vermont, New Hampshire and Maine, respectively. We do not
include the results for Raw W2 and Raw Wg in Panel B because the estimated spillover

effects do not satisfy the Leontief-stable condition.

Table 8 further examines the propagation of shocks originating from Massachusetts. We
calculate the Leontief Inverse and examine the four largest elements in the column that cor-
responding to Massachusetts. The two states most strongly influenced by a shock originating
from Massachusetts are Massachusetts itself and Rhode Island. However, the magnitude of
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the estimated network influence is attenuated. When contextual effects WX are incor-
porated, the Leontief influence values increase substantially. Under the estimate Ŵ2, the
influence measure for Massachusetts rises from 1.04 to 2.51, while the corresponding values
for Rhode Island, New Hampshire, and Maine increase to 1.88, 1.82, and 1.48, respectively.
Overall, the results consistently identify Massachusetts as an important regional hub and
indicate that contextual effects could considerably amplify the propagation of state-level
shocks. Our approach retains stronger local transmission channels while suppressing weaker
long-range associations that may be sensitive to measurement error.

7. Conclusions

This paper introduces a robust framework for studying interaction effects in social and spatial
networks under noisy adjacency matrices. By leveraging the low-rank and sparse structure
of real-world networks, our de-noising approach, combining LASSO and nuclear norm penal-
ization, significantly improves estimation accuracy. We propose two estimation procedures
i.e. a two-step and a one-step supervised GMM estimator that outperform standard GMM
by 50− 80% in RMSE under noise and endogeneity.

Applying our proposed methodology to examine the international spillover of economic
growth and the tax competition across U.S. states, we find pronounced discrepancy in esti-
mating the spillover effects, which highlights the essential role of accurate network denoising.
Failing to distinguish genuine connectivity from measurement noise can systematically dis-
tort spillover coefficients as well as the strength and direction of cross-unit interactions.
Moreover, our decomposition framework might provide a new perspective on complex spa-
tial dependencies by disentangling global and local components. This decomposition not
only sharpens the economic interpretation but also improve econometric inference, thereby
contributing to credible spatial econometric analysis.

8. Declaration of generative AI and AI-assisted technologies in the

writing process

During the preparation of this work the authors used AI to suggest edits to some lengthy
passages for concision and clarity. After using these tools, the authors reviewed and edited
the content as needed and take full responsibility for the content of the published article.
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Algorithm 1 Alternating minimization algorithm to obtain L̂ and Ŝ

Require: Observed matrix W , penalty parameters νn > 0 and τn > 0, and a positive
constant tol

1: Initialize L̂0 as 0n×n, and Ŵ0 = W
2: while not converged do

3: Ŝk+1 ← Sτn(W − L̂k), where Sτn(A) is denoted as the element-wise soft thresholding
estimator proposed by Friedman et al. (2010), i.e., max((Aij−τn), 0)+min((Aij+τn), 0)
for i 6= j.(set diagonal entries to zero.)

4: L̂k+1 ← SVTνn(W−Ŝk+1), where SVTνn(A) denotes the singular value decomposition
with thresholding proposed by Cai et al. (2010). Specifically, let matrix A admit the
singular value decomposition A = UDV ⊤. Then SVTνn(A) = UDνnV

⊤, where D and
Dνn are both diagonal matrices, whose ith diagonal element satisfies (Dνn)i = max(Di−
νn, 0).

5: Set Ŵk+1 = L̂k+1 + Ŝk+1. Check convergence condition: ‖Ŵk+1 − Ŵk‖F ≤ tol
6: end while
7: return L̂← L̂k+1 and Ŝ ← Ŝk+1, Ŵ ← Ŵk+1

Algorithm 2 Supervised estimation of spatial autoregressive model

Require: Observed matrix W , outcome nT × 1 vector Y , regressors nT × K matrix X,
GMM weight matrix Λ̂−1

n , penalty parameters νnT , τnT and ξnT , tolerances tol0 > 0, M
and tol1 > 0.

1: Set Žt = (Xt,MXt, · · · ,MdXt). Let Zt be the m linearly independent columns of Žt.
Define nT ×m matrix Z = (Z⊤

1 , · · · , Z⊤
T )

⊤.
2: Set θ0 as the GMM estimate using W , initialize Ŵ0 and L̂0 as W and 0n×n respectively.
3: while not converged do

4: Obtain W̃k+1 by minimizing ξnTJnT (θk, W̃ ,M ; Λ̂−1
n ) + 1

2
‖W − W̃‖2F over W̃ . Recall

the definition of JnT (.) and ξnT in Equation (8).
5: Obtain L̂k+1 and Ŝk+1 using Algorithm 1 with W replaced by W̃k+1. Set Ŵk+1 =

L̂k+1 + Ŝk+1.
6: Update θ̂k+1 as the GMM estimate using Ŵk+1.
7: Check convergence conditions ‖θ̂k+1− θ̂k‖2 ≤ tol0, ‖Ŵk+1− Ŵk‖F ≤ tol1, for positive

constants tol0, tol1 > 0.
8: end while
9: return θ̂ ← θ̂k+1, L̂← L̂k+1, Ŝ ← Ŝk+1, and Ŵ ← Ŵk+1

C. Low-rank plus sparse decomposition

C.1. Motivation for Low-Rank Plus Sparse Structure. The low-rank plus sparse de-
composition is useful in network analysis because it can improve interpretability and compu-
tational efficiency across various applications. Additionally, it is closely related to eigenvector
centrality and the Leontief inverse, both of which play crucial roles in policy targeting by
identifying key structural dependencies and intervention points (Jackson, 2008; Newman,
2010).
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Figure B.1. Plots of singular values associated with the tiny weight matrix
which is calculated by subtracting the sparse network using a threshold 0.05

from the input-output weight table 2002.

C.1.1. Application to eigenvector centrality. Our decomposition can be useful in interpreting
and understanding centrality as such measure can be shown to be dominated by either the
sparse or low-rank components in certain potentially relevant circumstances. The (eigenvec-
tor) centrality of each node corresponds to the eigenvector entries attached to the highest
eigenvalue of the adjacency matrix representing the network.10 The low-rank plus sparse de-
composition separates the adjacency matrix W0 into a low-rank structure L∗

0 (or L0, before
diagonal adjustment), representing the core economic interactions, and a sparse component
S∗
0 (or S0), capturing highly influential entities or individual heterogeneity (Gabaix, 2011;

Carvalho, 2014). The eigenvector centrality under this decomposition expands to:

(L∗
0 + S∗

0)vW0 = λW0vW0 ,

where λW0 and vW0 are the leading eigenvalue and eigenvector associated with W0. The
entries of vW0 are related to the leading eigenvectors of L∗

0 and S∗
0 , denoted by vL∗

0
and

vS∗
0
, respectively, which capture different aspects of the underlying structure. If the leading

eigenvector of vW0 , is closer to vL∗
0

or vS∗
0
, this indicates that the low-rank or the sparse

structure, respectively, is more dominant.

We now formalize how vW0 is informed by vL∗
0

and vS∗
0
. Let ρL∗

0S
∗
0

denote the inner product
between vL∗

0
and vS∗

0
, i.e., ρL∗

0S
∗
0
= v

⊤
L∗
0
vS∗

0
. Similarly define ρW0L∗

0
= v

⊤
W0

vL∗
0

and ρW0S∗
0
=

v
⊤
W0

vS∗
0

and let kL∗
0
vL∗

0
+ kS∗

0
vS∗

0
denote the best linear approximation of vW0 using vL∗

0
and

vS∗
0
. Then from a regression perspective, it satisfies:

kL∗
0
=

ρW0L∗
0
− ρL∗

0S
∗
0
ρW0S∗

0

1− ρ2L∗
0S

∗
0

, kS∗
0
=

ρW0S∗
0
− ρL∗

0S
∗
0
ρW0L∗

0

1− ρ2L∗
0S

∗
0

(C.1)

10For a connected network W0 whose entries are all non-negative, the Perron-Frobenius theorem implies that
its maximum eigenvalue (in terms of radius) is real and non-negative.
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(see Appendix E.2). Further calculations show that the coefficients kL∗
0

and kS∗
0

should be
related to the maximum eigenvalues of L∗

0 and S∗
0 respectively, i.e. λL∗

0
and λS∗

0
. If L∗

0 and
S∗
0 are symmetric, we have

kL∗
0

kS∗
0

≈
ρL∗

0S
∗
0
(λL∗

0
− v

⊤
S∗
0
L∗
0vS∗

0
)

λS∗
0
+ v⊤

S∗
0
L∗
0vS∗

0
− λL∗

0
− v⊤

L∗
0
S∗
0vL∗

0

, if λL∗
0
+ v

⊤
L∗
0
S∗
0vL∗

0
< λS∗

0
+ v

⊤
S∗
0
L∗
0vS∗

0
,(C.2)

kS∗
0

kL∗
0

≈
ρL∗

0S
∗
0
(λS∗

0
− v

⊤
L∗
0
S∗
0vL∗

0
)

λL∗
0
+ v⊤

L∗
0
S∗
0vL∗

0
− λS∗

0
− v⊤

S∗
0
L∗
0vS∗

0

, if λL∗
0
+ v

⊤
L∗
0
S∗
0vL∗

0
> λS∗

0
+ v

⊤
S∗
0
L∗
0vS∗

0
,(C.3)

where the approximation error diminishes when ρL∗
0S

∗
0
→ 0. (We also derive the expression

when L∗
0 or S∗

0 is asymmetric in Appendix E.2.) In practical scenarios involving large net-
works, vL∗

0
is typically dense, with few zero entries, while vS∗

0
tends to be sparse, featuring

many zero entries, thus implying that the correlation ρL∗
0S

∗
0

is small. Consequently, if ρL∗
0S

∗
0

is close to 0, then kL∗
0
/kS∗

0
≈ 0 if (C.2) holds or kS∗

0
/kL∗

0
≈ 0 if (C.3) holds. The inequality

λL∗
0
+ v

⊤
L∗
0
S∗
0vL∗

0
≶ λS∗

0
+ v

⊤
S∗
0
L∗
0vS∗

0
determines which component L∗

0 or S∗
0 plays a more

dominant role in shaping the eigenvector centrality of W0. Specifically, the left-hand side
approximates the effective contribution of the low-rank component L∗

0 (and the part of S∗
0

aligned with it), whereas the right-hand side captures the influence of the sparse component
S∗
0 . In contrast, the inner product v

⊤
L∗
0
vS∗

0
measures the degree of alignment between the

leading eigenvectors of L∗
0 and S∗

0 , indicating whether the two structures reinforce or coun-
teract each other in determining the dominant direction of W0. For the detailed calculations
above, please refer to Section E.2 in the Appendix.

Ultimately, this means that when ρL∗
0S

∗
0
→ 0 we have:

vW0 ≈ kL∗
0
vL∗

0
or vW0 ≈ kS∗

0
vS∗

0
.

Therefore, we obtain a measure that either emphasizes the systemic structure of the network
L∗
0 or the eigenvector centrality of S∗

0 which can be attributed to the individual shocks or
dominant units (Battiston et al., 2012). For example, in interbank networks, systemically
important banks often dominate centrality rankings when using the full adjacency matrix
(Degryse and Nguyen, 2007). Applying the low-rank plus sparse decomposition allows us
to disentangle the influence of connections with some important institutions (captured in
S∗
0) from the broader systemic structure (captured in L∗

0). This approach thus potentially
provides a more nuanced understanding of systemic risk, as it distinguishes between the
centrality of highly connected hubs and the underlying economic network (Acemoglu et al.,
2015; Greenwood et al., 2015).

To illustrate this, we now present two numerical examples to examine the underlying struc-
ture of the dominant eigenvector for a network with n = 100. In both examples, the network
W0 = L∗

0 + S∗
0 , where L0 = vL0v

⊤
L0

has the leading eigenvector vL0 whose elements are all
1/10, and L∗

0 = L0 − 1/100I100 with vL∗
0
=vL0 .The sparse matrix has the form S∗

0 = kS∗
A for

some pre-specified sparse matrix S∗
A with zero diagonals. The constant k affects the relative

strength between the low-rank component L∗
0 and the sparse component S∗

0 , and we con-
sider k = 0.4 and k = 4. In Case 1, S∗

A is chosen such that it only has two nonzero elements
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S∗
A,12 = S∗

A,21 = 1. In this case, the maximum eigenvalues of L∗
0 and S∗

0 are 0.99 and k respec-
tively. If k = 0.4, the calculated leading eigenvectors show that vW0 ≈ 0.983vL∗

0
+ 0.091vS∗

0
,

signifying a predominantly uniform structure with minor local adjustments. However, when
k = 4, the eigenvalue of S∗

0 dominates that of L∗
0, and we find that vW0 ≈ 0.046vL∗

0
+0.992vS∗

0
,

reflecting a reduced influence of L∗
0 due to the increased eigenvalue of S∗

0 .

In Case 2, we set S∗
A to be an asymmetric sparse matrix with S∗

A,12 = 1 and S∗
A,i1 = 1

for 2 ≤ i ≤ 30. This represents the case when the first individual is a key player that
affects 29 individuals. Because S∗

A is asymmetric, its nonzero eigenvalues are ±1; we take
vS∗

0
to be the eigenvector associated with the eigenvalue +1. This vS∗

0
has more nonzero

entries than in Case 1, so ρL∗
0S

∗
0
= v

⊤
L∗
0
vS∗

0
is larger. When W0 = L∗

0 + kS∗
A with k = 0.4,

vW0 ≈ 0.845vL∗
0
+0.244vS∗

0
; when k = 4, vW0 ≈ 0.148vL∗

0
+0.911vS∗

0
, implying a negligible

correction from L∗
0.

C.1.2. Application to the Leontief inverse. We also highlight how our decomposition is re-
flected in the Leontief inverse for W0. Defining In as the n× n identity matrix, the Leontief
inverse is given by (In − λ0W0)

−1. For notational simplicity, throughout this subsection we
set λ0 = 1 and write the Leontief inverse as (In−W0)

−1; the general case follows by replacing
W0 with λ0W0 throughout. Assume that the low-rank component L0 admits the singular
value decomposition as L0 = UDV ⊤, where D is a square diagonal matrix of dimension r×r,
and U and V are the matrices that collect the left and right singular vectors respectively.
When r < n, this allows dimensionality reduction while retaining key structural information.
We seek to calculate the Leontief matrix: (In −W0)

−1 = (In − (UDV ⊤ + S0))
−1. Applying

the Woodbury matrix identity (Woodbury, 1950):

(A+ UDV ⊤)−1 = A−1 − A−1U(D−1 + V ⊤A−1U)−1V ⊤A−1,

where A = In − S0 is assumed to be invertible, we have

(In−UDV ⊤−S0)
−1 = (In−S0)

−1+(In−S0)
−1U(D−1−V ⊤(In−S0)

−1U)−1V ⊤(In−S0)
−1.

(C.4)
Denote ‖.‖max and ‖.‖2 as the maximum norm and two-norm of a matrix respectively. Sup-
pose ‖diag(L0)‖max → 0. By matrix algebra11 and S∗

0 − S0 = diag(L0), we have

‖(In − S∗
0)

−1 − (In − S0)
−1‖2 = ‖(In − S∗

0)
−1diag(L0)(In − S0)

−1‖2 → 0.

If we substitute (In−S0)
−1 with (In−S∗

0)
−1 in Equation (C.4) and use Woodbury’s formula,

we have

(In−W0)
−1 ≈ (In−S∗

0)
−1 + (In−S∗

0)
−1U(D−1− V ⊤(In−S∗

0)
−1U)−1V ⊤(In−S∗

0)
−1. (C.5)

This decomposition reveals two key effects in the network. The first term, (In − S∗
0)

−1,
represents the Leontief matrix for the sparse component, capturing localized effects such as
idiosyncratic shocks or sporadic interactions. For example, in economic networks, this can
model firm-specific disruptions or localized financial shocks Gabaix (2011); Acemoglu et al.

