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Abstract

This paper develops the links between overidentification tests, underidentification
tests, score tests and the Cragg-Donald (1993, 1997) and Kleibergen-Paap (2006)
rank tests in linear instrumental variables (IV) models. This general framework
shows that standard underidentification tests are (robust) score tests for overiden-
tification in an auxiliary linear model, x; = X920 + €1, where X = [z1 X3] are the
endogenous explanatory variables in the original model, estimated by IV estima-
tion methods using the same instruments as for the original model. This simple
structure makes it possible to establish valid robust underidentification tests for
linear IV models where these have not been proposed or used before, like clustered
dynamic panel data models estimated by GMM. The framework also applies to
general tests of rank, including the I test of Arellano, Hansen and Sentana (2012),
and, outside the IV setting, for tests of rank of parameter matrices estimated by
OLS. Invariant rank tests are based on LIML or continuously updated GMM esti-
mators of the first-stage parameters. This insight leads to the proposal of a new
two-step invariant asymptotically efficient GMM estimator, and a new iterated
GMM estimator that converges to the continuously updated GMM estimator.
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1 Introduction

It is common practice when reporting estimation results of standard linear instrumental
variables (IV) models to include the first-stage F, Cragg-Donald (Cragg and Donald, 1993,
1997) and/or Kleibergen-Paap (Kleibergen and Paap, 2006) test statistics. These are
underidentification tests, testing the null hypothesis that the instruments have insufficient
explanatory power to predict the endogenous variable(s) in the model for identification of
the parameters. In the linear projection model for the endogenous explanatory variables
X on the instruments Z, X = ZII + V, they are tests on the rank of II, with the
standard tests testing the null, Hy : r (II) = k, — 1 against H; : r(II) = k,, where k,
is the number of explanatory variables. Partition X = [ z1 Xo ], then we show that
these underidentification tests are tests for overidentification in the auxiliary model x; =
Xo0+-¢1, estimated by IV methods using Z as instruments. The non-robust Cragg-Donald
statistic is then equal to the Sargan (1958) or Basmann (1960) tests for overidentifying
restrictions after estimating the parameters in the auxiliary model by limited information
maximum likelihood (LIML). A version of the robust Cragg-Donald statistic is the Hansen
J-test (Hansen, 1983), based on the continuously updated generalised method of moments
(CU-GMM) estimator. Robustness here is with respect to the variance of the limiting
distribution of Z’¢;/+/n, and robust to heteroskedasticity, time series correlation and/or
clustering. These LIML and CU-GMM estimators and tests are invariant to the choice
of normalisation (or choice x; as the dependent variable) in the auxiliary regression.
We further show that the robust Kleibergen-Paap test is a LIML based invariant
robust score test. In order to develop these arguments, we first discuss general testing
for overidentifying restrictions for the standard linear model of interest vy = X3 + u,
estimated by IV methods using instruments Z. Following Davidson and MacKinnon
(1993), we show that (robust) tests for overidentifying restrictions are (robust) score
tests for the null Hy : v = 0 in the specification y = X + Zyy + u, where Z, is any
k, — k, subset of instruments. As this is a just identified model, it follows that the
local asymptotic power of the tests is not affected by the choice of IV estimator in the
restricted model. We further show that the standard robust two-step GMM estimator
based Hansen J-test is a robust score test which is a function of the data and the one-step

GMM estimator only. The one-step GMM estimator enters the Hansen J-test through



the consistent variance estimator, and hence the local asymptotic power of the test is not
affected by the choice of one-step estimator.

The robust Kleibergen-Paap and Cragg-Donald statistics as tests for overidentification
are robust score tests for Hy : 7 = 0. The standard Kleibergen-Paap robust score test is
based on the LIML estimators for 5 and II in the restricted model, whereas the Cragg-
Donald robust score test is based on the CU-GMM estimators for 5 and II. They achieve
invariance by incorporating the LIML or CU-GMM estimator for II to form the optimal
combination of instruments. This differs from the standard two-step GMM framework
which uses the OLS estimator for II in both one-step and two-step estimators for .
We use this observation to propose a two-step invariant asymptotically efficient GMM
estimator that is based on the LIML estimator for [ as the one-step estimator and
uses the LIML estimator for Il to construct the optimal instruments for the second
step. Alternatively, one can update the estimator for II from the first-order conditions of
the CU-GMM estimator, which leads to a different invariant two-step estimator and an
iterated GMM estimator that converges to the CU-GMM estimator, also when starting
from any non-invariant one-step estimator.

Consider the linear projection [ y X ] = Z[ my I ] + [ v, V } = ZII* + V*,
then the Kleibergen-Paap and Cragg-Donald statistics for overidentifying restrictions are
invariant rank tests for Hy : r (II*) = k, against Hy : r(IT*) = k, + 1. We therefore
establish here the link between the test for overidentifying restrictions, score tests and
rank tests. This carries over directly to the tests for underidentification, which are
(robust) tests for Hy : v = 0 in the specification x; = X0 + Zyy + €1, using generic
notation for Z, and v. Here, Z5 is any k. — k, + 1 subset of instruments.

Instead of a single invariant underidentification test, Sanderson and Windmeijer
(2016) considered per endogenous explanatory variable non-invariant tests. These are
tests for overidentification in the &, specifications x; = X_;0; +¢;, where X_; is X with-
out x;. In the homoskedastic case, these are 2SLS based non-robust Sargan or Basmann
tests. Robust tests are then easily obtained as two-step GMM Hansen J-tests.

For the homoskedastic case, the non-robust Cragg-Donald and Sanderson-Windmeijer
tests can be used for testing for weak instruments. This is the framework developed by
Staiger and Stock (1997) and Stock and Yogo (2005) and considers the situation where the

test for underidentification rejects the null, but the information content of the instruments



is such that the IV estimator is biased and the Wald test on the structural parameters is
size distorted. This leads to larger critical values for the tests with the null hypotheses
now being in terms of the maximal relative bias of the IV estimator, relative to that of the
OLS estimator and /or the size distortion of the Wald test. However, the Stock and Yogo
(2005) weak-instrument test results do not apply when using robust test statistics for
when the errors are conditionally heteroskedastic, correlated over time and/or clustered,
see Bun and De Haan (2010), Andrews (2017) and Kim (2017).

Linear dynamic panel data models for panels with a large cross-sectional dimension
nand short time series dimension 7' are a leading example of linear IV models with
clustered and potentially heteroskedastic data. The commonly used Arellano and Bond
(1991) and Blundell and Bond (1998) estimation procedures are robust one-step, or effi-
cient two-step GMM estimators, where lagged levels are instruments for first-differences
of economic series, or lagged first-differences are instruments for levels. Whilst the prob-
lem of weak instruments for these models have been well documented and are mainly
due to the persistence over time of many economic series, see e.g. Blundell and Bond
(1998), Bun and Windmeijer (2010) and Hayakawa and Qi (2017), estimation results
rarely include test results for underidentification. Bazzi and Clemens (2013) considered
the Kleibergen-Paap test for this setting, but only in a per period cross-sectional setting,
following the analysis of Bun and Windmeijer (2010). This is not a valid approach for
testing for underidentification as it does not take clustering into account.

From the exposition above, robust testing for underidentification in dynamic panel
data models is quite straightforward. For example for the first-differenced Arellano-Bond
procedure, the auxiliary model is Azy = (AX3)d + €1, and the robust Cragg-Donald
statistic is the J-test based on the cluster robust CU-GMM estimator for 6. The non-
robust Cragg-Donald statistic needs to be obtained here with iterative methods due to the
clustered nature of the errors. The robust Kleibergen-Paap test does not need iterative
methods as it is the cluster robust score test based on the pooled LIML estimator. The
robust Sanderson-Windmeijer tests are simply the per endogenous explanatory variables
Hansen two-step .J-tests. The latter are particularly easy to compute as the estimation
procedure of the auxiliary model is the same as that of the original model.

The relationships between rank tests, score tests and overidentification tests readily

extend to testing for general rank, which establishes a direct link with the underiden-
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tification test for linear models as proposed by Arellano, Hansen and Sentana (2012).
The results are also not specific to IV models, but apply to general settings of parameter
matrices that are estimated by OLS, as considered by for example Al-Sadoon (2017).
Even within this OLS setting, the Cragg-Donald and Kleibergen-Paap rank tests are
LIML/CU-GMM based overidentification tests. For example, in the model Y = X B+ U,
with X now exogenous variables and k, > k,, for testing Hy : r(B) = k, — 1 against
Hy : 1 (B) = ky, the auxiliary model is y; = Y20 + ¢; estimated by IV methods using X
as the instruments. We show that when k, < k,, and for testing Hy : 1 (B’) = k, — 1
against Hy : r (B’) = k,, the auxiliary model is 27 = X30 +¢; with Y as the instruments.

The latter representation fits the setting of linear asset pricing factor models when
the number of asset returns is larger than the number of factors, as considered recently
by Gospodinov, Kan and Robotti (2017). They consider the robust Cragg-Donald rank
test/CU-GMM J-test for overidentifying restrictions. They derive the limiting distri-
bution of the test for overidentifying restrictions in underidentified models under ho-
moskedasticity. We show that their result applies directly to the LIML based Sargan
test. It follows that the test has no power to detect invalid overidentifying restrictions
in underidentified models. This is therefore clearly another important reason to report
underidentification tests. Also, the underidentification test is not adversely effected if
the matrix is of lower rank than the null, as it will be undersized and hence does not
lead to erroneous conclusions. We repeat the Monte Carlo analysis of Gospodinov, Kan
and Robotti (2017) and find that the underidentification tests perform well, with the
Sanderson-Windmeijer tests able to identify the spurious factors that cause underidenti-
fication.

The structure of the paper is as follows, Section 2 introduces the linear IV model
and assumptions. Section 3 derives the results for the tests for overidentifying restric-
tions, establishes the links with score tests and rank tests, and introduces the invariant
two-step GMM estimator and iterated CU-GMM estimator. Section 4 discusses the tests
for underidentification and Section 5 develops these for use in dynamic panel data mod-
els. Section 6 extends the analysis to testing for general rank and links to the testing
procedure of Arellano, Hansen and Sentana (2012). Section 7 generalises the results to
rank tests outside the linear IV setting. Section 8 considers the limiting distribution of

the Sargan test in underidentified models and Section 9 repeats the Monte Carlo analy-
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sis of Gospodinov, Kan and Robotti (2017), but includes testing for underidentification.

Section 10 concludes.

2 Model and Assumptions

We consider the linear model

y=XpB+u, (1)

where y and u are the n-vectors (y;) and (u;), and X is the n X k, matrix [z}], for the

sample 7 = 1,..,n. The explanatory variables are endogenous, and 7 is an n X k, matrix

g

!] of instrumental variables, with k, > k,. Note that exogenous explanatory variables

have been partialled out. The first-stage, linear projection for X is given by
X =ZII+YV, (2)

where II is a k, x k, matrix, and V' the n x k, matrix [v]].

We make the following standard assumptions, see e.g. Stock and Yogo (2005),
Assumption 1 E (2;2)) = Q... Q.. is nonsingular.
Assumption 2 E (z;u;) = 0.

Assumption 3 E (z;2)) = Q.. has rank k,.
A . gl oy o ol
ssumption 4 v; ( u; v, ) =X=1 .0 n |

Assumption 5 plim (%Z’Z) = (Q,,; plim (%Z’X) = Q;

plim |1 57" Hi (w o)) =%;

n =1 v; ? 7 )
d
\%Z’u — N (0,9Q,,); \/Lﬁvec(Z’V) — N (0,9,,).

These assumptions can hold for cross-sectional or time series data. As in Arellano,

Hansen and Sentana (2012), time series data are stationary and ergodic. If the obser-

2

vations are independent /not correlated and conditionally homoskedastic, E (u?|z;) = o2,

then €., = 02Q... Throughout, we refer to this case simply as the homoskedastic case.

We defer discussion of a clustered design to Section 5 on dynamic panel data models.
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Moment restriction £ (z;u;) = 0, Assumption 2, is the exclusion restriction that is gen-
erally tested by a test of overidentifying restrictions, like Hansen’s .J-test. Assumption 3,
E (zx}) has full column rank k,, is the relevance condition, which is commonly tested by
a rank test like the Cragg-Donald (1993) statistic, which tests Hy : 1 (E (22})) = k, — 1
against Hy : r(E (z})) = ky. If v (E (2x})) = k, — 1, then there is a 0", such that
E (z;250™) = 0. The similarity of testing procedures for over- or underidentification is then
easily seen as, defining w; = (y; ] ), andy = (1 —f )/, E (ziu;) = E (z;wiy) = 0.
Therefore, partitioning X = [ 1 Xo ], a test for underidentification is an overidenti-
fication test for Hy : E (z;e1;) = 0 in the model z; = X5 + &1, with the test invariant
to which explanatory variable is chosen as the dependent variable when it is based on
an invariant estimator like LIML. Equivalently, a test for overidentification is a test for
Hy:1(E (zw))) = k, against Hy : v (E (z;w))) =k, + 1.

Throughout the paper, we use the following notation for projection matrices. For a full

column rank n x k4 matrix A, the projection matrix Py is defined as Py = A (A’ A)_l A
and M4 = 1, — P4.

3 Overidentification Tests

Under Assumptions 1-5, standard IV estimators for (3, like 2SLS, LIML, GMM and
CU-GMM are consistent and asymptotically normally distributed. The test for overiden-
tifying restrictions is a test for Hy : E (z;u;) = 0, and is a score test for the hypothesis
Hy : v =0 in the model

y = XB+ Zyy +u, (3)

where 7, is any k, — k, subset of instruments, see e.g. Davidson and MacKinnon (1993,
p. 235). The score test is invariant to the choice of instruments included in Z5, unlike the
Wald test. However, as (3) is a just identified model, different IV estimators all produce
the same robust Wald test, the one based on the just-identified IV /2SLS estimator. The
robust score and Wald tests have the same local asymptotic power, i.e. for alternatives
v = ¢/+/n, see e.g. Wooldridge (2010, p 417). As asymptotically valid robust tests for
overidentifying restrictions are robust score tests, it therefore follows that all tests have
the same local asymptotic power, independent of the estimator the overidentification test

is based on.



We will first discuss and derive some results for the standard two-step GMM Hansen
J-test, in particular showing that it is equal to the robust score test based on a one-step
estimator.

The one-step GMM estimator for 5 in model (1) is given by
b= (X'Zw 2’ X)) X Zw, 7y,

where W, is such that n='W, 2 W, a finite and positive definite matrix. The 2SLS
estimator is a one-step GMM estimator with W,, = Z’Z. The one-step residual is given
by uy =y—X 31. The two-step GMM estimator is asymptotically efficient under general
forms of heteroskedasticity and serial correlation, and is given by

~ -1

B, = (X’Z (Z'Hay 7)™ Z’X) X'Z(Z'Hy Z) " 2y

where Z'Hg, Z is an estimator for 2., such that n™'Z'Hg Z 2 Q... For example, a
Newey-West estimator robust to conditional heteroskedasticity and autocorrelation is

given by

2'Ha 7 — Ty (0) + Z (1 - —) (Tay () + T (1))

p+1
where I'z, (0) = >0 | 43,22, and I'y (l) Do Urilly 2%
Let up =y — X Bz, then the Hansen J-test is given by

J(BnBy) = W2 (2'Hy 2)™ Z'in, (4)

and J (@,BJ R Xiz—kx under Assumptions 1-5.
Let II = (2'Z)" Z'X be the OLS estimator of II, and X = ZII. The following

Proposition shows the equivalence of the robust score test and the J-test.

Proposition 1 The robust score test for Hy : v = 0 in model (3) based on a one-step

GMM estimator Bl is given by
S, (Bl) = U Mg Zy (ZyMgHa My Zy) ™" ZyMiiy
— Y MZy (ZyMgHy Mg Zy) " ZhMgy,
with S, (B1> <, Xt._p, under Assumptions 1-5.
Let the Hansen J-test J (BQ,BJ be as defined in (4). Then

J (Bm@) =5 (/Bl) :



Proof. See Appendix m

This result clearly shows that the two-step estimator is irrelevant in the calculation
of the score test, and that the choice of one-step estimator does not affect the local
asymptotic power of the test, as the one-step estimator enters the score test only through
the variance estimator.

The non-robust version of the score test is given by

~ —1 ~
! wjuy/n ’

with S (B1> <, Xt._r, under Assumptions 1-5 in the homoskedastic case. From standard

score test theory, for the efficient 2SLS estimator the score test becomes

~ ~
g B o U’QSZSPZUQSIS
2sls | —

~ ~ 9
u2slsu2SlS/n

which also follows directly from the fact that X’ Ugsts = 0.
Let 4 be the 2SLS or IV estimator of v in model (3),

~ —1
3= (Z4M3Z,) " ZyMgy. (5)

It then follows from Proposition 1 that the Hansen test for overidentifying restrictions is

equal to the robust score test
PO o PR
J(BoB) =7 (Var,a ()75,
where Var, g, (7) is a robust estimator of the variance of 7 under the null,
1

Var.a, (3) = (ZsMgZ,) " (ZsMgHay Mg Z5) " (Z3MgZs) .