11Take A = In − S∗
0

and B = In − S0 and note that A−1 −B−1 = A−1(B −A)B−1.
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(2012). In supply chains, it reflects disruptions in specific suppliers without affecting the
entire network Barrot and Sauvagnat (2016); Boehm et al. (2019).

The second term in the Woodbury expansion of (In−W0)
−1 captures the influence of dense

network structures, exploiting the low-rank form of U and V . When L0 = kvL0v
⊤
L0

, the
second term in Equation (C.5) yields, for symmetric S∗

0 , a rank-one matrix k̃ ṽṽ⊤, where
ṽ = (In − S∗

0)
−1
vL0 and k̃ =

(
1/k − v

⊤
L0
(In − S∗

0)
−1
vL0

)−1
, which reflects the difference

between (In −W0)
−1 and (In − S∗

0)
−1 due to the presence of L0. Note that k̃ṽṽ⊤ lies along

the direction of ṽ, with both vL0 and S∗
0 contributing to it. Its effect can be substantial,

particularly when L0 is dominant. In economic networks, this balances uniform information
spread, as in Jackson (2008) where dense ties drive equilibrium outcomes in coordination
games, against localized dynamics. Thus, the correction reconciles global connectivity, akin
to Acemoglu et al. (2012)’s analysis of aggregate economic fluctuations via network linkages.

When studying the network effect, it is often assumed W0 has bounded eigenvalues even when
the dimension of the network grows. If the network is highly connected, columns of U and V

are dense vectors with many non-zero entries whose magnitude must converge to 0 due to the
bounded row-sum constraint. Unlike factor models, the singular values in D may not diverge
as n increases, which makes the elements of L0 corresponding to a dense network being very
small. However, our calculation above implies that in a dense network, naive thresholding
methods are insufficient, as this might result in missing the second term in Equation (C.5)
and inconsistent evaluation of network effects that overlook systemic dependencies. We
empirically illustrate this point in our empirical application Section 6.

Moreover, utilizing the low-rank and sparse structure, we only need O(nr + s) parameters
to store the matrix information, where r = rank(L0) and s = ‖S0‖0, which highlights the
computational advantages we refer to earlier in the section. Note that it costs less time
to compute the inverse of a sparse matrix compared to a dense matrix. With the help of
Equation (C.4) or (C.5), we could simplify the calculation of the Leontief matrix.

D. Identification

In this section, we discuss the identification issue, i.e., given a weight matrix W0 that admits
the low-rank and sparse decomposition, it could be uniquely written as W0 = L0 +S0 under
some regularity conditions. As discussed earlier, we focus on L0 and S0 in the theoretical
derivations, since the properties of L∗

0 and S∗
0 can be derived from them. Subsection D.1

presents conditions regarding the identification of L0 and S0, and Subsection D.2 discusses
the conditions using examples.

Before proceeding, we recall from Section 4 the sparsity measures mr(A), mc(A), ms(A),
and degmax(A) = max{mr(A),mc(A)}, and additionally define the incoherence index of a
nonzero matrix A as inc(A) =

√
max(µu(A), µv(A)), where

µu(A) := max
1≤i≤n

r∑

j=1

u2
ij(A), µv(A) := max

1≤i≤n

r∑

j=1

v2ij(A),
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r is the rank of A, and uij(A), vij(A) are the j-th elements of the i-th left and right singular
vectors. The measure is scale-invariant and reflects whether A concentrates its mass in few
entries: for a diagonal matrix with distinct diagonal entries inc(A) = 1, whereas for a fully
connected matrix with equal entries inc(A) = n−1/2.

The incoherence index controls the maximum entry via ‖L0‖max ≤ σ1(L0) inc(L0)
2,12 so

when σ1(L0) = O(1), the quantity inc(L0)
2 plays the same role as 1/

√
mr(L0)mc(L0) in the

coherence bound of Assumption 1(i): both equal 1/n for a fully dense L0 and are of constant
order for a spiked L0. We use inc(L0) here because it yields the sharp identification condition
inc(L0) degmax(S0) ≤ 1/16.

D.1. Identification conditions. In the following, we provide a theoretical result that es-
tablishes the conditions under which L0 and S0 can be disentangled.

Assumption 9 (Low rank plus sparse components). Suppose W0 is an n× n matrix which
can be decomposed as W0 = L0+S0, where L0 is a low-rank matrix of a rank 0 ≤ r < n and
S0 6= 0n×n. Moreover,

inc(L0)degmax(S0) ≤ 1/16.

Lemma 1. Under Assumption 9, for any given decomposition W0 = L0+S0 with S0 6= 0n×n,

the pair (L0, S0) can be uniquely recovered.13

Assumption 9 is a direct consequence of Corollary 3 in Chandrasekaran et al. (2009). This
assumption imposes that the sparse matrix S0 is not excessively dense, while the low-rank
matrix L0 must not be overly sparse. The incoherence measure provides a quantitative
assessment of the dense level of L0. Specifically, if L0 is sparse, its incoherence measure is
of constant order, which might preclude the above inequality from holding when S0 6= 0n×n.
Conversely, if L0 is dense and contains infinitely many small entries, its incoherence measure
tends toward zero. For instance, if L0 possesses a singular vector with entries of order 1/

√
n,

the incoherence measure attains an order of 1/
√
n, which is the smallest order achievable.

In such a case, it could be separated from S0 if degmax(S0) = o(
√
n), which includes the

sparse network with bounded degree, or the dominant network with finite keyplayers. It also
implies that ms(S0) = o(n

3
2 ) as mr(S0) ∨mc(S0) = o(

√
n).

D.2. Examples. We now discuss how the identification assumption applies to the four ex-
amples of network structures mentioned in Section 2.

Complete network: In this example, W0 = L0 + S0, where L0 = cc
⊤, c = (c1, · · · , cn)⊤, and

the sparse component S0 is a diagonal matrix to guarantee that the diagonal elements of W0

are zero. Note that degmax(S0) = 1 and inc(L0) =
√

max1≤i≤n c2i /‖c‖22 ≤ cmax/(
√
n cmin).

12For L0 = UDV ⊤, L0,ij = (U⊤ei)
⊤D(V ⊤ej), so by Cauchy–Schwarz |L0,ij | ≤ σ1(L0)‖U⊤ei‖2‖V ⊤ej‖2 ≤

σ1(L0) inc(L0)
2, using ‖U⊤ei‖22 =

∑r

k=1
u2

ik ≤ µu(L0).
13Uniqueness here means that there exists an optimization scheme that pins down the pair (L0, S0) uniquely;
see Chandrasekaran et al. (2009). Note that the identification is local, in the sense that what we can identify
is a discrete set. Local perturbations of the solution can also be identified; however, at the global level,
multiple identified sets may exist.
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Hence, a sufficient condition for the identification condition inc(L0) degmax(S0) ≤ 1/16 of
Assumption 9 is cmax/cmin ≤

√
n/16.

Low-rank network: In this example, W0 = L0+S0, where L0 = a1
⊤
n +zz

⊤ is a matrix of rank
no more than 2 with a = (a1, · · · , an) and z = (z1, · · · , zn), and S0 is a diagonal matrix whose
(i, i)th element is −L0,ii to remove self-loops. For simplicity, we assume z is orthogonal to
both a and 1n, and hence the left singular vectors are proportional to a and z, while the right
singular vectors are proportional to 1n and z. Since degmax(S0) = 1, the identification as-

sumption could be satisfied if inc(L0) =

√
max

{
max1≤i≤n

(
a2i

‖a‖22
+

z2i
‖z‖22

)
, max1≤i≤n

(
1
n
+

z2i
‖z‖22

)}
≤

1/16.

Group network: In this example, W0 = L0+S0, where L0 = cac
⊤
a +cbc

⊤
b , ca = (c1, · · · , c6, 0, · · · , 0)⊤,

and cb = (0, · · · , 0, c7, · · · , c20)⊤, and S0 is a diagonal matrix to ensure that the diagonal
elements of W0 are 0. Since degmax(S0) = 1, the identification assumption could be satisfied

if inc(L0) =
√
max(max1≤i≤6 c2i /

∑6
i=1 c

2
i ,max7≤i≤20 c2i /

∑20
i=7 c

2
i ) ≤ 1/16. In the general case

when S0 has nonzero off-diagonal elements, the identification assumption then requires that

degmax(S0)inc(L0) = degmax(S0)
√
max(max1≤i≤6 c2i /

∑6
i=1 c

2
i ,max7≤i≤20 c2i /

∑20
i=7 c

2
i ) ≤ 1/16.

Dominant units: In this example,

W0 =




0 w1,2 0 · · · · · · · · · · · · · · · 0

w2,1 0 w2,3 · · · · · · · · · · · · · · · 0
...

...
...

...
. . .

...
...

...
...

w14,1 0 · · · w14,13 0 w14,15 · · · 0 0

0 · · · · · · 0 w15,14 0 w15,16 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · · · · · · · w20,19 0




.

When we treat it as a pure sparse matrix, the identification condition is automatically
satisfied as inc(L0) = 0. Though it seems that one could write W0 = w1e

⊤
1 +Wr, where w1

is the first column of W0, e1 is the first column of the identity matrix In, and Wr is the n×n

partitioned matrix satisfying [
0 s

⊤
1

0(n−1)×1 Sr

]

with s1 = [w1,2,01×(n−2)]
⊤, and the (i, j)th element in Sr is identical to the (i + 1, j + 1)th

element of W0. In such a decomposition, the right singular vector of the low-rank part is
[1,01×(n−1)]

⊤ and its incoherence index is inc(w1e
⊤
1 ) = 1. Since degmax(Wr) = 2, we have

inc(w1e
⊤
1 ) degmax(Wr) > 1/16. Therefore, we have to treat W0 as a pure sparse matrix so

that the identification Assumption holds.
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E. Proofs of main results

E.1. Notation. ‖A‖1 = max1≤j≤n

∑n
i=1 |Aij|, ‖A‖2 = σ1(A), ‖A‖∞ = max1≤i≤n

∑n
j=1 |Aij|,

‖A‖max = max1≤i,j≤n |Ai,j|, ‖A‖F =
√∑

A2
ij, and ‖A‖∗ =

∑n
i=1 σi(A). Define 〈A,B〉F =

tr(A⊤B) as the Frobenius inner product between A and B.

E.2. Proof of Perturbation Lemma. Justification of Equation (C.1):
Assumption (two-dimensional spectral concentration and separation). For each n,
let L∗

0 and S∗
0 be real symmetric matrices with normalized leading eigenvectors vL∗

0
and vS∗

0

and corresponding simple leading eigenvalues λL∗
0

and λS∗
0
. Let

ρn := v
⊤
L∗
0
vS∗

0
, |ρn| < 1, ρn → 0.

Let vW0 be the normalized leading eigenvector of W0 = L∗
0 + S∗

0 and write

vW0 = k1vL∗
0
+ k2vS∗

0
+ k3e, e ⊥ span{vL∗

0
,vS∗

0
}, ‖e‖2 = 1.

Assume
‖L∗

0‖2 + ‖S∗
0‖2 ≤ C, |k1|+ |k2| ≍ 1, |k3| = o(|ρn|).

Define
ãn := λL∗

0
− v

⊤
S∗
0
L∗
0vS∗

0
, c̃n := λS∗

0
− v

⊤
L∗
0
S∗
0vL∗

0
.

Assume that, for some constants g0, κ > 0, one of the following two cases holds eventually:

(i) ãn − c̃n ≥ g0 and |k1| ≥ κ;

(ii) c̃n − ãn ≥ g0 and |k2| ≥ κ.

Lemma 2 (Perturbation of the leading eigenvector). Under the two-dimensional spectral

concentration and separation conditions stated above, Equations (C.1), (C.2) and C.3 hold;

in case (i), |v⊤
W0

vL∗
0
| > |v⊤

W0
vS∗

0
| for all sufficiently large n, and in case (ii) the reverse

inequality holds.

Proof. Define

ρW0L∗
0
:= v

⊤
W0

vL∗
0
= k1 + k2ρn, ρW0S∗

0
:= v

⊤
W0

vS∗
0
= k1ρn + k2.

Note that
ρn = ρL∗

0S
∗
0
= v

⊤
L∗
0
vS∗

0
.

Moreover, vL∗
0

and vS∗
0

are normalized eigenvectors. Hence

(
k1
k2

)
=

(
1 ρn
ρn 1

)−1(
ρW0L∗

0

ρW0S∗
0

)
=




ρW0L∗
0
− ρnρW0S∗

0

1− ρ2n
ρW0S∗

0
− ρnρW0L∗

0

1− ρ2n


 ,

and Equation (C.1) holds.

We now prove Equation (C.2) in the main text.
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Recall the decomposition
vW0 = k1vL∗

0
+ k2vS∗

0
+ k3e,

where ‖e‖2 = 1 and e is orthogonal to both vL∗
0

and vS∗
0
. Then

(L∗
0 + S∗

0)vW0 = k1λL∗
0
vL∗

0
+ k2L

∗
0vS∗

0
+ k1S

∗
0vL∗

0
+ k2λS∗

0
vS∗

0
+ rn, (E.1)

where
rn := k3(L

∗
0 + S∗

0)e.

Because ‖L∗
0‖2 + ‖S∗

0‖2 ≤ C,
‖rn‖2 ≤ C|k3|.

Let
rLn := v

⊤
L∗
0
rn, rSn := v

⊤
S∗
0
rn.

Then
|rLn|+ |rSn| = O(|k3|).

Multiplying Equation (E.1) by v
⊤
L∗
0

and using the symmetry of L∗
0 gives

k1λL∗
0
+ k2λL∗

0
ρn + k1v

⊤
L∗
0
S∗
0vL∗

0
+ k2λS∗

0
ρn + rLn

= λW0(k1 + k2ρn).

Similarly, multiplying by v
⊤
S∗
0

and using the symmetry of S∗
0 gives

k1λL∗
0
ρn + k2v

⊤
S∗
0
L∗
0vS∗

0
+ k1λS∗

0
ρn + k2λS∗

0
+ rSn

= λW0(k1ρn + k2).

Recall that
ãn = λL∗

0
− v

⊤
S∗
0
L∗
0vS∗

0
, c̃n = λS∗

0
− v

⊤
L∗
0
S∗
0vL∗

0
.

Since λL∗
0

and λS∗
0

are the largest eigenvalues of the symmetric matrices L∗
0 and S∗

0 , respec-
tively,

ãn ≥ 0, c̃n ≥ 0.

Consider case (i), so that

ãn − c̃n ≥ g0 > 0, |k1| ≥ κ > 0.

Set

qn :=
k2
k1

.

Cross-multiplying the two projected eigenvalue equations and retaining the remainder gives

ãnρnq
2
n + (ãn − c̃n)qn − c̃nρn = O(|k3|).

Let
gn := ãn − c̃n.

The sequence qn is bounded because |k1| ≥ κ and |k1|+ |k2| ≍ 1. Moreover,

2ãnρnqn + gn = gn + o(1) ≥ g0
2
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for all sufficiently large n. Hence the O(|k3|) perturbation of the quadratic produces an
O(|k3|) perturbation of its bounded root. Therefore,

k2
k1

=
2c̃nρn

gn +
√

g2n + 4ãnc̃nρ2n
+O(|k3|)

=
c̃nρn
gn

+O(ρ3n) +O(|k3|)

=
(λS∗

0
− v

⊤
L∗
0
S∗
0vL∗

0
)ρn

λL∗
0
− v⊤

S∗
0
L∗
0vS∗

0
− (λS∗

0
− v⊤

L∗
0
S∗
0vL∗

0
)
+ o(|ρn|),

where the last equality uses ρn → 0 and |k3| = o(|ρn|).