Equivalently, the non-robust score test S (Bl> can be obtained by using the non-robust

variance estimator Varg, (7) = allfl (ZtM )?Zg)_l. These versions of the test can alter-

natively be obtained as a test for Hy : 7 = 0 after OLS regression of the specification
= X0+ Zoy + &5, (6)

and estimating the (robust) variance of 7 under the null. Wooldridge (1995) considered
this score test approach for the 2SLS estimator, but did not establish its equivalence with

the Hansen J-test, see also Baum, Schaffer and Stillman (2007).
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Alternatively, one could base the (robust) variance estimator of 7 in (6) on the resid-
uals

51 = Mzu, = 6y - Vﬁh

where v, = My and V = MzX are the first-stage OLS residuals in the linear projection
specifications

y = Zmy,+ vy, (7)

and (2). This leads to the robust score test

~ 1
B, (/31) =y MgZ, (ZéMnglMx%) ZyMyy,

which is equivalent to the Hansen .J-test based on the two-step GMM estimator
- -1 -1 —1
B,z = <X’Z (Z’Hgl Z> Z’X) X'7 (Z’Hgl Z) 7'y

The versions S, (Bl> and B, (Bl> can be characterised as robust Sargan and Basmann
score tests, as per the proposals by Sargan (1958) and Basmann (1960) for the LIML
estimator as discussed below. As they can be seen to be the score and Wald tests
respectively for the null Hy : v = 0 in specification (6), they are sometimes referred to
as the LM and Wald versions of the test, see e.g. Baum, Schaffer and Stillman (2007)
and Bazzi and Clemens (2013) in their discussions of the Cragg-Donald and Kleibergen-
Paap rank tests. This is perhaps confusing as both versions are score tests for the null
Hy : v =0 in model (3), but with the variance based on different versions of the residual
under the null. From (1), (7) and (2), it follows that 7, = II and u = v, — V3, and so
both @y and 21 are proxies for the same error.

Let Z = [ AR ], with Z; an n x k, matrix. Partition 7, and II accordingly as
Ty = | Ty W ]/ and IT = [ II} 1Ij }I. Assume that II; has full rank k.. From the

linear projections (7) and (2), we have that

y = Ty + Zomys + vy
= Zlﬂlﬂflﬂyl + Zomys + vy
= XI{'my + Zo (mye — LI 'y, ) + vy — VI 'y, (8)
= XK+ Zyy+w,



where Kk = Hl’lwyl. It follows that if m, = II3, then x = $ and v = 0. Consider the IV
estimator for v as in (5). Let Z* = [ X Z } = ZD, with

~

Iy Ii, g,

then the IV estimator of § = ( g A )I in (3) is given by

Hence 3 = II;'7,; and
~ o~ O O-1~ _ ~ = =
Y= 7Ty2 — HzHl 7Ty1 = 7Ty2 — Hgﬁ

For later reference, note also that the OLS estimator for the parameters in (6) is given by
DY (2'2)" 26, = D\I*),, where ¢, = ( 1 -3, ) and TI* = (2/2)"" Z'W is the
OLS estimator of IT* = [ my 11 ], with W = [ y X } Hence 7 can also be expressed

as

A~ A~

= | It L, |00, (9)

3.1 LIML and CU-GMM

Whilst the above score tests remain valid also for the LIML estimator B ; of B, treating it
as a one-step GMM estimator, the test statistics using the projection X are not invariant
to normalisation, i.e. the choice of endogenous variable as the dependent variable. The
LIML estimator estimates both § and the first stage parameters II. Whilst these are
equal to the 2SLS and OLS estimators respectively in the just-identified unrestricted
model (3), they are equal to B . and Il in the restricted model.

Let &, = %W’ W, V= [ Uy 1% } and &, = %\A/*’ V. Following Alonso-Borrego and
Arellano (1999) the LIML estimator for 8 can be obtained as the Continuous Updating

Estimator,

By = argmin S () = argmin 5 () (10)
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where

S(ﬁ) — (y _ Xﬁ)IPZ (y _ Xﬁ) _ @b/W/fZWI@D
(y— XB) (y— XB) /n V'S
B(ﬁ) (y_XB)IPZ (y_Xﬁ) _ ¢/W/PZW/¢

(- V8) (3, -V8) o VE¥

and the second equality in (10) is easily shown to hold as Vi=M W
The LIML estimator of v is therefore equal to SoY zvm where vy is the eigenvector

associated with e[;), the minimum eigenvalue of So W PZW§J;1/ 2, and
S (5L> = 6[1}. (11)

Denote 7* = vec (IT*) and 7 = vec <ﬁ*) Under the standard assumptions we have
that
Vi (7 = 1%) 5 N (0,Vy),

with, in the homoskedastic case, Vi = X,» ® QZ.'. An estimator for the variance of 7 is

therefore Var,. (7*) = S,- ® (2'Z) ", Let m = vec (Il) and 7 = vec (ﬁ), then the LIML

estimator for 5 and II can be obtained as the minimum distance estimator
(BLaﬁL> = a‘rgl}}iﬁ’lMD’U (B?H)v

MD, (3,1I) = ( my — 115 )l(varv* @)~ < my — 115 ) (12)

T—T
~ / ~
_ < my — 115 ) (i;} ® (Z’Z)) ( Ty — 115 ) ,
T—T T—T
and M D, <BL, ﬁL> =B <BL>, see Alonso-Borrego and Arellano (1999).

Equivalently, if we specify the variance estimator as Var, (7*) = 3, ® (Z'Z) instead

we obtain
(BL;ﬁL) = argr};li&lMDw(ﬁ,H);

MD, (8,1I) = ( ™ — 115 ) (i;l ® (Z’Z)) (ﬁi_ 1 )

m™ =T m™—T

and M D, (Bu ﬁL) =9 (3L> Note that Var, (7*) is an estimator of the variance of

7" under the null that IT* = 0. Although this is not a valid restriction, it results in

11



using uy, =y — X E 1. as the residual, whereas the use of Var,. (") results in the residual
EL = Mzuy, = i}\y - VBL

We have the following general result for a class of minimum distance estimators that
includes LIML.

Lemma 1 Consider the minimum distance estimators

(Pa-Tia) = arg iy ( o ) (A® (2'2)) ( T, — 115 ) |

™ =T ™ =T

with A a symmetric nonsingular k, X k, matriz. Let )A(A = ZﬁA , then

~

~ -1 o
Ba = (XAX> XLy
~ o~ -1 A
— (X;XA) Xy
Proof. See Appendix =

~ ~ ~ ~ -1 <
For the LIML estimator, let X, = ZII;. It is well known that 5, = <X}JX> X1y,
see e.g. Bowden and Turkington (1984, p.113), but it follows from Lemma 1 that we also
have that 5, = (X}JXL> X1y. Let up =y — XB, and Cf, = [ By I, ] ® Iy,. From

the minimum distance first-order condition we get

= N ~ i~ \\—1 -1 =~ A~ (¥~ 1 ~x
vec (HL> - (CL (Var (7)) CL> Oy (Var (7)) 7 (13)
As Godfrey and Wickens (1982) show, il 1, can equivalently be calculated as
[, = (Z' My, )" Z' My, X.

It then follows straightforwardly that the robust score test for overidentifying restric-
tions based on the LIML estimators for II and /5 in the restricted model, and which is

invariant to normalisation, is given by
~ ~1
S, (BL) — WMy, 7, (ZQM)?LHQ;LM)?L ZQ> Zy My i, (14)

~ BN P
As B, = <X 1 X L) X7y, we get from standard score test theory for the non-robust

version of the test, as above for the 2SLS estimator,

g (B > _ alezﬁL
L whur/n’
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which is Sargan’s (1958) test of overidentifying restrictions.

Let EL =, — ‘73 1, then the Basmann (1960) version of the overidentification test is

given by
~ o P,
B( L] = ,L/L\/LAZUL7
§rén/n
with robust version
~ —1
B, (B,) =My, 2 (Z4Mg, Hy Mg, Z:)  ZsMg, . (15)

As for the GMM analysis above, we can obtain the LIML based test statistics as (robust)
tests for Hy : v = 0 after OLS estimation of the specification

ur = )A(LU + Zyy + &

Another robust invariant test of overidentifying restrictions is the Hansen J-test

J (Bcu), based on the continuously updated CU-GMM estimator

By = argmin J (5)
J(B) = (y—XB) Z(Z' HupZ) Z'(y— XB),

where u (8) =y — X3, and J (Bcu) <, Xt._p, under Assumptions 1-5.
The Basmann CU-GMM version is given by J, (Ecu,v), obtained as

Bryy = arg min J, (5)
J.(8) = (y—XB) Z(Z'Hep2) Z' (y — XP),
with ¢ (8) =7, — V4.

If we specify a robust estimator for the variance of 7 on the basis of the OLS residuals

V*, denoted Var,,~ (7*), then Kleibergen and Mavroeidis (2008, Appendix) show that
(Bcu,m ﬁcu,v) = arg %HT? MDUJ (ﬁ, H) ;

MD,, (8.11) = (@: 115 )'Waw G ( - Hﬁ)

T— -7
and

Jv <Bcu,v> - MDU,T <Bcu,v’ ﬁcu,v) )
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see also Gospodinov, Kan and Robotti (2017). Alternatively, specifying the robust esti-
mator of the variance of 7° under the null that IT* = 0 and denoted Var, ,, (7*), results
in

(BeweTle) = argmin MD, (8.11);

MD, (5,1) = ( Ty~ 115 ) (Vare, (7)) ( ™y~ 115 )

T—m T
J(B.) = M, (BT
J (Bcu> is equal to the robust score test evaluated at the CU-GMM estimates
J(Bu) = 50 (Beu) = WMy, 22 (Z3My, Hao My, 7o) " Z3Mg, i,
where U, =y — Xﬁcuand )?cu = Zﬁcu.

The standard CU-GMM estimator in the literature is Bcu. Use of the alternative

estimator E is less common. However, Chernozhukov and Hansen (2008) propose a

cu,v

method for weak instrument robust inference as follows. For a sequence of values b € B,

test the null Hy : @ = 0 in the regression model
y—Xb=Za+e

by a (robust) Wald test, denoted W (b). Then construct the 1 — p confidence regions as
the set of b such that W (b) < ¢ (1 — p), where ¢ (1 — p) is the (1 — p)" percentile of the
Xiz distribution, see Chernozhukov and Hansen (2008, p. 69). As the Wald test uses the
residuals Mze = v, — Vb=¢ (b) it is clear that this procedure is equivalent to finding

the values b such that
Jo(6) = (y = Xb) Z (Z'HeZ) ™ 2/ (y = Xb) < (1 - p).

The LIML and CU-GMM based score tests achieve their invariance properties by
changing the estimator for  in (3) as compared to the IV estimator (5). As in (9), we
get for the LIML estimator that

L= [ AL }ﬁ*% (16)
= (@IL ® |: _ﬁ2Lﬁ1_[1/ [kz*kz :|) vec <ﬁ*) .
Equivalently, for the CU-GMM estimator, we get

;y\cu = (@/cu ® [ _ﬁQ,cuﬁ;iu Ikz_kx :|> vec (ﬁ*> .
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3.2 Relationship to CD and KP Rank Tests

The test for overidentifying restrictions is equivalent to testing whether the rank of the
k., x (k; + 1) matrix II* is equal k,. The Cragg and Donald (1993, 1997) rank test is
defined as

CD = ming. (7* — ) (Var (7%) " @ — 7*);

s.t. 1 (IT%) = kg,

or equivalently,

~ / ~
CD:mm<@fHﬂ)a@m$w4<@fH5)
11,3 T— T—7
C'D is therefore equal to the minimum distance criterion M D, (B I i L) =B (E L> , when

the variance estimator is specified as the non-robust Var,. (7*). The C'D statistic is equal

to S (@ L) when specifying it as Var,, (7). Specifying robust variance estimators results

in the C'D statistic to be equal to either the CU-GMM tests J, (BCW) or J <Bcu>
For the Kleibergen and Paap (2006) rank test, let G and F' be k, X k, and (k, + 1) X

(k; + 1) finite non-singular matrices respectively, and define
6 =GII'F; ©=CGII'F.

For testing Hy : 1 (II*) = ¢, Kleibergen-Paap (KP) propose use of the singular value
decomposition (SVD)
©=USU",

where U and U* are k, x k, and (k, + 1) x (k, + 1) orthonormal matrices respectively,
and S is a k, x (k, + 1) matrix that contains the singular values of © on its main diagonal
and is equal to zero elsewhere. KP show that the SVD results in the decomposition of
O as
©=A,B,+A, . \NB, .,

where A, is a k, X ¢ matrix, B, is a ¢ X (k, + 1) matrix, 4, is a k, x (k, — ¢) matrix, A,
is (k. — q) ((ky + 1) — q) matrix, By is a ((k; +1) —q) x (k; + 1) matrix; AJA, 1 =0
and B, B; = 0. As A; = 0 under the null Hy : r (II*) = ¢, the KP test is a test for
Hy :vec(A,) = 0.
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The SVD applied to ) yields the decomposition,
0 = Aqu + Aq,LAqu,L;
Aq - A:LJ— @B;,J_’
and the KP test statistic is given by

o~ A~

tk (@) = 2,2, (17)

-~

where A, = vec <Aq> = (B\q,l ®A\;’L> vec (@)) = (Eq,LF@) A\;’LG) 7*; and €, is an
estimator of the asymptotic variance of Xq. Robust versions of the test are obtained by
specifying a robust estimator of the variance of 7".

Asvec ((:)) = (F ® G) 7" it follows that Var (vec <@)> = (FoG@)Var (") (FF @G
and KP argue that it is best to specify F' and G such that (F ® G) V= (F' @ G') is close
to the identity matrix. Hence, assuming homoskedasticity, one would choose F' and G
such that F'F = 5.1 and G'G = S, = Z'Z/n.

The next Proposition gives the relationship between the Kleibergen-Paap test and

the robust score test.

Proposition 2 Consider the Kleibergen-Paap rank test (17) for Hy : r (II*) = k,. Given

choices of F' and G, define the estimators BGF and ﬁGF as

() wmvsp (3) () o (%) (7))

Let ugr = y — XBGF, )A(GF = ZﬁGF and let Zy be a matriz of any k, — k, subset of

instruments. Then
1
tk (k) = pp Mg 7 (ZQM)?GFH?MXGF Zg) ZyMy, iar,

where the residual T is either equal to ugr or equal to EGF = U, — ‘A/BGF This choice
of residual and the robustness of the test is determined by the choice of the estimator of

Var (%) used in the estimator ﬁq of Var (Xq>.
Proof. See Appendix =

It follows from Proposition 2 that the various versions of the KP test can be obtained

as the tests for Hy : v = 0 in the specification
ucgr = Xarn + Z27 + &ap
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estimated by OLS.

The estimator BG r can alternatively be obtained as the continuous updating estimator

(y-XB) 2(22) ' GG(22) 7' (y — XB) (18)
(1 -3 ) (FF) (1 -3 )

It is clear that choosing F and G such that F'F = 5! or F'F = Soland GG = 3,
results in the LIML estimators for § and II. Choosing alternatively F'F = I and

Bor = argmin

G'G = flz results in the symmetrically normalised 2SLS estimator, see Alonso-Borrego
and Arellano (1999).

The robust KP tests commonly reported in standard estimation routines, like ivreg2
in Stata (Baum, Schaffer and Stillman, 2010), are based on the LIML normalisation.
It therefore follows that these LIML based versions of rk (k,) are equal to S, <BL> or

B, <BL> as defined in (14) and (15) respectively, depending on the choice of robust

estimator of Var (7).

3.3 A Two-Step Invariant Estimator and Test for Overidenti-
fying Restrictions

If IT were known, then the natural just-identifying linear combination of instrument would
be Z =2 IT, which would be the efficient combination in the homoskedastic model. 2SLS
and LIML are asymptotically efficient in that case by estimating Il consistently by Il and
Il 1, respectively.

For a general known (), the optimal combination of instruments for known II is
Z=27'0.17'71
and the efficient IV estimator is given by

~ ~ -1
3 = (Z’X) 7'y
— (WZ'Z2Q} 2'X) " W7 20 7'y,

with limiting distribution

Vi (B=8) % N (0. (1Q-.021Q.m) ). (19)
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For the 2SLS estimator and associated two-step GMM estimator, II is estimated by
OLS, Il = (2/Z) ™ Z'X, and

~ ~ -1 <
Boae = (/X)) T2y,

Letting Usgs =y — X BMS, the two-step GMM estimator is given by

~

/82 = (ﬁ,Z/Z (Z/Ha2sls U'ZSZSZ)_l Z/y

1
AR Z’X) 7'z (7' H,

-1
_ (X’Z(Z’H@SzSZ)*lZ’X) X'Z(Z'Ha,, Z) 21y,

aQsls

which is asymptotically efficient with the same limiting distribution as the infeasible
estimator (19).
For the LIML estimator of 3, we have

~ ~ -1 .
G, = (H’LZ’X> i, 7'y,
with TI 1, the LIML estimator of II. An optimal invariant two-step estimator is then given
by
~ ~ -1 .
By = (H’LZ’Z (Z'Hg, Z)~! Z’X) ,72'Z(Z'Hy, Z) " 2y, (20)
with iy, =y — X 5 L BQ ;, has the same limiting distribution as the infeasible estimator,

and, like LIML, is invariant to normalisation. The Hansen J-statistic calculated as
I (Bor) = W2 (2'Hay 2)" 2o, (21)

with 4y, = y — X3, is also invariant to normalisation.