Since qn = O(ρn),
|v⊤

W0
vL∗

0
| = |k1 + k2ρn| = |k1|{1 + o(1)},

whereas
|v⊤

W0
vS∗

0
| = |k1ρn + k2| = O(|ρn|).

Thus, for all sufficiently large n,

|v⊤
W0

vL∗
0
| > |v⊤

W0
vS∗

0
|.

Now consider case (ii), so that

c̃n − ãn ≥ g0 > 0, |k2| ≥ κ > 0.

Set

pn :=
k1
k2

.

Cross-multiplying the projected eigenvalue equations gives

c̃nρnp
2
n + (c̃n − ãn)pn − ãnρn = O(|k3|).

Let
hn := c̃n − ãn.

As in case (i), pn is bounded and

2c̃nρnpn + hn = hn + o(1) ≥ g0
2

for all sufficiently large n. Therefore,

k1
k2

=
2ãnρn

hn +
√

h2
n + 4ãnc̃nρ2n

+O(|k3|)

=
ãnρn

c̃n − ãn
+O(ρ3n) +O(|k3|)

=
ãnρn

c̃n − ãn
+ o(|ρn|).

Since pn = O(ρn),
|v⊤

W0
vS∗

0
| = |k2 + k1ρn| = |k2|{1 + o(1)},
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whereas
|v⊤

W0
vL∗

0
| = |k2ρn + k1| = O(|ρn|).

Consequently, for all sufficiently large n,

|v⊤
W0

vS∗
0
| > |v⊤

W0
vL∗

0
|.

�

Remark 2. The preceding perturbation result applies to symmetric matrices L∗
0 and S∗

0 .
When S∗

0 is asymmetric, the argument must be reformulated using the corresponding left
and right eigenvectors. We leave this extension for future work.

E.3. Some Useful Lemmas. We first present some useful lemmas for the proof of the
theorem. The notation within this section does not necessary align the main text and the
proofs of the theorem since they are independent results. Assume that the rank of the matrix
A is r.

To summarise the steps we shall first give a few definitions. Let L0 ∈ R
n×n be a low rank

matrix with rank r. Let T (L0) denote the span of all matrices whose row space is contained
in the row space of L0 or whose column space is contained in the column space of L0. Writing
the singular value decomposition L0 = UΣV ⊤ with U, V ∈ R

n×r and rank(L0) = r, this space
is

T (L0) =
{
UX⊤ + Y V ⊤ | X, Y ∈ R

n×r
}
.

Analogously to degmax(A), define degmin(A) := min
{
min1≤i≤n

∑n
j=1 I(Aij 6= 0), min1≤j≤n

∑n
i=1 I(Aij 6=

0)
}
, the minimum number of nonzero entries in any row or column of A. For any matrix

S0 ∈ R
n×n, the space Ω(S0) is defined by,

Ω(S0) =
{
N ∈ R

n×n | support(N) ⊆ support(S0)
}
.

Given T (L0) and Ω(S0), we define two measures that quantify the denseness and sparsity
levels of a matrix. ξ(L0) = maxN∈T (L0),‖N‖2≤1 ‖N‖max, µ(S0) = maxN∈Ω(S0),‖N‖max≤1 ‖N‖2 .

Lemma 3. (Chandrasekaran et al. (2009)) Let A ∈ R
n×n be any matrix. We have that

inc(A) ≤ ξ(A) ≤ 2 inc(A),

degmin(A) ≤ µ(A) ≤ degmax(A),

ξ(A)µ(A) ≥ 1.

Let Ω denote the parameter space for θ, and let L denote the population cost function.
Define the target parameter by

θ∗ ∈ argmin
θ∈Ω
L(θ).

Based on the observed sample
Zn

1 = {Z1, . . . , Zn},



59

we estimate θ∗ by solving

θ̂ ∈ argmin
θ∈Ω
{Ln(θ;Z

n
1 ) + λnΦ(θ)} ,

where Ln is the empirical cost function, λn > 0 is a regularization parameter, and Φ : Ω→ R+

is a norm. Let Φ∗ denote the dual norm of Φ.

Let M and M be subspaces satisfying

M ⊆M,

and denote their orthogonal complements by M
⊥ and M

⊥
, respectively.

For any subspace S, let θS denote the orthogonal projection of θ onto S. In particular, θ∗
M⊥

denotes the component of θ∗ in M
⊥.

Our bound involves the quantity

ε2n
(
M,M⊥) := 9

λ2
n

κ2
Ψ2
(
M
)

︸ ︷︷ ︸
estimation error

+
8

κ

{
λnΦ (θ∗

M⊥) + 16τ 2nΦ
2 (θ∗

M⊥)
}

︸ ︷︷ ︸
approximation error

,

which depends on the choice of the subspace pair
(
M,M⊥).

Assumption 10. i) The cost function Ln is convex and satisfies the local restricted
strong convexity condition with curvature κ > 0, radius R > 0, and tolerance τ 2n ≥ 0.
That is,

En(∆) := Ln(θ
∗ +∆)− Ln(θ

∗)− 〈∇Ln(θ
∗),∆〉 ≥ κ

2
‖∆‖2 − τ 2nΦ

2(∆)

for every
∆ ∈ B(R) := {∆ : θ∗ +∆ ∈ Ω, ‖∆‖ ≤ R} .

ii) There exists a pair of subspaces
(
M,M

⊥)
, M ⊆M,

such that the regularizer Φ is decomposable with respect to
(
M,M

⊥)
; that is,

Φ(u+ v) = Φ(u) + Φ(v)

for every u ∈M and v ∈M
⊥
.

iii) Define the good event

G(λn) :=

{
Φ∗ (∇Ln(θ

∗)) ≤ λn

2

}
, λn ≥ 0.
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iv) For a given norm ‖ · ‖ and subspace S, define the subspace Lipschitz constant by

Ψ(S) := sup
u∈S\{0}

Φ(u)

‖u‖ .

The following are two important lemmas that we use to prove Theorem 1.

Lemma 4. (Theorem 9.19 in Wainwright (2019)). Suppose Assumption 10 holds. Condi-

tional on the event G(λn), the following statements hold:

(a) Any optimal solution satisfies

Φ
(
θ̂ − θ∗

)
≤ 4

{
Ψ
(
M
) ∥∥∥θ̂ − θ∗

∥∥∥
2
+ Φ(θ∗

M⊥)
}
.

(b) For any subspace pair
(
M,M⊥) satisfying

τ 2nΨ
2
(
M
)
≤ κ

64
and εn

(
M,M⊥) ≤ R,

we have ∥∥∥θ̂ − θ∗
∥∥∥
2

2
≤ ε2n

(
M,M⊥) .

Assumption 11. The cost function satisfies the Φ∗-norm curvature condition with curvature
κΦ > 0, tolerance τn,Φ ≥ 0, and radius RΦ > 0:

Φ∗ (∇Ln(θ
∗ +∆)−∇Ln(θ

∗)) ≥ κΦΦ
∗(∆)− τn,ΦΦ(∆)

for every
∆ ∈ BΦ∗(RΦ) := {∆ ∈ Ω : Φ∗(∆) ≤ RΦ} .

Lemma 5 (Theorem 9.24 in Wainwright (2019)). Suppose θ∗ ∈ M, the decomposability

condition in Assumption 10(ii) holds, and Assumption 11 holds. Suppose also that

τn,ΦΨ
2(M) <

κΦ

32
.

Conditional on

G(λn) ∩
{
Φ∗(θ̂ − θ∗) ≤ RΦ

}
,

any optimal solution satisfies

Φ∗(θ̂ − θ∗) ≤ 3λn

κΦ

.

Lemma 6 (Lindeberg–Feller central limit theorem). For each n, let Yn,1, . . . , Yn,kn be inde-

pendent, mean-zero random vectors with finite covariance matrices. Suppose that, for every

ε > 0,
kn∑

i=1

E
[
‖Yn,i‖221{‖Yn,i‖2 > ε}

]
−→ 0

and
kn∑

i=1

Cov(Yn,i) −→ Σ.
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Then
kn∑

i=1

Yn,i
d−→ N (0,Σ).

Lemma 7. Let A,B ∈ R
n×n. Let C1 ⊆ {1, . . . , n} satisfy |C1| ≤ K, where K is fixed, and

define

C2 = {1, . . . , n} \ C1.
Let

cn = max
k∈C1

n∑

j=1

|Bkj|, c = max
k∈C2

n∑

j=1

|Bkj|.

Then

‖AB‖∞ ≤ K‖A‖maxcn + ‖A‖∞c.

Here, the maximum over an empty set is defined to be zero.

Lemma 8. Suppose Assumptions 1 and 4(iii) hold, J is fixed, and

‖W0‖1 = O(
√
n).

Assume that there exist constants c∞, c1 > 0, independent of n, such that

sup
λ∈C
|λ|‖W0‖∞ ≤ 1− c∞, sup

λ∈C
|λ|‖W0,b‖1 ≤ 1− c1.

Then, uniformly over λ ∈ C,
∥∥(In − λW0)

−1
∥∥
2
= O(n1/4).

Lemma 9. Suppose Assumptions 4(iii) and 6(i) hold. Let Xjt be the jth column of Xt.

Then, for ℓ = 0, 1, 2,

‖W ℓ
0Xjt‖2 = Op(

√
n),

∥∥W ℓ
0(In − λ0W0)

−1Xjt

∥∥
2
= Op(

√
n).

E.4. Proof of Lemma 1, 7-9.

Proof. It follows from Corollary 3 in Chandrasekaran et al. (2009).

µ(S0) can be bounded by degmax(S0) and ξ(L0) can be bounded by its incoherence measure
2 inc(L0). The identification condition is ξ(L0)µ(S0) < 1/8. A stronger condition can be
degmax(S0) inc(L0) ≤ 1/16, due to Lemma 3. �

Proof of Lemma 7.

Proof. Recall that

‖AB‖∞ = max
1≤i≤n

n∑

j=1

|(AB)ij|, ‖A‖∞ = max
1≤i≤n

n∑

k=1

|Aik|,

and
‖A‖max = max

1≤i,k≤n
|Aik|.
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For every i,
∑

j

|(AB)ij| ≤
∑

j

∑

k∈C1

|AikBkj|+
∑

j

∑

k∈C2

|AikBkj|

≤ max
k∈C1
|Aik|

∑

k∈C1

∑

j

|Bkj|+
∑

k∈C2

|Aik|max
k∈C2

∑

j

|Bkj|

≤ K‖A‖maxcn + ‖A‖∞c.

Taking the maximum over i gives

‖AB‖∞ ≤ K‖A‖maxcn + ‖A‖∞c,

which is the stated result. �

Proof of Lemma 8.

Proof. Let
Bn(λ) = (In − λW0,b)

−1.

Since zeroing columns cannot increase the maximum absolute row sum,

‖W0,b‖∞ ≤ ‖W0‖∞.

Therefore, the two stability conditions and the Neumann-series argument give

sup
λ∈C
‖Bn(λ)‖1 ≤ c−1

1 , sup
λ∈C
‖Bn(λ)‖∞ ≤ c−1

∞ .

Consequently,
sup
λ∈C
‖Bn(λ)‖2 ≤ sup

λ∈C

√
‖Bn(λ)‖1‖Bn(λ)‖∞ = O(1).

If J = 0, then W0,u = 0 and the result follows immediately. Hence, suppose J ≥ 1. Let

ΠJ = (e1, . . . , eJ) ∈ R
n×J

be the matrix selecting the first J coordinates, and define

AJ := W0,uΠJ ∈ R
n×J .

Since W0,u vanishes outside its first J columns,

W0,u = AJΠ
⊤
J .

Set
U = Bn(λ)AJ , V = ΠJ , Qn(λ) = In − λUV ⊤.

Then
In − λW0 = (In − λW0,b)Qn(λ).

Let
Rn(λ) = (In − λW0)

−1.
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The first stability condition and the Neumann-series argument give

sup
λ∈C
‖Rn(λ)‖∞ ≤ c−1

∞ .

Both In − λW0 and In − λW0,b are invertible. Hence, Qn(λ) is invertible and

Qn(λ)
−1 = Rn(λ)(In − λW0,b).

Therefore,

sup
λ∈C
‖Qn(λ)

−1‖∞ ≤ sup
λ∈C
‖Rn(λ)‖∞

(
1 + |λ|‖W0,b‖∞

)

≤ 2− c∞
c∞

= O(1).

Define
MJ(λ) = IJ − λV ⊤U.

Since
V ⊤Qn(λ) = MJ(λ)V

⊤,

right-multiplication by Qn(λ)
−1V gives

MJ(λ)
[
V ⊤Qn(λ)

−1V
]
= IJ .

Thus, MJ(λ) is invertible and

MJ(λ)
−1 = V ⊤Qn(λ)

−1V.

Because J is fixed,

sup
λ∈C
‖MJ(λ)

−1‖2 ≤ J sup
λ∈C
‖Qn(λ)

−1‖∞ = O(1).

The Woodbury formula may therefore be applied:

Qn(λ)
−1 = In + λUMJ(λ)

−1V ⊤.

Since C is compact, supλ∈C |λ| <∞. Moreover,

‖U‖2‖V ⊤‖2 ≤ ‖Bn(λ)‖2‖W0,u‖2

≤ O(1)
√
‖W0,u‖1‖W0,u‖∞

= O(n1/4),

because
‖W0,u‖1 ≤ ‖W0‖1 = O(

√
n), ‖W0,u‖∞ ≤ ‖W0‖∞ = O(1).

Therefore, the Woodbury representation gives

sup
λ∈C
‖Qn(λ)

−1‖2 = O(n1/4).

Finally,
Rn(λ) = Qn(λ)

−1Bn(λ),
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and hence
sup
λ∈C
‖(In − λW0)

−1‖2 = O(n1/4),

as required. �

Proof of Lemma 9.

Proof. Fix j and write X = Xjt. For ℓ = 0, 1, 2, Assumption 4(iii) gives

‖W ℓ
0‖∞ ≤ ‖W0‖ℓ∞ = O(1).

Let µ = EX. By Assumption 6(i), the components of X are independent across i and have
means and variances that are uniformly bounded in n, t, i, and j. Hence,

E‖W ℓ
0(X − µ)‖22 ≤ Cn‖W ℓ

0‖2∞ = O(n).

Moreover,
‖W ℓ

0µ‖22 ≤ n‖W ℓ
0‖2∞‖µ‖2max = O(n).

It follows that
E‖W ℓ

0X‖22 = O(n),

and therefore, by Markov’s inequality,

‖W ℓ
0X‖2 = Op(

√
n).

Let
R0n = (In − λ0W0)

−1.

By the Neumann-series bound under Assumption 4(iii),

‖R0n‖∞ ≤ c−1
∞ .

Consequently,
‖W ℓ

0R0n‖∞ = O(1).

Applying the same second-moment argument with An = W ℓ
0R0n gives

E‖W ℓ
0R0nX‖22 = O(n).

Hence, by Markov’s inequality,

‖W ℓ
0(In − λ0W0)

−1X‖2 = Op(
√
n),

for ℓ = 0, 1, 2. �

E.5. Proof of Main Theorems.

Remark 3 (Proof convention: within transformation and two-way fixed effects). Through-
out the proofs that follow, Yt, Xt, Zt(M), and εt denote the within-transformed quantities
obtained by removing the individual fixed effects α from (3).
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The extension to specifications containing time fixed effects ιt1n uses the two-way within
transformation:

ε̈it = εit − ε̄i· − ε̄·t + ε̄··.

Under Assumption 5, for i 6= j,

Cov (ε̈it, ε̈jt) = −
σ2
0

n

(
1− 1

T

)
.

Let

Mn = In −
1

n
1n1

⊤
n , MT = IT −

1

T
1T1

⊤
T .