3.4 CU-GMM as an Iterated GMM Estimator

For the CU-GMM estimator we have the following result. For brevity we focus on Bcu

and ﬁcu, but results straightforwardly carry over to B and ﬁcu,v.

cu,v

Lemma 2 Consider the CU-GMM minimum distance estimators

(B fio) = avgmin (7275} v (20

™ =T m™—T

and let Uy, =y — XBCU. Then

~

~ -1~
Bos = (W, 22(2'H3,2) " 2'X) W, 2'2(2' W5, 2) " 2y,

Ucu Ucu
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Proof. See Appendix m

From Lemma 2 it is clear that the main difference between the two-step GMM es-
timator and the CU-GMM estimator is the estimator for II, with the two-step GMM
estimator keeping this fixed at the OLS estimator .

Similar to the first-order condition (13) for the LIML estimator of II, we have for I,

vee (I ) = (C, (Var, (7)) Ceu - C' (Viar,, (7)) 7", (22)
(1) = ( )

~ R ’
where C.,, = [ Bew Ik, ] ® I, .

cu

~ ~ ~ !/
Let 5, be an initial consistent and normal estimator for 5. Let C; = [ By I, ] ® I, ,

and

-~

vee () = (€1 (Var,, )71 G G (Var,, ()7
Then an alternative two-step GMM estimator is given by
B, = (ﬁ;Z’Z (Z'Hay 7)™ Z’X) 2z (2 2) 2,
and a general iteration scheme then is
By = (W22 (2'H;,2) " 2'X) U2z (2H,2) " 2,

resulting in BCU and ﬁcu upon convergence.

It is interesting to note that if /51 is not an invariant estimator, we obtain a sequence of
efficient estimators converging to an invariant estimator. If Bl is an invariant estimator,
for example the LIML estimator B 1., we obtain a sequence of efficient invariant estimators.

Note that therefore an alternative invariant two-step estimator to §2 1, in (20) is given by
s, = (1, 7225, 2 7)oy, 72 20, 2)
where
vec (ﬁw) - (cA*'L (Vér, (7)) " GL) G (Vi )R,
with invariant Hansen test
I (Bors) = Whyn 2 (2'Hayy 2) 7 2t
where Usp,, =y — XEQLVT.
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4 Underidentification Tests

Assumption 5, E (z;x}) = Q,, has full column rank k,, is a necessary condition for the
identification of 3 using the instrumental variables z;. As II = Q_!F (z;x}) it follows
that the rank of II is equal to the rank of F (z;x}). This means that ( is identified iff
r (I1) = k,.

Standard tests for underidentification, like the Cragg-Donald and Kleibergen-Paap
tests are tests for Hy : r (II) = k, — 1 against Hy : r (II) = k,. If r (IT) = k, — 1, then there
is a kj-vector ¢, such that II6* = 0. Partition X = [ 1 Xo }, with x; an n-vector
and Xy an n x (k, — 1) matrix, and equivalently V = [ vy Va ], IT = [ m I } and
o =1[467 63 }/. Assuming 67 # 0, then m; = IIy0, with 6 = —0;/0] and hence

r1 = JZm+uv =2 + 1,
= X9d+v; — Voo
= X90+¢e;. (23)
Therefore, under Hy : 1 (II) = k, — 1, we have that
E (zie1;) = E (2 (v, — v5;0)) = 0, (24)

as E (z;v]) = 0 from standard the linear projection results.

Let Z = [ Zy Z» |, with Z; an n x (k, — 1) matrix and Z, an n x (k, — k; + 1)
matrix. Partition 7; and Il accordingly as 7 = [ 7}, 7}, ]/ and I, = [ IT5; TIj, ]/.
Assume that I1y; has full rank k, — 1, then, as in (8), we have

rT = Z7T1 + v
= Xolly'mi1 + Z» (712 — H22H2_117T11) + v — Vallgi'myy
= Xok + Zoy +wy, (25)
where kK = H;llwn. If 71y = Il50, then kK = 6 and v = 0. When 7, # Il50 the overi-
dentifying instruments are in general not "valid" instruments in (23) in the sense that
E (zie1;) # 0. Note that the standard overidentification test is a score test for testing
Hy:~v=0,asin (3).
The intuition of orthogonality condition (24) is clear. If the instruments are not corre-

lated with €1, then they have no explanatory power to predict x; after having controlled

for the other endogenous explanatory variables in the model.
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Let gL and ﬁgL be the LIML estimators of § and Il in model (23). Let &, =
r1—X 2/6\L and )/(\'2 =27 ﬁ2 1-From the results derived above for the tests of overidentifying
restrictions it follows that the non-robust Cragg-Donald and robust Kleibergen-Paap
rank tests for Hy : r (I) = k, — 1 can be obtained as (robust) tests for Hy : v = 0 in the
specification

i = Xorn + Zoy + Gy
after estimation by OLS.

Specifying the variance estimator of 4 only valid under conditional homoskedasticity
and either based on the residual 21 L =01 — ‘A/QEL or g1y, results in the Basmann or Sargan

version of the non-robust CD test
~ o~
~ ¢ Pre
B (5L) = All—LAZ 1L§
€16 1L/ n

S(&;) _ aLPZaL

Sirfir/n
Equivalently, specifying a robust variance estimator for 7 results in the robust versions

of the Kleibergen-Paap test
A -1
B, (31) =21, My, % (Z4Mg, Hy My, 7)) ZyMg, Zir;

S, (81) =#1.Mg,, 2 (Z3Msg,, He, My, 2 ) Tz By
The robust versions of the CD test are obtained as the Hansen J-test in model (23)
after CU-GMM estimation, as either the Basmann version .J, <gcu,v) or the Sargan version
J (Scu> The test statistics have a limiting X%Z_,%H distribution under the null and
maintained assumptions. An alternative to the robust KP and CD statistics is J (52 L),
based on the two step LIML based procedure outlined above in (21), or J (8\2 L,,,)

There is a direct correspondence between S <SL) and the canonical correlation test
of Anderson (1951). Denote the signed canonical correlations of x; and z; by p;, j =
1,..., kg, ordered such that p;, > p, > ... > p, > 0. The canonical correlation test for
Ho : v (1) = k, —1is a test for Hy : p,. = 0, see Anderson (1951). Let p; be the smallest

sample squared canonical correlation, which is given by
72 = mineval ((X’X)‘1 X’PZX) .
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It follows that
S (SL> = nﬁiz t Xirkzﬂa (26)

under the null and maintained assumptions. The relationship between B (EL) and

S (5,;) is given by

17,

from which it follows that B <5L) > S (3L>, with the discrepancy increasing with in-
creasing value of py_.

All the above tests are invariant to normalisation, i.e. the results are the same if an
explanatory variable different from z; is chosen as the dependent variable in (23). In
contrast, Sanderson and Windmeijer (2016) (SW) proposed conditional F-statistics for
testing for underidentification or weak instruments for each endogenous variable sepa-
rately. Their conditional tests statistics are based on the Basmann version of the under-

identification test. Let gj be the 2SLS estimator of §; in the model

QC]' :X,j5j+€j (27)

~

for j =1, ..., k;, using instruments Z, where X_; is X without x;. Let €, = z; — X_,J;.
SW proposed use of the Basmann tests

N ZPs
B <5j> = /ZZJZ/Z’

where Zj =U;— ‘A/_jgj, and provided the theory for testing for weak instruments based on
the F-test version, F; = B (@) / (k, — ki +1). The weak instrument asymptotics they
considered was that of r (IT) local to a rank reduction of 1, or 7; = II_;d,+1/+/n. Clearly,
instead of the Basmann tests, one could equivalently consider the Sargan versions S (&) .

SW showed that the conditional F}; can provide additional information to that pro-
vided by the C'D statistic about the nature of the weak instruments problem. This is
related to the cardinality, i.c. the number of non-zero elements of 3,. If |0*| = k, then

the null holds for all j in (27) and so none of the B (5\]) will reject the null in large

samples. If [§*| = k, — s, then s of the B (@) will reject the null in large samples.
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A simple generalisation to robust tests for underidentification is then to compute the
robust versions B, (gj) or .S, <;5\]> From the results in Section 3 if follows that the latter
are simply the two-step Hansen J-tests in (27), for j = 1, ..., k,.

5 Testing for Underidentification in Dynamic Panel
Data Models

We consider an i.i.d. sample {y;, X;};_,, where y; is the T-vector (y;) and X; is the

T x k, matrix [z},]. The linear panel data model is specified as
Yit = T3+ 1; + iy
fori =1,...,n,t = 1,.. T, where z;; can contain lags of the dependent variable. The
Arellano and Bond (1991) procedure to estimate the parameters [ is to first-difference
the model
Ay = (Azy) 8+ Auy

and estimate by GMM, using lagged levels of the explanatory and dependent variables as
sequential instruments. Assuming that x;; contains a the lagged dependent variable and
that all other explanatory variables are endogenous, the available moment conditions at
period t are given by

E (2} Auy) , (28)
where 2% = (2}, @, ... @}, )/. The moments (28) can be expressed as

E(Z!Au;) =0,

for i = 1,...,n, where Au; is the (T — 2)-vector (Auit)tT:?), and Z; is the (T'—2) x k,

matrix

g 0 -+ 0
z—| 0 = Sl
0
0 0 x=%

with k, =k, (T — 1) (T —2) /2.
For testing underidentification in this setup, consider the first-stage linear projection

model

AX, = ZI1+ V,
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where AX,; = [(xzt — x@t_l)/] thg isa (T — 2) x k, matrix, IT is a k, X k, matrix and V; is a
(T — 2) X k, matrix. For the errors V; we now have F (Vec (V;) vec (Vi)/) = Yvec(v). Whilst
we can still make an assumption of conditional homoskedasticity, E (vec (V;) vec (V;)'|Z;) =
Yvec(v), it seems implausible to assume Yyevy = X, @ I,,. For example, due to the nature
of the sequential moments, the variances F (v?jt) will be varying over time.

Therefore, the non-robust version of the CD test for testing Hy : r (II) = k, — 1 will
be the minimum distance criterion based on a variance estimator of the OLS estimator
T = vec (ﬁ), that takes the clustering into account whilst making an assumption of
conditional homoskedasticity. As this variance does not have a kronecker representation,
this no longer is a simple minimum eigenvalue problem and the solution needs to be
obtained via iterative methods.

Partition AX,; = [ Az AXy,; ] and II = [ m 1, ] The robust CD statistic is
obtained as the CU-GMM .J-test statistic in the model

Axy; = (AX9) 0 + e, (29)

using instruments Z;. The CU-GMM criterion is given by

J (3) — min (Z Zlen (5)) (Z Zle1 (8) s (8)' Zi> (Z Zlen (5)) ,

where €1; (0) = Axy; — (AXy;) 0. The CU-GMM estimator can be obtained from the
iterative procedure described in Section 3.4, using a cluster robust variance estimator of
.

The LIML normalised robust Kleibergen-Paap test is based on the pooled LIML
estimator of 0 in (29), i.e. the estimator that would be efficient if Xyec(v) = X, ® I,,. Let
EL and ﬁg 1, again denote the LIML estimators of § and Il,, and let €1, ; = Axy; — AXQigL
and AXQLJ‘ = Zl-ﬁzL. Zo; is any k, — k, + 1 subset of instruments. Then the cluster
robust KP test is obtained as the test for Hy : v = 0 in the specification

Gins = AXopin + Zory + CiLis

estimated by OLS and specifying a cluster robust variance estimator for 7. Under the
null that r (IT) = k, — 1, these test statistics are invariant and have a limiting x7__, ,,

distribution under the maintained assumptions. Although the pooled LIML estimator
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will not be an efficient estimator, this does not affect the local asymptotic power of the
test.
The robust Sargan versions of the Sanderson-Windmeijer individual conditional un-

deridentification tests is to estimate the specifications
Azj; = (AX ;) 05 + g,

by two-step GMM, again using Z; as the instruments, and to test the null Hy : £ (Z)e;;) =
0 with the Hansen J-test. These tests are particularly easy to perform with gmm esti-
mation routines like xtabond2, as one simply has to perform the same estimation as for
the original dependent variable, replacing the latter by one of the explanatory variables,
and keeping the instrument specification the same. As an example, consider the model of
interest that has as endogenous explanatory variables the lagged dependent variable and
two further variables x; and z5. The estimation command for the model using xtabond?2

(Roodman, 2009) in Stata is
ztabond2 y Ly x1 x2 i.year, gmm(y x1 z2, lag (2 .)) w(i.year) nol rob.

Then the per endogenous explanatory variable conditional robust underidentification

tests can be obtained as the Hansen tests from the GMM estimation sequence

xtabond?2 L.y x1 x2 i.year, gmm(y x1 22, lag(2 .)) w(i.year) nol rob;
xtabond?2 x1 Ly x2 i.year, gmm(y x1 x2, lag(2 .)) w(i.year) nol rob;
ztabond? x2 Ly x1 i.year, gmm(y z1 z2, lag(2 .)) iv(i.year) nol rob.

The above methods extend straightforwardly to the system estimator of Blundell and
Bond (1998).
Table 1 presents results for the underidentification tests for the production function

estimation example of Blundell and Bond (2000). The estimated model is
Yit = PYig—1 + Bplit + Ypliz—1 + Brpkie + Vikig—1 + 0¢ +1; + i, (30)

where y;; is log sales of firm ¢ in year ¢, n;; is log employment and k;; is log capital stock.
The data used is a balanced panel of 509 R&D-performing US manufacturing companies

observed for 8 years, 1982-89. Model specification (30) is a Cochran-Orcutt transformed
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model to deal with serial correlation of the errors in the static Cobb-Douglas production
function. Although there is therefore more information due to the non-linear relationships
between the parameters, v, = —pf, and v, = —pf,, we ignore this information for
illustrative purposes. The instruments specified by Blundell and Bond (2000) for the
first-differenced model are the lagged levels of y, n and k, dated ¢t — 3 up till ¢ — 5.
The t — 2 lag was not used as an instrument due to measurement error problems in the
variables. The System estimator then additionally includes Ay, ; o, An; ;o and Ak;; o

as per period instruments for the model in levels.

Table 1. P-values for underidentification tests

S, (SL) S, (Zs})
Yit—1 Nit N t—1 Kt i1
1st Differences | 0.527 | 0.001 0.153 0.008 0.108 0.018
System 0.178 | 0.002 0.119 0.041 0.000 0.001

The Kleibergen-Paap LIML based cluster robust score test S, (SL) clearly indicates
that the instruments do not identify the parameters in the first-differenced model with the
p-value of the test equal to 0.527. From the individual Hansen J-test statistics S, (@),
it becomes clear that the lagged levels instruments do not have predictive power for the
endogenous variables An;; and Ak;;, after having to predict An; 1, Ak;;—1 and Ay, 1.
The underidentification test for the System estimator also does not reject the null of
underidentification, with a p-value of 0.178. The individual test statistics indicate that

the instruments for the System estimator mainly fail to predict current log employment.

6 Testing for General Rank

/

We return to the original models (1), (2) and data w; = ((y;

; ), and consider testing

a general null hypothesis on the rank of II*. For ease of exposition, we consider the

situation where there are two linear relationships between the variables such that
E (zzw; ( Uy 1, )) = E(zw)¥) =0
or r (II*) = k, — 1. Asin Arellano, Hansen and Sentana (2012), we start by standardising
= [g } Partition w = [y 1 Xo ] and II = [ Ty, m Il ] We then have the
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two equations

y = Xof, +u, (31)
and the test for overidentifying restrictions is a test for Hy : E (z;u;) = 0, where here
U; = ( Uyg Ug,i ),-

Let Z5 be any selection of k, — k, 4+ 1 instruments, and specify

y = Xof,+ Zoy, +uy
I = X?Bm+22’yz+u$7

then a test for Hy : E (zu;) = 0 is a score test for Hy : v, = 7, = 0. Both equations are
again just identified, and hence the IV estimators for -, and -, are given by ( Yy Ve ) =
(ZQM)?z Zg)_1 ZQM)?2 ( T ), where )A(Q = Zﬁ2. These IV estimators are also efficient
under conditional homoskedasticity, Var (u;]z;) = £,, by standard SURE arguments.
Let Bl = < 5;1 3;1 ),, with B%l and Bm initial IV/GMM estimators of 3, and (3,
in the restricted models (31) and (32), with a, = ( 4, ,, )/ the associated residuals.