Because the errors, instruments, and regressors are transformed using the same symmetric
and idempotent projection matrices,

T∑

t=1

Z̈t(M)⊤ε̈t =
T∑

t=1

Z̈t(M)⊤εt.

Under the strict-exogeneity condition imposed in the main text, these moments have con-
ditional mean zero. Consequently, the same rate, variance, and central-limit-theorem argu-
ments continue to apply, with the instruments and regressors interpreted as two-way within
transformed.

Proof of Theorem 1. First, note that the rate of the estimator can diminish with respect to
large n if both w2n, wmaxn → 0. This theorem indicates that ‖Ŵ −W0‖2F is of the order
ν2
nr + τ 2nn, which is a direct result from Theorem 1 in Agarwal et al. (2012). Hence, the

proof boils down to formally verifying the following assumptions (note that the italic text
maintain the same notations in Agarwal et al. (2012)).
Verification of conditions in Theorem 1:

i) For RSC, it trivially holds, as the operator X (.) becomes the identity operator. There-

fore in our case γ = 1 and tolerance parameter τn = 0 in their RSC condition.

ii) Equation (25) in the theorem does not need to be verified due to τn = 0.

iii) Equation (26) has two conditions. One poses restriction on the ℓ2 norm of the error

W and the second poses restriction on the maximum norm of W as well as the low

rank component Θ.

Moreover the choice of two tuning parameter satisfies that

λd ≥ 4 ‖X∗(W )‖op ,

µd ≥ 4R∗ (X∗(W )) +
4γα

κd

,

where W in our context is our error and κd =
√

mr(L0)mc(L0) in our context.
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Their spikiness parameter α is chosen such that

α

κd

≍ 1√
mr(L0)mc(L0)

,

as implied by Assumption 1(i).

Define a large enough positive constant α. Therefore for us it suffices to just verify (iii)
for our context. Assumption 1 and 2 and conditions of theorem yield that with probability
greater than 1− pn (pn → 0), we have νn > 4‖E‖2 and

τn ≥ 4‖E‖max + 4
α√

mr(L0)mc(L0)
≥ 4(‖E‖max + ‖L0‖max). (E.2)

Thus, assumption (iii) is also satisfied. In addition, for the conclusion of Theorem 1, we

have Kτn = 0 as τn equals 0 therein. Also we do not have misspecification in the low rank

and sparse component, then the second term in K∗
Θ and K∗

Γ are all zero.

Hence there exists a positive constant C1 such that, with the same probability event,

‖L̂− L0‖2F + ‖Ŝ − S0‖2F ≤ rν2
n + 4τ 2nms(S0)

≤ C1rw
2
2n + C1ms(S0)w

2
maxn + C1

α2ms(S0)

mr(L0)mc(L0)
,

where the second inequality is due to Assumption 2. Next, we present the results for
‖.‖2, corresponding to the second statement of Theorem 1. According to Agarwal et al.
(2012), in case of identity design, we can cast the problem to a two step one. Define
|S|1 =

∑
i,j∈{1,··· ,n}:i 6=j |Si,j|. Namely:

Step 1 For a given L = 0n×n, we shall optimize:

Ŝ := arg min
S∈Rn×n

1

2
‖W − L− S‖2F + τn|S|1, (E.3)

Step 2 For the estimator in the previous step Ŝ, we shall optimize:

L̂ := arg min
L∈Rn×n,

1

2
‖W − L− Ŝ‖2F + νn‖L‖∗. (E.4)

Then set Ŝii = −L̂ii, so that Ŵ = L̂+ Ŝ has zero diagonals.

Then we can apply Lemma 4(Theorem 9.19 b) in Wainwright (2019).) We shall

verify respectively for those two steps the following three conditions:

i) The term

Ψ(S) := sup
u∈S\(0)

Φ(u)

‖u‖ .

ii) The gradient condition to select λn:

G (λn) :=

{
Φ∗ (∇Ln (θ

∗)) ≤ λn

2

}
.
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iii) Identification: exists a positive c0 and κ such that,

‖∆‖2F
2
≥ κ

2
‖∆‖2F − c0Φ(∆)2 for all ‖∆‖F ≤ 1.

Thus following the conclusion of the theorem we should have the bound:

9
λ2
n

κ2
Ψ2(M).

Because 8
κ

{
λnΦ

(
θ∗
M⊥

)
+ 16τ 2nΦ

2
(
θ∗
M⊥

)}
is zero.

[A]i,j denotes a matrix with element Aij. For the optimization in the Step 1: τn is
of order ‖E‖max + ‖L0‖max .p wmaxn + α√

mr(L0)mc(L0)
due to the gradient evaluated

at the true value S0 is just [−(Wij − S0,ij)]i,j and the dual norm Φ∗(.) is the ‖.‖max.
κ = 1, and Ψ(S) .

√
ms(S0). This results to a bound of the order:

‖Ŝ − S0‖2 .p (wmaxn +
1√

mr(L0)mc(L0)
)
√

ms(S0) = Rs. (E.5)

Then we can apply Lemma 4 (Theorem 9.19 in Wainwright (2019)) to Step 1. For
Step 2, we use the singular-value-thresholding representation; see also the related
operator-norm result in Lemma 5 (Theorem 9.24 in Wainwright (2019)). The relevant
conditions are verified as follows:

i) For both steps, the loss is quadratic. Therefore,

En(∆) =
1

2
‖∆‖2F ,

so the curvature condition holds globally with κ = 1 and zero tolerance.

ii) For Step 1, the entrywise ℓ1 norm is decomposable with respect to the support
space of S0, and

Ψ(M) ≤
√
ms(S0).

iii) The gradient of the Step 1 loss evaluated at S0 is

∇Ln(S0) = S0 −W = −(L0 + E).

Since the dual of the entrywise ℓ1 norm is the maximum norm,

Φ∗(∇Ln(S0)) ≤ ‖L0‖max + ‖E‖max .p
1√

mr(L0)mc(L0)
+ wmaxn.

Thus, the gradient condition holds for the stated choice of τn.

iv) For Step 2, the nuclear norm is decomposable with respect to the tangent-space
pair generated by L0, and

Ψ(M) .
√
r.
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v) The gradient of the Step 2 loss evaluated at L0 is

∇Ln(L0) = L0 + Ŝ −W = Ŝ − S0 − E,

and hence

Φ∗(∇Ln(L0)) = ‖Ŝ − S0 − E‖2 ≤ ‖Ŝ − S0‖2 + ‖E‖2 .p Rs + w2n.

vi) Because S0 is exactly sparse and L0 has rank r, the approximation-error terms
for both steps are zero.

According to Lemma 4 and the Step 1 Frobenius bound, we have

|Ŝ − S0|1 .p

(
wmaxn +

1√
mr(L0)mc(L0)

)
ms(S0) = Rs

√
ms(S0). (E.6)

Denote

SVTνn(An) := U diag
{(

σj(An)− νn
)
+

}
V ⊤, (x)+ := max{x, 0}.

For the optimization in Step 2, let

An = W − Ŝ.

The solution is obtained by singular-value thresholding:

L̂ = SVTνn(An), ‖An − L̂‖2 ≤ νn.

Moreover,
An − L0 = E − (Ŝ − S0).

Therefore,

‖L̂− L0‖2 ≤ ‖L̂− An‖2 + ‖An − L0‖2
≤ νn + ‖E‖2 + ‖Ŝ − S0‖2
.p w2n +Rs, (E.7)

where the last inequality uses νn ≍ w2n and ‖Ŝ−S0‖2 .p Rs from Step 1. Combining
the two steps and applying the diagonal adjustment gives

‖Ŝ − S0‖2 .p w2n +Rs.

Therefore,

‖L̂− L0‖22 + ‖Ŝ − S0‖22 .p w
2
2n +R2

s .p R2(W0, E),

which proves the second conclusion of the theorem.

Finally, since
Ŝii − S0,ii = −(L̂ii − L0,ii),
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we have

|Ŝ − S0|1,1 ≤ |Ŝ − S0|1 + | diag(L̂− L0)|1,1
≤ |Ŝ − S0|1 + n‖L̂− L0‖2
.p Rs

√
ms(S0) + n(Rs + w2n).

�

Assumption 12 (Dependence between the measurement error and data). Let

E = σ(E), Ut = λ0Yt +Xtγ0,

and define the finite collection

P = {(Xjt, Xkt), (Xjt, Yt), (Xjt, Ut), (Xjt, εt) : 1 ≤ j, k ≤ K} .
Assume

sup
(at,bt)∈P

sup
1≤t≤T

{∥∥E[atb⊤t | E ]
∥∥
2
+
∥∥E[atb⊤t | E ]

∥∥
max

}
= Op(1).

Moreover, uniformly over (at, bt) ∈ P and all E-measurable matrices A ∈ R
n×n,

Var

(
T∑

t=1

a⊤t Abt

∣∣∣∣∣ E
)

.p T‖A‖2F .

Lemma 10. Define the gradient matrices

Ĝ(Ŵ ) :=
∂ḡnT (θ, Ŵ )

∂θ⊤
= − 1

nT

T∑

t=1

Z⊤
t (Ŵ )

[
ŴYt Xt ŴXt

]
,

Ĝ(W0) :=
∂ḡnT (θ,W0)

∂θ⊤
= − 1

nT

T∑

t=1

Z⊤
t (W0)

[
W0Yt Xt W0Xt

]
,

which do not depend on the evaluation point θ.

Suppose Assumptions 1–7 hold. Let ∆L := L̂ − L0, ∆S := Ŝ − S0, B0 := (In − λ0W0)
−1,

and Rs :=
(
wmaxn + 1/

√
mr(L0)mc(L0)

)√
ms(S0). Throughout, Yt, Zt, Xt, εt denote the

within-transformed quantities (see Remark 3).

(a) Baseline rate using the noisy matrix W . Assume

‖W0‖2 = O(1), w2n = O(1).

Using W = W0 + E directly,

‖Ĝ(W )− Ĝ(W0)‖2 = Op(w2n + w2
2n),

‖ḡnT (θ0,W )− ḡnT (θ0,W0)‖2 = Op(w2n + w2
2n).

(b) Alternative bound via the | · |1,1 norm. Suppose, in addition, that

‖W0‖1 = O(1), ‖E‖∞ = Op(1),
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and

max
1≤j≤K

1

T

T∑

t=1

‖Xjt‖2max = Op(1),
1

T

T∑

t=1

‖εt‖2max = Op(1),

where Xjt is the jth column of Xt, ‖Xjt‖max = max1≤i≤n |xt,ij|, and ‖εt‖max = max1≤i≤n |εit|.
Then

‖Ĝ(W )− Ĝ(W0)‖2 = Op

(
n−1|E|1,1

)
,

‖ḡnT (θ0,W )− ḡnT (θ0,W0)‖2 = Op

(
n−1|E|1,1

)
.

(c) Improved rate using the denoised matrix Ŵ . Let

E := σ(E), Ut := λ0Yt +Xtγ0,

and consider the finite collection of primitive pairs

P = {(Xjt, Xkt), (Xjt, Yt), (Xjt, Ut), (Xjt, εt) : 1 ≤ j, k ≤ K} .
Suppose that

sup
(at,bt)∈P

sup
1≤t≤T

∥∥E[atb⊤t | E ]
∥∥
2
= Op(1), (E.8)

and

sup
(at,bt)∈P

sup
1≤t≤T

∥∥E[atb⊤t | E ]
∥∥
max

= Op(1). (E.9)

Assume also that, uniformly over the pairs in P and over all E-measurable matrices A,

Var

(
T∑

t=1

a⊤t Abt

∣∣∣∣∣ E
)

.p T‖A‖2F . (E.10)

Independence between E and the regressors or disturbances is not required; the conditional-

moment conditions above are the operative restriction. Under independence, the two conditional-

moment bounds reduce to their corresponding unconditional counterparts in the main assump-

tions, whereas under dependence they restrict the strength of that dependence.

Define

ρn := w2n +Rs, sn := Rs

√
ms(S0), κn := 1 + ‖W0‖2 + ρn,

and

R∗
nT := (1 + ‖B0‖2)κd+1

n

(r ∨ 1)ρn + sn
n

. (E.11)

If R∗
nT = o(1), then

‖Ĝ(Ŵ )− Ĝ(W0)‖2 = Op(R∗
nT ),

‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2 = Op(R∗
nT ).

The bound in part (b) corresponds to the rate available under sparsity-style arguments for
measurement error in the adjacency matrix, of the kind used by Lewbel et al. (2024). When
E is sparse, |E|1,1 = o(n) and part (b) is faster than the baseline of part (a). When E is dense,
however, |E|1,1 is generically of order n or larger, and part (b) delivers no improvement over



71

part (a). This is precisely the regime in which the L+S-denoising rate of part (c) is needed:
by exploiting the assumed L+S structure of the latent adjacency matrix W0 = L0 + S0, the
denoising step of Theorem 1 produces a recovery error Ŵ −W0 = ∆L+∆S with controlled
spectral behavior, allowing part (c) to achieve a rate that the elementwise-sparse bound of
part (b) cannot reach.

The denoised rate of Lemma 10(c) is strictly faster than the baseline of Lemma 10(a) when-
ever

‖B0‖2(1 + ‖W0‖2) r(w2n +Rs) +Rs

√
ms(S0)

n
= o(w2n + w2

2n).

This holds in particular for fixed or slowly growing rank r in the dense-network regime where
‖W0‖2 remains bounded, so that ‖B0‖2 = O(1) when there are no dominant units (J = 0).
Under finitely many dominant units, Lemma 8 gives ‖B0‖2 = o(n1/4), and the improvement
holds under correspondingly stronger conditions on r and ms(S0).

Proof of Lemma 10. Part (a): ‖ · ‖2 based bound.

Throughout this part, d = 2, so the columns of Zt(W ) are chosen from W lXjt, where
l = 0, 1, 2 and j = 1, . . . , K. Since K and the number of instruments are fixed, it suffices to
bound each entry of the relevant matrices.

Recall that
B0 = (In − λ0W0)

−1.

The stability condition on W0 implies

‖W0‖∞ = O(1), ‖B0‖∞ = O(1), ‖B0W0‖∞ = O(1).

The uniform moment bounds in Assumptions 6 and 5, together with these row-sum bounds,
imply

max
1≤j≤K

1

nT

T∑

t=1

‖Xjt‖22 = Op(1), (E.12)

1

nT

T∑

t=1

‖εt‖22 = Op(1), (E.13)

max
1≤j≤K

H∈{In,W0}

1

nT

T∑

t=1

‖B0HXjt‖22 +
1

nT

T∑

t=1

‖B0εt‖22 = Op(1). (E.14)

Indeed, uniformly in t, j, and H ∈ {In,W0}, the uniform componentwise second-moment
bounds and the bounded row sums of B0H imply

E‖B0HXjt‖22 = O(n).



72

Moreover, because εt denotes the within-transformed disturbance and the within transfor-
mation is a contraction,

λmax

(
E[εtε

⊤
t ]
)
≤ σ2

0.

Consequently,

E‖B0εt‖22 = tr
(
B⊤

0 B0E[εtε
⊤
t ]
)
≤ σ2

0‖B0‖2F ≤ σ2
0n‖B0‖2∞ = O(n),

where

‖B0‖2F =
n∑

i=1

‖B0,i·‖22 ≤
n∑

i=1

‖B0,i·‖21 ≤ n‖B0‖2∞.

Therefore, the expectations of the normalized time averages are uniformly bounded, and
Markov’s inequality gives (E.12)–(E.14). Since

Yt = B0(Xtβ0 +W0Xtγ0 + εt),

the compactness of the parameter space, the fact that K is fixed, and (E.14) implies

1

nT

T∑

t=1

‖Yt‖22 = Op(1). (E.15)

Consequently, defining
Ut := λ0Yt +Xtγ0,

we also have
1

nT

T∑

t=1

‖Ut‖22 = Op(1). (E.16)

Define
Al := W l −W l

0, l = 0, 1, 2.