Analogous to the test derived in Section 3, the robust score test for Hy : vy, = v, =0 is

/ —~ —1 ~
. o o
Yy \ 5 (5 s\ s (Y
_ < M ) Zs (Z2Ha122> Z, ( J >
o~ / o~
— Uy,1 7 (. -1 1 Uy1
a < a’ElJ ) & (ZQHUIZQ> & ( aﬂﬁl,l ) ’

where Zo = I, ® Mg, Zs, \%Zéu — N (0,9Qz,,), where u = (u), u, ), and n~! (ZQHmZg)

Yy

then given by

=) 2)

5. (3)

is a consistent estimator of {2;,,. Under the maintained assumptions and Hy, S, (31) 4,

X%(kz—km—&-l)'
The 2SLS based non-robust version which is valid in the homoskedastic case, has
ZéHa Zg =5 ® ZQM)AQZQ, and so

2sls U2sls

S (BM> . @521513 © Mg, 7 (ZsMg, %)~ 24 M&) Tasts

-~/ A_]_ ~
= Uggs <2" ® PZ) U2sls-

U2sls
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Let Z = (I ® Z). For a general one-step estimator Bl, the two-step GMM estimator is
given by

/
7o : y — Xaf, ‘(‘/ 2 ‘)1 o [y — Xafy,
52_“%%2 ( $1—X251> 2\t z) 2 r1— Xof8, )7

with the Hansen J-test given by
o~ . -1
J(B2B)) = wz(2'Ha2) 2
-5 ()

Next let @1 ., and 122 1 be the LIML estimates of 1); and 1),. These are obtained as
@AblL = i;l/ 21)[1] and @% = i;l/ 221[2] where vj;; and vp are the orthonormal eigenvec-
tors associated with the 2 smallest eigenvalues of S 2W’PZW§;1/ 2. These estimates
therefore have the normalisation @;Liw@m = @;Liw@% =1 and TZ;LinA%L = 0. Let

Uy, = vec (W\TIL>, where ‘TIL = [ qzlL QZ% ] Then the Sargan, non-robust version of

the score test is given by
S (@L) — <§5L1 ® PZ> U
However, as
S, = %\TJ’LW’W@L = I,
it follows that
S (‘TJL) = ep) + ep,
the sum of the two smallest figenvalues of S 2w’ PZW§J;1/ 2,

Next, partition v L=

\ =~ . =~ o~ s
AL ] where U 47, is a 2 X 2 matrix, and let ¥} = \I/L\I/Ai =
BL

I _ I ~ _ ~ -
{ @BL‘%& } Then @} = vec (W@;) - ((\D;;) ® 12) i, and S = LUYWWT; =
V05! and so

S(@;) — o <A5§®PZ> o

~ ~ ~ ~ !
() ) (B o) () 1)
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We can now link this to the Cragg-Donald minimum distance criterion, with the result

that

!

7, — [y, T, — If,
S <‘/I\fz> = min T — HZB:L’ (i;l ® (ZIZ)) e H2BI

~

and the resulting estimators [ By . Bar } =g L\Tf;j, see also Cragg and Donald (1993).
Clearly, this is the invariant LIML based rank test for Hy : r(II*) = k, — 1 against
H1 ZI'(H*) > kx— 1.
Let Ilo; be the LIML estimator of Ilo, and let Xo; = ZIlp; The LIML based
Kleibergen-Paap rank test is then the robust score test
~ ~ s~ ~ N1~
Sy <5L> = upZar <Z§LH6222L) Zy g,
~ s~ ~ N1~
= @ (ZHe, T Zayiiy.
where Zg L= <12 ® M Ror Z2>. Note that, as before, the estimator ﬁgL can be obtained

directly from the minimum eigenvalue LIML estimator v 1. Let U L= W L, then
~ -1
Moy = (7'M, 2)  Z'Mp, X,

The CU-GMM robust invariant CD rank test is

7, — ap, , 7, — 1,
T(Be) = 80 (Buu) = min | =ML ) (ar, @) | T IR
el vec (Hz - H2> vec <H2 — H2>

These tests are versions of the Arellano, Hansen and Sentana (2012) I test for un-
deridentification for the standard linear IV model. They are easily generalised to testing
for general Hy : 1 (IT*) = ¢ against H; : r (IT*) > ¢, which are score type tests of the form
(33), with the LIML and CU-GMM versions being invariant to normalisation.

It is at this point illustrative to consider Example 3.4 in AHS (2012, pp. 262-263).
They considered a normalized four-input translog cost share equation system, resulting

in the equations

Yji = BjaP1t + Bjop2s + B33t + Vit
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forj=1,2,3,t=1,...,T, and where y;; denotes the cost share of input j and p;, is the
/

log price of input j relative to the omitted input, and wy = (Y1+ Y2t Ysr D1t Dot D3t

The symmetry constraints are given by

Bj,k = 5k,j J 7é k.
Prices are endogenous and there is a k, dimensional vector of instruments z; available to
instrument prices under the assumption that E (zv;;) = 0 for j = 1,2, 3. For this case we
have IT* = [ my, my, my, T mp Ty | = [ 11, II, ]. The test for overidentifying
restrictions Hy : E (zv;;) = 0for j = 1,2, 3 is in this case a test for Hy : r (IT*) = 3, which,

incorporating the restrictions, can for example be obtained as the CU-GMM criterion

—~ / —~
R vec (H I B) vec <H 11 B)
J <Bcu> = min ! ? ! ?

. (Var,, (@) ~" IS :
,,B vec (Hp — Hp> ’ vec (Hp — Hp>
with
Bi1 Bi2 Bigs
B=| Bis Bas Bas
Bis Bas Bss

As IT* is a k, x 6 matrix, it is clear that the necessary order condition is that k£, > 3.
Note that the degrees of freedom of the test is equal to k, x (6 —3) — (9 — 3), so even if
k., = 3, the model is overidentified due to the symmetry restrictions.

Next, consider the AHS underidentification test Hy : r(II*) = 2. Let II,, =

[ 11, 7, | and II, = [ 7y, mp, |. We now add a linear relationship of the form

D1t = Oapas + 03pst + €14

and express the original equations in terms of ps; and ps; only. Hence,

Yjt = (5]‘,2 + 5263'71) D2t + (Bj,?) + 5363‘71) D3t + Ut + 5]‘,1€1,t-

Then the robust rank test for Hy : r (II*) = 2, incorporating all restrictions, is given by

!/

A~

_ vec <H 1—H2E> vec (ﬁ I—HQE)
J <E> — min o (Vr,, (7)) " o
Up2, B vec (Hp2 — Hp2> vec (Hpg — Hp2>
with

E — {51,2+5251,1 Bao+ 02010 Bazt+ 02813 52}
P13+ 03811 Baz+ 03812 B33+ 03815 03

_ €11 €21 €31 €471
€12 €22 €32 €42
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and the restriction (e — e22) = €s1€12 — €42€1 1.

This shows that the parameter restrictions in the linear model can be incorporated
directly into the CD rank test procedure. Whilst the null hypothesis of the AHS test
is clear, the main issue with this test seems to be that it is unclear what a rejection
of the null implies. Rejecting the null Hy : r(II*) = 2 in the example above does
not necessarily mean that the model is meaningfully identified, as it could well be the
case that E (ze11) = E (ziv21) = E(zv3:) = 0, but E (zv14) # 0. As what matters
for identification in this model is whether the instruments can predict the endogenous
prices, the more natural test for underidentification seems to be Hy : E (z£1:) = 0 or

Hy:1(Il,) = 2 against H; : r (II,) = 3.

7 Testing the Rank of Parameter Matrices Estimated
by OLS

The LIML and CU-GMM based rank tests on the matrices IT* and II may appear to
be specific to the linear IV setup, as the instruments Z are used as instruments for
both the over- and underidentification tests. This approach can, however, be applied to
more general settings testing the rank on parameter matrices that are estimated by OLS.

Consider for example the linear model specification as in Al-Sadoon (2017)
yi = B'z; + v,

for i =1,...,n, where y; and v; are k,-vectors, z; is a ky-vector and B is a k, x k, matrix

of unknown parameters. In matrix notation the model is
Y=XB+YV,

where Y is the n x k, matrix [yj], X is the n x k, matrix [z]] and V is the n x k,
matrix [v]. It is assumed that E (x;v) = 0 and therefore the OLS estimator for B,
B= (X'X )_1 X'Y is consistent, with further regularity conditions in place for standard
limiting normal distribution results.

Consider first the situation where k, > k, and testing the null hypothesis Hy : 1 (B) =
k, — 1. This is the setup as in Cragg and Donald (1993, 1997), and in analogy to the

IV results above, the CD rank test is a LIML/CU-GMM based score test. Partition
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Y = [yl }/2:|7B:|:b1 Bg},éz [/l;l §2 } andX:[Xl Xg}whereXgisany
(ki — ky + 1) subset of variables in X. Then the rank test is the score test for Hy : v =0
in the specification

y1 = Yo0 + Xoy + 1.

Let SL and LA?Q 1, be the LIML estimators of § and B, in the restricted model
y1 = Y0 + €1, (34)

using X as instruments. These can be obtained from the minimum eigenvalue solution

and projection as in Section 3.1, or as

L bi—B e b — Bad
(5. Bos) = g i ( e (B, 1) > (810 00) ( we (B 1) ) |

where f]y =Y'Y/n and EAJy ® (X'X) " is the estimator of Var (vec (E)) under condi-
tional homoskedasticity and B = 0.
Let }72,; =X §2L and €17, = y; — YQSL, then the non-robust CD and robust KP tests

can again be obtained from the tests for Hy : v = 0 in the specification
eir = Yorn + Xoy + (i,

estimated by OLS. The robust CD test is J (gcu) after estimation of (34) by CU-GMM.
The extensions to general rank tests, Hy : 1 (B) = ¢, are then as discussed in the previous
section.