Since W = W0 + E,
A0 = 0, A1 = E,

and
A2 = W 2 −W 2

0 = W0E + EW0 + E2.

Therefore, using ‖W0‖2 = O(1) and ‖E‖2 = Op(w2n),

max
0≤l≤2

‖Al‖2 = Op(w2n + w2
2n). (E.17)

Moreover,
‖W‖2 ≤ ‖W0‖2 + ‖E‖2 = Op(1),

where the final equality uses w2n = O(1).
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We first consider the gradient. By its definition,

‖Ĝ(W )− Ĝ(W0)‖2 .
∥∥∥∥∥

1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
Xt

∥∥∥∥∥
2

+

∥∥∥∥∥
1

nT

T∑

t=1

[
Z⊤

t (W )W − Z⊤
t (W0)W0

]
Yt

∥∥∥∥∥
2

+

∥∥∥∥∥
1

nT

T∑

t=1

[
Z⊤

t (W )W − Z⊤
t (W0)W0

]
Xt

∥∥∥∥∥
2

=: ‖Rn1‖2 + ‖Rn2‖2 + ‖Rn3‖2.

For Rn1, every (j, k, l) entry satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l Xkt

∣∣∣∣∣

≤ ‖Al‖2
(

1

nT

T∑

t=1

‖Xjt‖22

)1/2(
1

nT

T∑

t=1

‖Xkt‖22

)1/2

.

It follows from (E.12) and (E.17) that

‖Rn1‖2 = Op(w2n + w2
2n). (E.18)

For Rn2 and Rn3, define
Dl := (W l)⊤W − (W l

0)
⊤W0.

Because
Dl = A⊤

l W + (W l
0)

⊤E,

we have
‖Dl‖2 ≤ ‖Al‖2‖W‖2 + ‖W0‖l2‖E‖2.

Thus,
max
0≤l≤2

‖Dl‖2 = Op(w2n + w2
2n). (E.19)

Each (j, l) entry of Rn2 satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtDlYt

∣∣∣∣∣ ≤ ‖Dl‖2
(

1

nT

T∑

t=1

‖Xjt‖22

)1/2

×
(

1

nT

T∑

t=1

‖Yt‖22

)1/2

.

Therefore, by (E.12), (E.15), and (E.19),

‖Rn2‖2 = Op(w2n + w2
2n). (E.20)
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Similarly, every (j, k, l) entry of Rn3 satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtDlXkt

∣∣∣∣∣ ≤ ‖Dl‖2
(

1

nT

T∑

t=1

‖Xjt‖22

)1/2

×
(

1

nT

T∑

t=1

‖Xkt‖22

)1/2

.

Hence
‖Rn3‖2 = Op(w2n + w2

2n). (E.21)

Combining (E.18)–(E.21), we obtain

‖Ĝ(W )− Ĝ(W0)‖2 = Op(w2n + w2
2n).

We next consider the sample moment. Define

εt(θ0,M) := Yt − λ0MYt −Xtβ0 −MXtγ0.

Then
εt(θ0,W0) = εt

and
δt := εt(θ0,W )− εt = −E(λ0Yt +Xtγ0) = −EUt.

Consequently,

ḡnT (θ0,W )− ḡnT (θ0,W0)

=
1

nT

T∑

t=1

Z⊤
t (W0)δt +

1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
εt(θ0,W )

=: R1 +R2.

For each instrument component of R1,
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jt(W

l
0)

⊤EUt

∣∣∣∣∣ ≤ ‖E‖2
(

1

nT

T∑

t=1

‖W l
0Xjt‖22

)1/2

×
(

1

nT

T∑

t=1

‖Ut‖22

)1/2

.

Because ‖W0‖2 = O(1), (E.12) and (E.16) imply

‖R1‖2 = Op(w2n).

For R2, use
εt(θ0,W ) = εt + δt
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to write

R2 =
1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
εt

︸ ︷︷ ︸
R21

+
1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
δt

︸ ︷︷ ︸
R22

.

For every (j, l) component of R21,
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l εt

∣∣∣∣∣ ≤ ‖Al‖2
(

1

nT

T∑

t=1

‖Xjt‖22

)1/2

×
(

1

nT

T∑

t=1

‖εt‖22

)1/2

.

Thus,
‖R21‖2 = Op(w2n + w2

2n).

Finally, since δt = −EUt, every component of R22 satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l EUt

∣∣∣∣∣ ≤ ‖Al‖2‖E‖2
(

1

nT

T∑

t=1

‖Xjt‖22

)1/2

×
(

1

nT

T∑

t=1

‖Ut‖22

)1/2

.

It follows that
‖R22‖2 = Op(w

2
2n + w3

2n) = Op(w
2
2n),

where the final equality uses w2n = O(1).

Combining the preceding bounds gives

‖ḡnT (θ0,W )− ḡnT (θ0,W0)‖2 = Op(w2n + w2
2n),

which completes the proof of part (a).

Part (b): | · |1,1-based bound.

Throughout this part, d = 2. We use the inequalities

|AB|1,1 ≤ ‖A‖1|B|1,1, |AB|1,1 ≤ ‖B‖∞|A|1,1. (E.22)

For vectors x, y ∈ R
n, we also use

|x⊤Ay| ≤ ‖x‖max|A|1,1‖y‖max. (E.23)



76

Recall the definitions

Al := W l −W l
0, Dl := (W l)⊤W − (W l

0)
⊤W0, l = 0, 1, 2.

Since W = W0 + E,
A0 = 0, A1 = E,

and
A2 = W0E + EW0 + E2.

Using (E.22),

|A2|1,1 ≤ |W0E|1,1 + |EW0|1,1 + |E2|1,1
≤ (‖W0‖1 + ‖W0‖∞ + ‖E‖∞) |E|1,1.

By the additional hypothesis of part (b), ‖W0‖1 = O(1). Moreover, Assumption 4(iii) gives
‖W0‖∞ = O(1), while ‖E‖∞ = Op(1) by assumption. Therefore,

max
0≤l≤2

|Al|1,1 = Op(|E|1,1). (E.24)

Moreover,
Dl = A⊤

l W + (W l
0)

⊤E.

Therefore,

|Dl|1,1 ≤ |A⊤
l W |1,1 + |(W l

0)
⊤E|1,1

≤ ‖W‖∞|A⊤
l |1,1 + ‖(W l

0)
⊤‖1|E|1,1

= ‖W‖∞|Al|1,1 + ‖W l
0‖∞|E|1,1.

Since
‖W‖∞ ≤ ‖W0‖∞ + ‖E‖∞ = Op(1)

and
‖W l

0‖∞ ≤ ‖W0‖l∞ = O(1),

it follows that
max
0≤l≤2

|Dl|1,1 = Op(|E|1,1). (E.25)

We next record bounds for the data factors. Since

Yt = B0 (Xtβ0 +W0Xtγ0 + εt) ,

Assumption 4(iii) gives
‖B0‖∞ = O(1), ‖W0‖∞ = O(1).

Together with the boundedness of β0 and γ0 and the fact that K is fixed, this gives

‖Yt‖max .

K∑

k=1

‖Xkt‖max + ‖εt‖max.



77

By the additional maximum-norm assumptions in part (b),

1

T

T∑

t=1

‖Yt‖2max = Op(1). (E.26)

Similarly, defining
Ut := λ0Yt +Xtγ0,

we have
1

T

T∑

t=1

‖Ut‖2max = Op(1). (E.27)

With Rn1, Rn2, and Rn3 defined as in part (a), we first bound the gradient difference. For
Rn1, every (j, k, l) entry satisfies

∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l Xkt

∣∣∣∣∣

≤ |Al|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2(
1

T

T∑

t=1

‖Xkt‖2max

)1/2

.

Thus, by (E.24) and the additional maximum-norm assumptions,

‖Rn1‖2 = Op

(
n−1|E|1,1

)
.

For Rn2, every (j, l) entry satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtDlYt

∣∣∣∣∣ ≤
|Dl|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2

×
(

1

T

T∑

t=1

‖Yt‖2max

)1/2

.

Therefore, by (E.25), (E.26), and the additional maximum-norm assumptions,

‖Rn2‖2 = Op

(
n−1|E|1,1

)
.

Similarly, every (j, k, l) entry of Rn3 satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtDlXkt

∣∣∣∣∣ ≤
|Dl|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2

×
(

1

T

T∑

t=1

‖Xkt‖2max

)1/2

.

Hence,
‖Rn3‖2 = Op

(
n−1|E|1,1

)
.
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Since K, d, and the number of instruments are fixed, the preceding entrywise bounds also
hold for the corresponding matrix 2-norms. Combining the three terms gives

‖Ĝ(W )− Ĝ(W0)‖2 = Op

(
n−1|E|1,1

)
.

We next consider the sample-moment difference. Recall that

δt := εt(θ0,W )− εt = −EUt.

As in part (a), decompose

ḡnT (θ0,W )− ḡnT (θ0,W0)

=
1

nT

T∑

t=1

Z⊤
t (W0)δt

︸ ︷︷ ︸
R1

+
1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
εt(θ0,W )

︸ ︷︷ ︸
R2

.

For each instrument component of R1,∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jt(W

l
0)

⊤EUt

∣∣∣∣∣

≤ |(W
l
0)

⊤E|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2(
1

T

T∑

t=1

‖Ut‖2max

)1/2

.

Furthermore,

|(W l
0)

⊤E|1,1 ≤ ‖(W l
0)

⊤‖1|E|1,1 = ‖W l
0‖∞|E|1,1 = O(|E|1,1).

Hence,
‖R1‖2 = Op

(
n−1|E|1,1

)
.

For R2, write
R2 = R21 +R22,

where

R21 :=
1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
εt,

R22 :=
1

nT

T∑

t=1

[
Z⊤

t (W )− Z⊤
t (W0)

]
δt.
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For each component of R21,
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l εt

∣∣∣∣∣ ≤
|Al|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2

×
(

1

T

T∑

t=1

‖εt‖2max

)1/2

.

Thus,
‖R21‖2 = Op

(
n−1|E|1,1

)
.

Finally, because δt = −EUt, every component of R22 satisfies
∣∣∣∣∣
1

nT

T∑

t=1

X⊤
jtA

⊤
l EUt

∣∣∣∣∣

≤ |A
⊤
l E|1,1
n

(
1

T

T∑

t=1

‖Xjt‖2max

)1/2(
1

T

T∑

t=1

‖Ut‖2max

)1/2

.

Using (E.22) and (E.24),

|A⊤
l E|1,1 ≤ ‖E‖∞|A⊤

l |1,1 = ‖E‖∞|Al|1,1 = Op(|E|1,1).
Therefore,

‖R22‖2 = Op

(
n−1|E|1,1

)
.

Combining the preceding bounds yields

‖ḡnT (θ0,W )− ḡnT (θ0,W0)‖2 = Op

(
n−1|E|1,1

)
,

which completes the proof of part (b).

Proof of part (c). Define

Ŵ := off(L̂+ Ŝ), ∆W := Ŵ −W0,

where
off(A) = A− diag(A).

The off-diagonal operator is redundant under the zero-diagonal constraint, but we retain it
to make the diagonal bookkeeping explicit. Since diag(W0) = 0,

∆W = off(∆L) + off(∆S).

Recall that

ρn := w2n +Rs, sn := Rs

√
ms(S0), κn := 1 + ‖W0‖2 + ρn.
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Theorem 1 and its cone condition imply

‖∆L‖∗ = Op

(
(r ∨ 1)ρn

)
, (E.28)

‖∆L‖F + ‖∆S‖F = Op

(√
r ∨ 1 ρn

)
, (E.29)

| off(∆S)|1,1 = Op(sn), (E.30)

‖∆W‖2 = Op(ρn). (E.31)

Consequently,
‖Ŵ‖2 ≤ ‖W0‖2 + ‖∆W‖2 = Op(κn).

Let E = σ(E). Since Ŵ is constructed from W = W0 + E, the matrices Ŵ , ∆W , ∆L, and
∆S are E-measurable.

We first record the bilinear-form bound used below. Consider

BnT (A) =
1

nT

T∑

t=1

a⊤t Abt,

where (at, bt) is one of

(Xjt, Xkt), (Xjt, Yt), (Xjt, Ut), (Xjt, εt),

and A is E-measurable.

Suppose first that
A = PE off(∆L)QE,

where
‖PE‖2‖QE‖2 = Op

(
(1 + ‖B0‖2)κd+1

n

)
.

Define

ME =
1

T

T∑

t=1

E[atb
⊤
t | E ].

The conditional-moment condition gives

‖ME‖2 = Op(1).

Since the off-diagonal operator is self-adjoint under the Frobenius inner product,

|E[BnT (A) | E ]| =
1

n

∣∣〈off(∆L), P⊤
E MEQ

⊤
E

〉
F

∣∣

=
1

n

∣∣〈∆L, off
(
P⊤
E MEQ

⊤
E

)〉
F

∣∣ .

For any matrix N ,
‖ off(N)‖2 ≤ ‖N‖2 + ‖ diag(N)‖2 ≤ 2‖N‖2.
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Therefore, nuclear–operator norm duality and (E.28) give

|E[BnT (A) | E ]| ≤
2

n
‖∆L‖∗‖PE‖2‖ME‖2‖QE‖2

= Op

(
(1 + ‖B0‖2)κd+1

n

(r ∨ 1)ρn
n

)
. (E.32)

Moreover,

‖A‖F ≤ ‖PE‖2‖ off(∆L)‖F‖QE‖2
≤ ‖PE‖2‖∆L‖F‖QE‖2
= Op

(
(1 + ‖B0‖2)κd+1

n

√
r ∨ 1 ρn

)
.

The conditional variance condition and conditional Chebyshev’s inequality yield

BnT (A)− E[BnT (A) | E ] = Op

(‖A‖F
n
√
T

)

= Op

(
(1 + ‖B0‖2)κd+1

n

√
r ∨ 1 ρn

n
√
T

)
. (E.33)

If instead
A = PE off(∆S)QE,

then entrywise ℓ1–max norm duality gives

|E[BnT (A) | E ]| =
1

n

∣∣〈off(∆S), P⊤
E MEQ

⊤
E

〉
F

∣∣

≤ 1

n
| off(∆S)|1,1‖P⊤

E MEQ
⊤
E‖max.

Since
‖P⊤

E MEQ
⊤
E‖max ≤ ‖P⊤

E MEQ
⊤
E‖2 ≤ ‖PE‖2‖ME‖2‖QE‖2,

we obtain
|E[BnT (A) | E ]| = Op

(
(1 + ‖B0‖2)κd+1

n

sn
n

)
. (E.34)

Similarly,

‖A‖F ≤ ‖PE‖2‖ off(∆S)‖F‖QE‖2
≤ ‖PE‖2‖∆S‖F‖QE‖2,

and hence

BnT (A)− E[BnT (A) | E ] = Op

(
(1 + ‖B0‖2)κd+1

n

√
r ∨ 1 ρn

n
√
T

)
. (E.35)

Because r ∨ 1 ≥ 1 and T ≥ 1, √
r ∨ 1 ρn

n
√
T

≤ (r ∨ 1)ρn
n

.
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Thus every bilinear form considered above is

Op

(
(1 + ‖B0‖2)κd+1

n

(r ∨ 1)ρn + sn
n

)
= Op(R∗

nT ). (E.36)

Left factors such as W l
0Xjt or Ŵ aXjt are handled by absorbing the corresponding E-measurable

network matrices into PE or QE. This explains why the conditional-moment conditions are
stated using the primitive vectors Xjt.

Moment difference. As in part (a), write

ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)

=
1

nT

T∑

t=1

Zt(W0)
⊤
[
εt(θ0, Ŵ )− εt(θ0,W0)

]

+
1

nT

T∑

t=1

[
Zt(Ŵ )− Zt(W0)

]⊤
εt(θ0, Ŵ )

=: R1 +R2.

Let
Ft := B0(Xtβ0 +W0Xtγ0).

Since
Yt = Ft +B0εt

and
Ut = λ0Yt +Xtγ0,

we have

R1 = −λ0
1

nT

T∑

t=1

Zt(W0)
⊤∆WB0εt

− λ0
1

nT

T∑

t=1

Zt(W0)
⊤∆WFt

− 1

nT

T∑

t=1

Zt(W0)
⊤∆WXtγ0

=: A1nT + A2nT + A3nT .

Every coordinate of A1nT is a finite sum of terms involving the pair (Xjt, εt), with B0 and
the powers of W0 absorbed into PE and QE. Hence,

‖A1nT‖2 = Op(R∗
nT ).

After writing
Ft = B0Xtβ0 + B0W0Xtγ0,
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every coordinate of A2nT involves a pair (Xjt, Xkt). Therefore,

‖A2nT‖2 = Op(R∗
nT ).

The same argument using (Xjt, Xkt) gives

‖A3nT‖2 = Op(R∗
nT ).

Consequently,
‖R1‖2 = Op(R∗

nT ). (E.37)

For R2, write

R2 =
1

nT

T∑

t=1

[
Zt(Ŵ )− Zt(W0)

]⊤
εt

+
1

nT

T∑

t=1

[
Zt(Ŵ )− Zt(W0)

]⊤ [
εt(θ0, Ŵ )− εt

]

=: R21 +R22.

For every l ≤ d,

Ŵ l −W l
0 =

l−1∑

a=0

Ŵ a∆WW l−1−a
0 . (E.38)

Thus each coordinate of R21 is a finite sum of bilinear forms involving (Xjt, εt) and at least
one factor ∆W . It follows that

‖R21‖2 = Op(R∗
nT ).

Moreover,
εt(θ0, Ŵ )− εt = −∆WUt.

Thus each coordinate ofR22 involves the pair (Xjt, Ut) and at least two recovery-error factors.
One factor is paired with the data bilinear form, while every remaining factor is bounded
using

‖∆W‖2 = Op(ρn).

These additional factors are absorbed into κd+1
n . Therefore,

‖R22‖2 = Op(R∗
nT ).

Combining these bounds yields
‖R2‖2 = Op(R∗

nT ). (E.39)

Equations (E.37) and (E.39) give

‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2 = Op(R∗
nT ).
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Gradient difference. As in part (a), decompose

‖Ĝ(Ŵ )− Ĝ(W0)‖2 .
∥∥∥∥∥

1

nT

T∑

t=1

[
Zt(Ŵ )− Zt(W0)

]⊤
Xt

∥∥∥∥∥
2

+

∥∥∥∥∥
1

nT

T∑

t=1

[
Zt(Ŵ )⊤Ŵ − Zt(W0)

⊤W0

]
Yt

∥∥∥∥∥
2

+

∥∥∥∥∥
1

nT

T∑

t=1

[
Zt(Ŵ )⊤Ŵ − Zt(W0)

⊤W0

]
Xt

∥∥∥∥∥
2

=: ‖Rn1‖2 + ‖Rn2‖2 + ‖Rn3‖2.

For an instrument column of the form W lXjt, define

Al := Ŵ l −W l
0, Dl := (Ŵ l)⊤Ŵ − (W l

0)
⊤W0.

By (E.38), Al is a finite sum of terms containing at least one factor ∆W . Moreover,

Dl = A⊤
l Ŵ + (W l

0)
⊤∆W .

Therefore, every term in Dl also contains at least one factor ∆W .

Each coordinate of Rn1 has the form

1

nT

T∑

t=1

X⊤
jtA

⊤
l Xkt,

and hence involves the pair (Xjt, Xkt). Therefore,

‖Rn1‖2 = Op(R∗
nT ).

Each coordinate of Rn2 has the form

1

nT

T∑

t=1

X⊤
jtDlYt,

and hence involves the pair (Xjt, Yt). Thus,

‖Rn2‖2 = Op(R∗
nT ).

Finally, each coordinate of Rn3 has the form

1

nT

T∑

t=1

X⊤
jtDlXkt,

which again involves the pair (Xjt, Xkt). Hence,

‖Rn3‖2 = Op(R∗
nT ).
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Combining the three bounds gives

‖Ĝ(Ŵ )− Ĝ(W0)‖2 = Op(R∗
nT ).

This completes the proof of part (c). �

Proof of Theorem 2. Step 1 The proof consists of two steps. First, we show that when W0

is correctly specified, we establish the large sample performance of θ̂p(W0). In the first step,
when W0 is correctly specified, εt(θ0,W0) = εt and hence

ḡnT (θ0,W0) =
T∑

t=1

Z⊤
t (W0)εt/(nT ).

Note that the gradient

∂ḡnT (θ,W )

∂θ⊤
=

∂ 1
nT

∑T
t=1 Zt(W )⊤(Yt − λWYt −Xtβ −WXtγ)

∂θ⊤
= − 1

nT

T∑

t=1

Zt(W )⊤(WYt, Xt,WXt),

with Yt = (In − λ0W0)
−1(Xtβ0 +W0Xtγ0 + εt). Define E[Ĝ(W )] = G(W ). Recall that

Ĝ(W ) =
∂ḡnT (θ,W )

∂θ⊤
.

Recall Q0t = (W0(In − λ0W0)
−1(Xtβ0 +W0Xtγ0), Xt,W0Xt), and we have

∂ḡnT (θ,W0)

∂θ⊤
= −

∑T
t=1 Z

⊤
t (W0)Q0t

nT
−
∑T

t=1 Z
⊤
t (W0)(W0(In − λ0W0)

−1εt,0n×(2K))

nT
:= R1 +R2

To prove R1 + R2 → −ΣZ0Q0 holds, Assumption 6 yields the first term R1 converges to
−ΣZ0Q0 . For the second term R2 we have 1

nT

∑T
t=1 Z

⊤
t (W0)(W0(In − λ0W0)

−1εt), let us
compute the variance,

Az =
σ2
0

∑T
t=1 Z

⊤
t (W0)(W0(In − λ0W0)

−1(In − λ0W0)
−1⊤W⊤

0 Zt(W0)

n2T 2
.

Assume that the column sums
∑n

i=1 |W0,im| ≤ cn. From Assumption 1 and its remark we
have ‖S0‖1 = O(

√
n) , and moreover, from Assumption 1, ‖L0‖2 ≤

√
mr(L0)mc(L0)‖L0‖max

is bounded and we have ‖L0‖1 = O(
√
n‖L0‖2). So we can deduce that ‖W0‖1 = O(

√
n) .

Since we have

‖Az‖∞ ≤ σ2
0

∑T
t=1 ‖Z⊤

t (W0)W0(In − λ0W0)
−1‖∞‖(In − λ0W0)

−1⊤W⊤
0 Zt(W0)‖∞

n2T 2

≤ σ2
0

∑T
t=1 ‖Z⊤

t (W0)‖∞‖W0(In − λ0W0)
−1‖∞‖(In − λ0W0)

−1⊤W⊤
0 Zt(W0)‖∞

n2T 2
,

for d = 0, 1, 2.

To fill in details since there are finite number of columns of W0 to have unbounded col-
umn sums of order bounded by cn, we have by Lemma 7 with m and M being constants,
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‖X⊤
t W

l⊤
0 ‖∞ . ‖X⊤

t ‖maxcn + ‖X⊤
t ‖∞ . n, and

‖(In − λ0W0)
−1⊤W⊤

0 Zt(W0)‖∞ . ‖(In − λ0W0)
−1⊤W⊤

0 ‖∞‖Zt(W0)‖∞ . cn,

‖Az‖∞ ≤
σ2
0

∑T
t=1 ‖Z⊤

t (W0)‖∞‖(In − λ0W0)
−1⊤W⊤

0 Zt(W0)‖∞
n2T 2

.
nTcn
n2T 2

.

Thus to ensure that ‖Az‖∞ → 0 we need to have cn
nT
→ 0 to ensure R2 →p 0. It shall be

noted that this is already ensured by our Assumptions 1. It is negligible since its 2-norm is
of order Op(

√
cn/(nT )) = Op(1/(n

1/4
√
T )) = op(1).

By the linearity of the moment condition, we have

ḡnT (θ̂p(W0),W0) = ḡnT (θ0,W0) + Ĝ(W0)(θ̂p(W0)− θ0).

Hence the first order condition yields that

0 = Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ̂p(W0),W0) = Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0) + Ĝ(W0)
⊤Λ̂−1

nT Ĝ(W0)(θ̂p(W0)− θ0),

or equivalently,

Ĝ(W0)
⊤Λ̂−1

nT Ĝ(W0)(θ̂p(W0)− θ0) = −Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0).

By Assumption 6 and 7, we conclude that Ĝ(W0)
⊤Λ̂−1

nT →p −Σ⊤
Z0Q0

Λ−1, and

Ĝ(W0)
⊤Λ̂−1

nT Ĝ(W0)→p Σ
⊤
Z0Q0

Λ−1ΣZ0Q0 ,

which is nonsingular as Assumption 6 assumes ΣZ0Q0 is of full column rank and Assumption
7 assumes Λ is a positive definite matrix.

We shall first prove the consistency. For convenience we introduce the vector Op(.) notation.
Let an be a positive sequence. A finite dimension vector An = Op(an) means that ‖An/an‖ =
Op(1) for any norm ‖.‖. Thus

Ĝ(W0)
⊤Λ̂−1

nT Ĝ(W0)(θ̂p(W0)− θ0) = −Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0),

[Σ⊤
Z0Q0

Λ−1ΣZ0Q0 ](θ̂p(W0)− θ0) + op(‖(θ̂p(W0)− θ0)‖2) = −Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0).

By Assumptions 6 and 7, we have that

−Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0) = −G(W0)
⊤Λ−1ḡnT (θ0,W0) +Op(‖ḡnT (θ0,W0)‖2).

By Lemma 10 and the above derivation, we have that ,

‖ − Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0)‖2 = Op(
1√
nT

).

Thus the consistency follows, ‖θ̂p(W0)− θ0‖2 = op(1).

Furthermore, the variance matrix Var(
√
nT ḡnT (θ0,W0)) = Var(

∑T
t=1 Z

⊤
t (W0)εt/

√
nT ) asymp-

totically converges to σ2
0ΣZ0Z0 , i.e.
√
nTσ−1

0 Σ
−1/2
Z0Z0

ḡnT (θ0,W0)
d→ N(0, Im). (E.40)
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We shall try to understand the asymptotic of the above term by apply Lemma 6.

Compute the covariance to ensure finite variances:

Cov(Z⊤
t (W0)εt/

√
nT ) = E

[
1

nT
Z⊤

t (W0)εtε
⊤
t Zt(W0)

]
.

Since by Assumption 5 the elements of εt are i.i.d. with E[εtε
⊤
t ] = σ2

0In:

Cov(Z⊤
t (W0)εt/

√
nT ) =

σ2
0

nT
E[Z⊤

t (W0)Zt(W0)].

Without loss of generality, we prove the result assuming no collinearity (i.e., the vectors
are linearly independent). m = 3K. The proof can be extended to cases with collinearity.
Compute Z⊤

t (W0)Zt(W0):
Zt(W0) = (Xt,W0Xt,W

2
0Xt),

Z⊤
t (W0)Zt(W0) =




X⊤
t Xt X⊤

t W0Xt X⊤
t W

2
0Xt

(W0Xt)
⊤Xt (W0Xt)

⊤W0Xt (W0Xt)
⊤W 2

0Xt

(W 2
0Xt)

⊤Xt (W 2
0Xt)

⊤W0Xt (W 2
0Xt)

⊤W 2
0Xt


 .

Since by our Assumption 6, 1
nT

∑T
t=1 E[Z

⊤
t (W0)Zt(W0)] converge to ΣZ0Z0 . Thus condition

i) in Lemma 6 is verified.

To verify the Lindeberg condition (condition ii) ) for Lemma 6 applied to ḡnT (θ0,W0) =
1
nT

∑T
t=1 Z

⊤
t (W0)εt. Without loss of generality, we consider 2 + δ moment with δ = 1. We

thus compute the third moment of Yn,it =
Zt,i(W0)εit√

nT
, a scalar component of Zt,ij(W0)εit√

nT
, with

Zt,i(W0) the i-th row of Zt(W0) = (Xt,W0Xt,W
2
0Xt), Xt an n×K matrix, and εit ∼ (0, σ2

0)

with E[|εit|3] = µ3 < ∞. The matrix W0 has row sums
∑n

m=1 |W0,im| ≤ 1 and column
sums

∑n
i=1 |W0,im| ≤ cn. However since the maximum absolute elements of W0 is 1. For

component j, we calculate E[|Yn,i,t|3] = E[|Zt,ij(W0)|3]µ3

(nT )3/2
.

For the first block (j = 1, . . . , K), Zt,ij(W0) = Xt,ij, so E[|(Zt,ij(W0))|3] = O(1).

For the second block (j = K + p = K + 1, . . . , 2K), (Zt(W0))i,K+p =
∑n

m=1 W0,imXt,mp, and
row sums ≤ 1 give E[|(Zt(W0))i,K+p|3] ≤ maxm[|Xt,mp|3] = O(1).

For the third block (j = 2K + p = 2K + 1, . . . , 3K), (Zt(W0))i,2K+p =
∑n

m=1 W
2
0,imXt,mp,

with only for mth column of W0 with infinite sums we need to enforce the following bound.

|W 2
0,im| ≤

n∑

r=1

|W0,ir||W0,rm| ≤
n∑

r=1

|W0,ir| ≤ 1.

Then use the fact that

|
n∑

m=1

(W 2
0,im)Xt,mp| ≤

n∑

r=1

|W0,ir| max
1≤r≤n

n∑

m=1

|W0,rm| max
1≤m≤n,1≤p≤K

|Xt,mp|.
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So E[|(Zt(W0))i,2K+p|3] ≤ E[|(Xt)mp|3] = O(1). Thus, E[|Yn,i,t|3] = O
(

1
n3/2T 3/2

)
, and the

Lindeberg term is
∑T

t=1

∑n
i=1 E[|Yn,i,t|3] = O

(
1

(nT )1/2

)
= o (1). Hence we do not need any

further restrictions on cn for verifying this condition.

Define the variance covariance matrix

ΣGMM = (Σ⊤
Z0Q0

Λ−1ΣZ0Q0)
−1Σ⊤

Z0Q0
Λ−1(σ2

0ΣZ0Z0)Λ
−1ΣZ0Q0(Σ

⊤
Z0Q0

Λ−1ΣZ0Q0)
−1

Together with equation (E.40), we have

√
nT Σ

−1/2
GMM(θ̂p(W0)− θ0) = −Σ−1/2

GMM

(
G(W0)

⊤Λ−1G(W0)
)−1

G(W0)
⊤Λ−1

√
nT ḡnT (θ0,W0) + op(1)

d→ N(0, I2K+1).

Step 2

Second, we study the deviation between θ̂p(Ŵ ) and θ̂p(W0) to establish the large-sample
performance of θ̂p(Ŵ ). By the linearity of the sample moments,

θ̂p(Ŵ )− θ0 = −
(
Ĝ(Ŵ )⊤Λ̂−1

nT Ĝ(Ŵ )
)−1

Ĝ(Ŵ )⊤Λ̂−1
nT ḡnT (θ0, Ŵ ).

Decompose (
θ̂p(Ŵ )− θ0

)
−
(
θ̂p(W0)− θ0

)
= R1,nT +R2,nT +R3,nT ,

where

R1,nT =
[
−
(
Ĝ(Ŵ )⊤Λ̂−1

nT Ĝ(Ŵ )
)−1

+
(
Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0)

)−1 ]

× Ĝ(Ŵ )⊤Λ̂−1
nT ḡnT (θ0, Ŵ ),

R2,nT =
(
Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0)

)−1

×
[
− Ĝ(Ŵ )⊤ + Ĝ(W0)

⊤
]
Λ̂−1

nT ḡnT (θ0, Ŵ ),

R3,nT =
(
Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0)

)−1

Ĝ(W0)
⊤Λ̂−1

nT

×
[
ḡnT (θ0,W0)− ḡnT (θ0, Ŵ )

]
.

We apply Lemma 10(c) to bound each remainder. Recall R∗
nT from (E.11). Lemma 10(c)

gives

‖Ĝ(Ŵ )− Ĝ(W0)‖2 = Op(R∗
nT ), (E.41)

‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2 = Op(R∗
nT ). (E.42)



89

For R3,nT , since ∥∥∥∥
(
Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0)

)−1
∥∥∥∥
2

= Op(1)

and ∥∥∥Ĝ(W0)
⊤Λ̂−1

nT

∥∥∥
2
= Op(1),

Equation (E.45) gives
‖R3,nT‖2 = Op(R∗

nT ).

For R2,nT , Step 1 and Equation (E.45) give

‖ḡnT (θ0, Ŵ )‖2 ≤ ‖ḡnT (θ0,W0)‖2 + ‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2 = Op

(
1√
nT

+R∗
nT

)
.

Together with Equation (E.44), this yields

‖R2,nT‖2 = Op

[
R∗

nT

(
1√
nT

+R∗
nT

)]
= op(R∗

nT ),

provided R∗
nT = o(1).

For R1,nT , define

ÂnT = Ĝ(Ŵ )⊤Λ̂−1
nT Ĝ(Ŵ ), A0,nT = Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0).

Equation (E.44) implies
‖ÂnT − A0,nT‖2 = Op(R∗

nT ).

Using the inverse identity

Â−1
nT − A−1

0,nT = Â−1
nT (A0,nT − ÂnT )A

−1
0,nT ,

together with
‖Â−1

nT‖2 + ‖A−1
0,nT‖2 = Op(1),

we obtain
‖Â−1

nT − A−1
0,nT‖2 = Op(R∗

nT ).

Therefore,

‖R1,nT‖2 = Op

[
R∗

nT

(
1√
nT

+R∗
nT

)]
= op(R∗

nT ),

provided R∗
nT = o(1).

Combining the three terms and recalling from Step 1 that

‖θ̂p(W0)− θ0‖2 = Op

(
1√
nT

)
,

we obtain

‖θ̂p(Ŵ )− θ0‖2 ≤ ‖θ̂p(W0)− θ0‖2 + ‖R1,nT‖2 + ‖R2,nT‖2 + ‖R3,nT‖2

= Op

(
1√
nT

+R∗
nT

)
.
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By the definition in (E.11),

R∗
nT = (1 + ‖B0‖2)κd+1

n

(r ∨ 1)ρn + sn
n

,

where
ρn = w2n +Rs, sn = Rs

√
ms(S0), κn = 1 + ‖W0‖2 + ρn.

Thus the preceding display retains all spectral factors without requiring them to be uniformly
bounded.

Under the boundedness conditions in Theorem 2, and when ρn = O(1), we have κn = O(1)

and hence

R∗
nT = O

(
(r ∨ 1)(w2n +Rs) +Rs

√
ms(S0)

n

)
.

Rate comparison. In contrast, using the noisy matrix W = W0 + E directly without
denoising, Lemma 10(a) gives

‖θ̂p(W )− θ0‖2 = Op

(
1√
nT

+ w2n + w2
2n

)
.

Therefore, the denoised estimator has a strictly smaller plug-in error whenever

R∗
nT = o(w2n + w2

2n).

Equivalently,
(1 + ‖B0‖2)κd+1

n

{
(r ∨ 1)ρn + sn

}
= o

(
n(w2n + w2

2n)
)
.

Finally, if

R∗
nT = o

(
1√
nT

)
,

then √
nT
(
θ̂p(Ŵ )− θ̂p(W0)

)
= op(1).

Combining this result with Step 1 and Slutsky’s theorem gives
√
nT Σ

−1/2
GMM

(
θ̂p(Ŵ )− θ0

)
d−→ N (0, I2K+1).

�

E.6. Proof of Proposition 1.

Proof. Recall that

ḡnT (θ,W,M) =
1

nT

T∑

t=1

Zt(M)⊤ (Yt − λWYt −Xtβ −WXtγ) .
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and Zt(M) is of the form M ℓXt for ℓ = 0, 1, 2. Moreover, E{Ĝ(M)} = G(M). Define
θ̂p(Ŵ ,M) as the plug-in estimator using Zt(M):

θ̂p(Ŵ ,M) =
[
X̃(Ŵ )⊤Z(M)Λ̂−1

nTZ(M)⊤X̃(Ŵ )
]−1

X̃(Ŵ )⊤Z(M)Λ̂−1
nTZ(M)⊤Y. (E.43)

We compare with the estimator using W :

θ̂p(W,M) = θ̂GMM =
[
X̃(W )⊤Z(M)Λ̂−1

nTZ(M)⊤X̃(W )
]−1

X̃(W )⊤Z(M)Λ̂−1
nTZ(M)⊤Y.

By the first-order condition for θ̂p(Ŵ ,M) and linearity of the moment function in θ, we have
the exact expansion

θ̂p(Ŵ ,M)− θ0 = −
[
Ĝ(Ŵ ,M)⊤Λ̂−1

nT Ĝ(Ŵ ,M)
]−1

Ĝ(Ŵ ,M)⊤Λ̂−1
nT ḡnT (θ0, Ŵ ,M).

Under Assumptions 1–7, Ĝ(Ŵ ,M)→p −ΣZ0Q0(M) and Λ̂nT →p Λ, so that

θ̂p(Ŵ ,M)− θ0 = [ΣZ0Q0(M)⊤Λ−1ΣZ0Q0(M)]−1ΣZ0Q0(M)⊤Λ−1 ḡnT (θ0, Ŵ ,M) (1 + op(1)).

The deviation from the limiting form is op relative to ‖ḡnT (θ0, Ŵ ,M)‖2, so the rate of
‖θ̂p(Ŵ ,M) − θ0‖2 matches that of ‖ḡnT (θ0, Ŵ ,M)‖2 up to multiplicative constants. Let
B0 := (In − λ0W0)

−1 and Rs := (wmaxn + 1/
√

mr(L0)mc(L0))
√
ms(S0).

Rate of the GMM estimator (using W ). Let Zjt be the jth column of the n × m

matrix Zt(M). The residual at θ0 when using W is εt(θ0,W ) = εt − λ0EYt − EXtγ0, where
E = W −W0. Substituting Yt = B0(Xtβ0 +W0Xtγ0 + εt), the jth element of ḡnT (θ0,W,M)

is

1

nT

T∑

t=1

Z⊤
jt(M)[εt − λ0EYt − EXtγ0]

=
1

nT

T∑

t=1

Z⊤
jt(M)εt −

λ0

nT

T∑

t=1

Z⊤
jt(M)EB0(Xtβ0 +W0Xtγ0)

− 1

nT

T∑

t=1

Z⊤
jt(M)EXtγ0 −

λ0

nT

T∑

t=1

Z⊤
jt(M)EB0εt

=: Op(1/
√
nT ) +R1,j +R3,j +R2,j .

For each i, let
Ei,−i = (Ei1, . . . , Ei,i−1, Ei,i+1, . . . , Ein)

⊤ ∈ R
n−1

denote the vector of off-diagonal entries in row i of E. Let

Σ̃E = σ2
EΣE

and define

δn =
(
n−2sΣ̃E

)−1

n−sσEε,

where
σEε = σ0σEρ

⊤
εE ∈ R

n−1.
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By Assumption 8 and joint normality,

E[εit | E] = E⊤
i,−iδn.

Define
µE =

(
E⊤

1,−1δn, . . . , E
⊤
n,−nδn

)⊤
.

Then
εt = µE + ξt,

where ξt is independent of E and has conditional mean zero. Under the uniform eigenvalue
bounds on ΣE,

‖µE‖2 = Op

(√
n ‖ρεE‖2

)
.

Decompose

R2,j = −
λ0

nT

T∑

t=1

Zjt(M)⊤EB0µE

− λ0

nT

T∑

t=1

Zjt(M)⊤EB0ξt.

The first term is the endogeneity-bias component, whereas the second is conditionally cen-
tered. Using the bounds in Assumption 8, we obtain

max
j
|R2,j| .p n

1/2−s‖ρεE‖2 + ‖B0‖2w2n.

Then

max
j
|R1,j| ≤ |λ0|

1

nT

∑

t

‖Zjt(M)‖2‖B0‖2‖Xtβ0 +W0Xtγ0‖2‖E‖2

.p ‖B0‖2(1 + ‖W0‖2)w2n,

max
j
|R3,j| ≤

1

nT

∑

t

‖Zjt(M)‖2‖E‖2‖Xtγ0‖2 .p w2n,

Hence

‖ḡnT (θ0,W,M)‖2 = Op

(
n1/2−s‖ρεE‖2 + w2n‖B0‖2(1 + ‖W0‖2) + 1/

√
nT
)
,

yielding

‖θ̂GMM(W,M)− θ0‖2 .p n
1/2−s‖ρεE‖2 + ‖B0‖2(1 + ‖W0‖2)w2n + 1/

√
nT ,

which under the boundedness assumption ‖B0‖2(1 + ‖W0‖2) = O(1) gives the rate (13).

Step 2: Effect of replacing W0 by Ŵ .

We now study the deviation between θ̂p(Ŵ ) and θ̂p(W0). Because the sample moment is
linear in θ, the first-order condition gives the exact representation

θ̂p(Ŵ )− θ0 = −
[
Ĝ(Ŵ )⊤Λ̂−1

nT Ĝ(Ŵ )
]−1

Ĝ(Ŵ )⊤Λ̂−1
nT ḡnT (θ0, Ŵ ).
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Similarly,

θ̂p(W0)− θ0 = −
[
Ĝ(W0)

⊤Λ̂−1
nT Ĝ(W0)

]−1

Ĝ(W0)
⊤Λ̂−1

nT ḡnT (θ0,W0).

Define
ÂnT := Ĝ(Ŵ )⊤Λ̂−1

nT Ĝ(Ŵ ), A0,nT := Ĝ(W0)
⊤Λ̂−1

nT Ĝ(W0).

Then {
θ̂p(Ŵ )− θ0

}
−
{
θ̂p(W0)− θ0

}
= R1,nT +R2,nT +R3,nT ,

where

R1,nT =
(
−Â−1

nT + A−1
0,nT

)
Ĝ(Ŵ )⊤Λ̂−1

nT ḡnT (θ0, Ŵ ),

R2,nT = A−1
0,nT

[
−Ĝ(Ŵ )⊤ + Ĝ(W0)

⊤
]
Λ̂−1

nT ḡnT (θ0, Ŵ ),

R3,nT = A−1
0,nT Ĝ(W0)

⊤Λ̂−1
nT

[
ḡnT (θ0,W0)− ḡnT (θ0, Ŵ )

]
.

Recall the rate defined in (E.11):

R∗
nT = (1 + ‖B0‖2)κd+1

n

(r ∨ 1)ωn + sn
n

,

where
ωn = w2n +Rs, sn = Rs

√
ms(S0), κn = 1 + ‖W0‖2 + ωn.

Lemma 10(c) gives

‖Ĝ(Ŵ )− Ĝ(W0)‖2 = Op(R∗
nT ), (E.44)

‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2 = Op(R∗
nT ). (E.45)

By Step 1,

‖ḡnT (θ0,W0)‖2 = Op

(
1√
nT

)
, ‖Ĝ(W0)‖2 = Op(1),

and
A0,nT →p G

⊤
0 Λ

−1G0.

Since G0 has full column rank and Λ−1 is positive definite,

‖A−1
0,nT‖2 = Op(1).

Moreover, Equation (E.44) gives

‖ÂnT − A0,nT‖2 = Op(R∗
nT ).

If R∗
nT = o(1), Weyl’s inequality implies

λmin(ÂnT ) ≥ λmin(A0,nT )− ‖ÂnT − A0,nT‖2,
and hence

‖Â−1
nT‖2 + ‖A−1

0,nT‖2 = Op(1).
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Using the inverse identity

Â−1
nT − A−1

0,nT = Â−1
nT

(
A0,nT − ÂnT

)
A−1

0,nT ,

we obtain
‖Â−1

nT − A−1
0,nT‖2 = Op(R∗

nT ). (E.46)

Next, Equation (E.45) and Step 1 imply

‖ḡnT (θ0, Ŵ )‖2 ≤ ‖ḡnT (θ0,W0)‖2 + ‖ḡnT (θ0, Ŵ )− ḡnT (θ0,W0)‖2

= Op

(
1√
nT

+R∗
nT

)
. (E.47)

For R3,nT , Equations (E.45) and the boundedness of the multiplying matrices give

‖R3,nT‖2 = Op(R∗
nT ).

For R2,nT , Equations (E.44) and (E.47) give

‖R2,nT‖2 = Op

[
R∗

nT

(
1√
nT

+R∗
nT

)]

= op(R∗
nT ),

provided R∗
nT = o(1).

Similarly, Equations (E.46) and (E.47) yield

‖R1,nT‖2 = Op

[
R∗

nT

(
1√
nT

+R∗
nT

)]

= op(R∗
nT ).

Combining the three remainder bounds gives∥∥∥θ̂p(Ŵ )− θ̂p(W0)
∥∥∥
2
= Op(R∗

nT ).

Since Step 1 establishes

‖θ̂p(W0)− θ0‖2 = Op

(
1√
nT

)
,

we conclude that

‖θ̂p(Ŵ )− θ0‖2 = Op

(
1√
nT

+R∗
nT

)
. (E.48)

Rate comparison. Using the noisy matrix W = W0 + E directly, Lemma 10(a) and the
same first-order-condition argument give

‖θ̂p(W )− θ0‖2 = Op

(
1√
nT

+ w2n + w2
2n

)
,
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provided the corresponding sample Jacobian remains nonsingular. Therefore, the denoised
estimator has a strictly smaller network-error contribution whenever

R∗
nT = o(w2n + w2

2n).

Asymptotic normality. Suppose, in addition, that
√
nT R∗

nT = o(1),

or equivalently,

R∗
nT = o

(
1√
nT

)
.

Then √
nT
{
θ̂p(Ŵ )− θ̂p(W0)

}
= op(1).

Combining this result with the oracle central limit theorem from Step 1 and applying Slut-
sky’s theorem yields √

nT
(
θ̂p(Ŵ )− θ0

)
d−→ N (0,ΣGMM).

Equivalently, the asymptotic-normality condition can be written as

(1 + ‖B0‖2)κd+1
n

{
(r ∨ 1)ωn + sn

}
= o

(√
n

T

)
.

When T is fixed, this reduces to

(1 + ‖B0‖2)κd+1
n

{
(r ∨ 1)ωn + sn

}
= o(
√
n).

�

E.7. Proof of Theorem 3.

Proof. This step estimates the weight matrix W0 = L0 + S0 jointly with the regression coef-
ficient θ. Specifically, we minimize the objective in (8) using a block-coordinate procedure.
When L and S are given, θ is estimated by standard GMM using the plug-in weight matrix
L + S. When θ is given, minimization over (L, S) becomes a penalized regression problem
involving a nuclear-norm penalty on L and an elementwise ℓ1 penalty on the off-diagonal
entries of S.

To streamline the exposition, we establish the result using the instrumental variable Zt(M)

for an arbitrary fixed matrix M . The same proof applies when M is exogenous or σ(E)-
measurable and satisfies the corresponding norm and moment conditions. Additional argu-
ments are required when M is estimated using the same outcome data as the supervised
estimator.

Throughout the proof, we impose

diag(L+ S) = 0,
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so that all estimated adjacency matrices have zero diagonal.

Recall that

ḡnT (θ,W,M) =
1

nT

T∑

t=1

Z⊤
t (M) (Yt − λWYt −Xtβ −WXtγ) .

For
θ = (λ, β⊤, γ⊤)⊤,

define the n2 ×m matrix

X̃t(θ,M) :=
1

n
(λYt +Xtγ)⊗ Zt(M),

and let

X̃nT (θ,M) :=
1

T

T∑

t=1

X̃t(θ,M).

At the true parameter, write

X̃t(M) := X̃t(θ0,M) =
1

n
(λ0Yt +Xtγ0)⊗ Zt(M).

The vectorization identity

vec
(
Z⊤

t (M)W (λYt +Xtγ)
)
= [(λYt +Xtγ)⊗ Zt(M)]⊤ vec(W )

implies that, for fixed θ and M ,

ḡnT (θ,W1,M)− ḡnT (θ,W2,M) = −X̃nT (θ,M)⊤ vec(W1 −W2). (E.49)

Define
qnT (θ,W,M) := ḡnT (θ,W,M)⊤Λ̂−1

nT ḡnT (θ,W,M)

and the adjacency-only objective

Q0
n(L, S) :=

1

2
‖W − L− S‖2F + νnT‖L‖∗ + τnT

∑

i 6=j

|Sij|.

The complete supervised objective can therefore be written as

QnT (θ, L, S;M) = ξnT qnT (θ, L+ S,M) +Q0
n(L, S).

Let (L̂[0], Ŝ[0]) be the adjacency-only estimator obtained by minimizing Q0
n(L, S), with the

same tuning parameters νnT and τnT as those appearing in the supervised objective. Set

Ŵ [0] := L̂[0] + Ŝ[0].

Because (L̂[0], Ŝ[0]) is constructed using only the observed adjacency matrix W = W0 +E, it
is measurable with respect to σ(E).

Let
ωn := w2n +Rs, sn := Rs

√
ms(S0).
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By Theorem 1,

‖L̂[0] − L0‖2 = Op(ωn),

‖Ŝ[0] − S0‖2 = Op(Rs),∣∣∣off(Ŝ[0] − S0)
∣∣∣
1,1

= Op(sn). (E.50)

Thus, Ŵ [0] satisfies the conditions of Lemma 10(c).

The supervised estimator is obtained by the following block-coordinate procedure, initialized
at (L̂[0], Ŝ[0]).

a) Given (L̂[0], Ŝ[0]), define

θ̂[1] = argmin
θ∈Θ

qnT (θ, Ŵ
[0],M).

b) Given θ̂[1] and L̂[0], define

Ŝ[1] = arg min
S∈Rn×n:

diag(L̂[0]+S)=0

{
ξnT qnT

(
θ̂[1], L̂[0] + S,M

)

+
1

2
‖W − L̂[0] − S‖2F + τnT

∑

i 6=j

|Sij|
}
.

c) Given θ̂[1] and Ŝ[1], define

L̂[1] = arg min
L∈Rn×n:

diag(L+Ŝ[1])=0

{
ξnT qnT

(
θ̂[1], L+ Ŝ[1],M

)

+
1

2
‖W − L− Ŝ[1]‖2F + νnT‖L‖∗

}
.

d) Set
Ŵ [1] := L̂[1] + Ŝ[1]

and define
θ̂s = argmin

θ∈Θ
qnT (θ, Ŵ

[1],M).

We now establish the rate of the resulting estimator.

Step a). The estimator θ̂[1] is the plug-in GMM estimator based on the adjacency-only
estimator Ŵ [0]. Because Ŵ [0] is σ(E)-measurable and satisfies (E.50), Theorem 2, using
Lemma 10(c), gives

‖θ̂[1] − θ0‖2 = Op

(
1√
nT

+R∗
nT

)
. (E.51)



98

For conciseness, define

anT :=
1√
nT

+R∗
nT .

Then
‖θ̂[1] − θ0‖2 = Op(anT ).

Because θ̂[1] minimizes qnT (θ, Ŵ
[0],M),

qnT (θ̂
[1], Ŵ [0],M) ≤ qnT (θ0, Ŵ

[0],M). (E.52)

The oracle sampling bound and Lemma 10(c) imply

‖ḡnT (θ0, Ŵ [0],M)‖2 = Op(anT ).

Under Assumption 7, there exist constants 0 < c < C < ∞ such that, with probability
approaching one,

c‖v‖22 ≤ v⊤Λ̂−1
nTv ≤ C‖v‖22

for every conformable vector v. Consequently,

c‖ḡnT (θ̂[1], Ŵ [0],M)‖22 ≤ qnT (θ̂
[1], Ŵ [0],M)

≤ qnT (θ0, Ŵ
[0],M)

≤ C‖ḡnT (θ0, Ŵ [0],M)‖22.
It follows that

‖ḡnT (θ̂[1], Ŵ [0],M)‖2 = Op(anT ). (E.53)

We also verify the operator-norm bound used below. Let

Ut(θ) := λYt +Xtγ.

For each of the finitely many columns Zt,·j(M) of Zt(M),
∥∥∥∥
1

n
Ut(θ)⊗ Zt,·j(M)

∥∥∥∥
2

=
1

n
‖Ut(θ)‖2‖Zt,·j(M)‖2.

By Lemma 9 and the moment conditions on the regressors and instruments, both norms on
the right-hand side are Op(

√
n), uniformly for θ in a neighborhood of θ0. Since the number

of instruments m is fixed,

‖X̃nT (θ0,M)‖2 = Op(1).

Moreover, (E.51) gives θ̂[1] − θ0 = op(1) under anT = o(1). Therefore,

‖X̃nT (θ̂
[1],M)‖2 = Op(1). (E.54)

Steps b) and c). These two updates are performed with θ̂[1] fixed. By the definition of
Ŝ[1],

QnT

(
θ̂[1], L̂[0], Ŝ[1];M

)
≤ QnT

(
θ̂[1], L̂[0], Ŝ[0];M

)
.
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Similarly, by the definition of L̂[1],

QnT

(
θ̂[1], L̂[1], Ŝ[1];M

)
≤ QnT

(
θ̂[1], L̂[0], Ŝ[1];M

)
.

Combining these inequalities,

QnT

(
θ̂[1], L̂[1], Ŝ[1];M

)
≤ QnT

(
θ̂[1], L̂[0], Ŝ[0];M

)
. (E.55)

Let
∆L := L̂[1] − L̂[0], ∆S := Ŝ[1] − Ŝ[0],

and define
HnT := Ŵ [1] − Ŵ [0] = ∆L +∆S.

We first establish a lower bound for the change in the adjacency-only objective. The function

Q0
n(L, S) =

1

2
‖W − L− S‖2F + νnT‖L‖∗ + τnT

∑

i 6=j

|Sij|

is convex in (L, S) and is 1-strongly convex in the direction L + S. More precisely, for any
two feasible pairs (L1, S1) and (L2, S2), the strong-convexity remainder in the quadratic part
is

1

2
‖(L1 + S1)− (L2 + S2)‖2F .

Because (L̂[0], Ŝ[0]) minimizes Q0
n over the convex zero-diagonal feasible set, its first-order

optimality condition and the strong convexity of the quadratic part imply

Q0
n(L̂

[1], Ŝ[1])−Q0
n(L̂

[0], Ŝ[0])

≥ 1

2

∥∥∥(L̂[1] + Ŝ[1])− (L̂[0] + Ŝ[0])
∥∥∥
2

F

=
1

2
‖HnT‖2F . (E.56)

For fixed θ and M , equation (E.49) shows that qnT (θ,W,M) is a convex quadratic function
of vec(W ). Its gradient is

∇vec(W )qnT (θ,W,M) = −2X̃nT (θ,M)Λ̂−1
nT ḡnT (θ,W,M). (E.57)

The exact quadratic expansion around Ŵ [0] gives

qnT (θ̂
[1], Ŵ [0],M)− qnT (θ̂

[1], Ŵ [1],M)

= −
〈
∇vec(W )qnT (θ̂

[1], Ŵ [0],M), vec(HnT )
〉

− vec(HnT )
⊤X̃nT (θ̂

[1],M)Λ̂−1
nT X̃nT (θ̂

[1],M)⊤ vec(HnT ).



100

The final term is nonpositive. Therefore,

qnT (θ̂
[1], Ŵ [0],M)− qnT (θ̂

[1], Ŵ [1],M)

≤
∣∣∣
〈
∇vec(W )qnT (θ̂

[1], Ŵ [0],M), vec(HnT )
〉∣∣∣

≤
∥∥∥∇vec(W )qnT (θ̂

[1], Ŵ [0],M)
∥∥∥
2
‖HnT‖F . (E.58)

On the other hand, the descent inequality (E.55) implies

Q0
n(L̂

[1], Ŝ[1])−Q0
n(L̂

[0], Ŝ[0])

≤ ξnT

[
qnT (θ̂

[1], Ŵ [0],M)− qnT (θ̂
[1], Ŵ [1],M)

]
. (E.59)

Combining (E.56), (E.58), and (E.59), we obtain

1

2
‖HnT‖2F ≤ ξnT

∥∥∥∇vec(W )qnT (θ̂
[1], Ŵ [0],M)

∥∥∥
2
‖HnT‖F .

Hence,

‖HnT‖F ≤ 2ξnT

∥∥∥∇vec(W )qnT (θ̂
[1], Ŵ [0],M)

∥∥∥
2
. (E.60)

By (E.57), (E.53), (E.54), and ‖Λ̂−1
nT‖2 = Op(1),∥∥∥∇vec(W )qnT (θ̂
[1], Ŵ [0],M)

∥∥∥
2

≤ 2‖X̃nT (θ̂
[1],M)‖2‖Λ̂−1

nT‖2‖ḡnT (θ̂[1], Ŵ [0],M)‖2
= Op(anT ).

It follows from (E.60) that

‖Ŵ [1] − Ŵ [0]‖F = Op(ξnTanT ). (E.61)

This stability bound is important because Ŵ [1] depends on the outcome data and therefore
is not σ(E)-measurable. We do not apply Lemma 10(c) directly to Ŵ [1]. Instead, we apply
that lemma only to the initial estimator Ŵ [0] and control the additional supervised update
through (E.61).

The bound also implies the aggregate recovery inequality

‖Ŵ [1] −W0‖F ≤ ‖Ŵ [1] − Ŵ [0]‖F + ‖Ŵ [0] −W0‖F .
This inequality controls the aggregate adjacency estimator, but does not by itself give sepa-
rate recovery rates for L̂[1] and Ŝ[1].

Step d). Define

Ĝs :=
∂ḡnT (θ, Ŵ

[1],M)

∂θ⊤
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and

Ĝ[0] :=
∂ḡnT (θ, Ŵ

[0],M)

∂θ⊤
.

We first verify that the GMM Jacobian evaluated at Ŵ [1] remains well conditioned. Because
the Jacobian is affine in W , the same design bounds used above give

‖Ĝs − Ĝ[0]‖2 .p ‖Ŵ [1] − Ŵ [0]‖F = Op(ξnTanT ). (E.62)

When ξnT = O(1) and anT = o(1), the right-hand side is op(1).

Moreover, the fixed-M version of Lemma 10(c), applied only to the σ(E)-measurable esti-
mator Ŵ [0], and the oracle law of large numbers give

‖Ĝ[0] −G0(M)‖2 ≤ ‖Ĝ[0] − Ĝ(W0,M)‖2 + ‖Ĝ(W0,M)−G0(M)‖2
= Op(R∗

nT ) + op(1) = op(1). (E.63)

Combining (E.62) and (E.63), we obtain

Ĝs = G0(M) + op(1).

By the identification condition,

λmin

(
G0(M)⊤Λ−1G0(M)

)
> 0.

Since Λ̂−1
nT →p Λ

−1, Weyl’s inequality implies that, for some constant c > 0,

λmin

(
Ĝ⊤

s Λ̂
−1
nT Ĝs

)
≥ c+ op(1).

Consequently, ∥∥∥∥
(
Ĝ⊤

s Λ̂
−1
nT Ĝs

)−1

Ĝ⊤
s Λ̂

−1
nT

∥∥∥∥
2

= Op(1). (E.64)

Because the moment function is affine in θ,

ḡnT (θ̂s, Ŵ
[1],M) = ḡnT (θ0, Ŵ

[1],M) + Ĝs(θ̂s − θ0).

The first-order condition for the final GMM step is

Ĝ⊤
s Λ̂

−1
nT ḡnT (θ̂s, Ŵ

[1],M) = 0.

Therefore,

θ̂s − θ0 = −
(
Ĝ⊤

s Λ̂
−1
nT Ĝs

)−1

Ĝ⊤
s Λ̂

−1
nT ḡnT (θ0, Ŵ

[1],M). (E.65)

Using (E.49),

ḡnT (θ0, Ŵ
[1],M)− ḡnT (θ0, Ŵ

[0],M)

= −X̃nT (θ0,M)⊤ vec(Ŵ [1] − Ŵ [0]). (E.66)



102

It follows that

‖ḡnT (θ0, Ŵ [1],M)‖2 ≤ ‖ḡnT (θ0, Ŵ [0],M)‖2
+ ‖X̃nT (θ0,M)‖2‖Ŵ [1] − Ŵ [0]‖F

= Op(anT ) +Op(ξnTanT ).

Combining this bound with (E.65) and (E.64), we obtain

‖θ̂s − θ0‖2 = Op(anT ) +Op(ξnTanT ).

If ξnT = O(1), it follows that

‖θ̂s − θ0‖2 = Op

(
1√
nT

+R∗
nT

)
. (E.67)

This proves the rate in (14).

Finally, we establish the asymptotic distribution. Define

Ψ̂(W ) :=
[
Ĝ(W )⊤Λ̂−1

nT Ĝ(W )
]−1

Ĝ(W )⊤Λ̂−1
nT .

The GMM expansions for θ̂s and θ̂[1] give

θ̂s − θ̂[1] = −
[
Ψ̂(Ŵ [1])− Ψ̂(Ŵ [0])

]
ḡnT (θ0, Ŵ

[0],M)

− Ψ̂(Ŵ [1])
[
ḡnT (θ0, Ŵ

[1],M)− ḡnT (θ0, Ŵ
[0],M)

]
.

The Jacobian perturbation bound and the inverse identity imply

‖Ψ̂(Ŵ [1])− Ψ̂(Ŵ [0])‖2 = Op

(
‖Ŵ [1] − Ŵ [0]‖F

)
.

Together with (E.53), (E.66), and (E.61), this yields

‖θ̂s − θ̂[1]‖2 = Op

(
anT‖Ŵ [1] − Ŵ [0]‖F

)
+Op

(
‖Ŵ [1] − Ŵ [0]‖F

)

= Op(ξnTanT ).

Suppose, in addition, that
√
nT R∗

nT = o(1) and ξnT = o(1).

Then
√
nT ξnTanT = ξnT

(
1 +
√
nT R∗

nT

)
= o(1).

Consequently, √
nT
(
θ̂s − θ̂[1]

)
= op(1).

The asymptotic distribution of θ̂s is therefore the same as that of the initial plug-in estimator
θ̂[1] established in Theorem 2. Thus, supervision may affect finite-sample performance, but
under ξnT = o(1) it is asymptotically negligible at the

√
nT scale and does not alter the

first-order limiting distribution. This completes the proof.
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E.8. Proof of Corollary 2. The proof follows the same steps as in Theorem 2, with the
only difference being the substitution of the supervised estimator’s rate.
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