Next, consider the case where k, < k,. In that case, the CD and KP rank tests
apply to the column rank of the k, x k, matrix B’, for example Hy : r(B') = k, — 1.
The OLS estimator is then B = Y'X (X’X)"" and the estimator of Var (vec (E’))
under conditional homoskedasticity and B = 0 is given by (X'X)™' @ iy. The KP
LIML normalisation, ©5 = GB'F’, is then obtained with G'G = i\]y_l and ['F =
S, = X'X/n. Choosing wlog G = G/ = i;lﬂ and F = F' = /% results in Op =
YY) Py X (X' X))

Next, consider the specification

X=YC+U,
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with C' a k, x k, matrix, the same dimension of B’. The OLS estimator is given by
C = (Y'Y)"'Y'X. Assuming conditional homoskedasticity and C' = 0, the estimator for
the variance of vec (6) is given by ip ® (Y’ Y)_l. For testing hypotheses on the rank of
C, the KP LIML normalisation is then @c = GaF’, with here G = i;ﬂ and F = 5,2,
Hence O¢ = (YY) ?Y'X (X'X)™"? = ©p.. Therefore, for this case where ky < kg,
the CD and KP rank tests for, for example, Hy : 1 (B’) = k, — 1 are identical to the rank
tests for Hy : 1 (C) = k, — 1. Partition X = [ 1 Xo ], then the tests can be obtained

analogous to above by estimating the model
1 = X0 + €1

by LIML or CU-GMM, now using Y as the instruments. When k, = £, the two ap-
proaches are identical.

This setup applies to the asset pricing model as further described below in Section
9. Kleibergen and Paap (2006) considered tests on the rank of the matrix A’ in the
specification

!
re = Ny + vy,

for t = 1,...,T, with r; a k,-vector of portfolio returns and z; = ( 1 f )/, with f; a
k¢-vector of systematic risk factors, and so k, = ky + 1. In their setting &k, > k,. Then
it follows form the results above that the CD and KP rank tests for Hy : r (A') =k, — 1

are the same as the rank test for Hy : r (C') = k, — 1 in the specification
Ty = C/T't -+ Uy

As X = [ tp F }, where vr is a T-vector of ones, and F' is the T' x k; matrix of factors,
these rank tests can be obtained as the score tests described above by estimating the
specification

1w =Fd+e¢

by LIML or CU-GMM, using here the T x k, matrix of returns R as the matrix of

mstruments.
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8 Limiting Distribution of the Sargan Test in Un-
deridentified Models

The limiting distributions of the Sargan tests for overidentifying restrictions, S (stzs>
and S (BL> , when r (z;w}), or r (IT*), is less then k, have been derived by Kitamura (2005)
for S (Bms), and the result of Gospodinov, Kan and Robotti (2017) (GKR) derived in

the context of linear factor models applies to S <EL) As S (B L) is an invariant rank
test, its limiting distribution is determined by r (IT*) only, independent of whether the
moments restrictions E (z;u;) = 0 hold or not. In contrast, the limiting distribution
of S (stls> under rank deficiency depends on whether the moment restrictions hold or
not. These limiting distribution results hold under Assumptions 1, 2, 4 and 5 and the
maintained assumption of conditional homoskedasticity. We focus here on the Sargan
version of the tests, but the results equally apply to the Basmann versions.

Theorem 2 of GKR states the limiting distribution result for an asset-pricing model
with linear moment restrictions. From the proof (GKR, p. 1626) it follows directly that
the result holds for the minimum eigenvalue representation of S (BL) as given in (11).

Let 1 (IT*) = k, + 1 — d, for an integer d. Then the result is that for d > 1,
S (Br) “ wa, (35)

where wy is the smallest eigenvalue of Wy ~ Wy (k. — k, — 1+ d, 1), and Wy (k. — k., — 1+ d, 1)
denotes the Wishart distribution with k, —k, —1+d degrees of freedom and scaling matrix
1.
When the moment conditions are valid, E (z;u;) = 0, the result for S (EQSZS> as given
in Theorem 3.1 in Kitamura (2005, p 67) is,

S (Bzm) %O x By

where C' ~ 7 _, , By ~ Beta (f=ketl 41

r(II*) =k, + 1 — d with here d > 2. When d =1, B; = 1.
When the moment conditions are invalid, the result for S <32515> as given in Theorem

3.2 in Kitamura (2005, p 71) is,

) and C' and By are independent. As before,

S (Bous) = C x 1By
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g k—ketl) and C and 1B, are independent,

where C' ~ X% _, | IBy ~ Inverted Beta (&
with here d > 1.

Figure 1 displays the limiting distributions of S <EL) and S (E%ls) for k, — k, =7,
for S (BMS) when the moment restrictions are valid, for values of d = 1,2,3. Figure 2

presents the limiting distribution of S <B2sls> when the moment conditions F (z;u;) =0

are invalid, for the same values of d.
The densities for the LIML estimator are the same as in GKR, Figure 1, as the degrees

of freedom are the same. Clearly, with rank deficiency, the rejection probability for both

S (B L) and S (Bzm) is less than nominal size, with the discrepancy larger for S (ﬁ L)

than for S (52513). Also, as S <BL> is an invariant rank test, it has power equal to size

if the moment conditions E (z;u;) = 0 do not hold, but r (IT*) = k,.
In contrast, Figure 2 shows that when the moment conditions do not hold, the limiting

distribution of S <BMS> under rank deficiency is very different. Although the test is no
longer consistent, it still has power to reject the null. For this design, the power of the

test at the 5% level in the limit is 0.881, 0.742 and 0.606 for d = 1, 2 and 3 respectively.

0.25 /,\\ 1
L d=2,UML
/ \ — — —d=3UML
02 / | Coxe o d=2,2518
. I ,\\ — % —d=325LS
[
SN
[ \n
015 - | /)
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Figure 1. Limiting distributions of S (BL) and S <B2S,S>, for r (IT*) = &, + 1 — d,

k, — k., = 7. Moment conditions F (z;u;) = 0 are valid for S (/ﬁ\?sls)'
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Figure 2. Limiting distributions of S (BQS,S) for v (IT*) = ky +1—d, k. — ky = 7.

Moment conditions E (z;u;) = 0 are invalid.

Table 2 presents the power of S <B25!S> to reject the null in the limit at the 5%
level, for various combinations of the degrees of freedom k, — k, = [1, .., 5,10, 15, 20|, and
rank deficiency d = [1,..,5]. As Kitamura (2005, p. 74) shows, the limiting distribution
of S (BMS) when the moment conditions do not hold is equal to the distribution of
Ck.— £, Ck. —k,+1/Ca, where the independent random variables are distributed as Cy__j, ~
Xt s> Chomkot1 ™~ Xp.—p,+1 and Cyq ~ x5. We obtained the rejection probabilities from
1,000,000 draws of the three random variables. As is clear from the results, the power
of the test is increasing in k, — k, and decreasing in d. When k, — k, = 20, the power
is close to one, at 0.996, when d = 1, and is still 0.917 when d = 5. For the Monte
Carlo analysis of GKR, as further detailed in Section 9, the degree of overidentification
is around 20.

It is clear from the above results that the invariant S <BL) does not have power
to reject Hy : E (zu;) = 0 in underidentified models when the moment conditions are

invalid. This is clearly problematic when using S (BL) as a test for overidentifying

restrictions. However, this is of course less of a problem for the use of S <§L> as a test

for underidentification, and is also a reason why an underidentification test should be
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reported. The underidentification tests described in Section 4 are for testing Hy : r (II) =
k, — 1 against Hy : v (II) > k, — 1. If r (II) < k, — 1, the limiting distribution results
given in (35) apply to S <§L> and so the rejection frequency of S <§L) will be less than
nominal size. This implies that a higher degree of underidentification does not lead to

erroneous conclusions for the test of underidentification.

Table 2. Rejection probabilities, P (S (ﬁMS) > Xzszl,o.s;s)

d
k. — k, 1 2 3 4 5
1 0.342 0.162 0.089 0.053 0.033
2 0.518 0.293 0.176 0.110 0.072
3 0.640 0.412 0.269 0.180 0.123
4 0.730 0.517 0.364 0.257 0.182
5 0.796 0.607 0.453 0.336 0.248
10 0.947 0.868 0.773 0.672 0.576
15 0.986 0.959 0.917 0.863 0.801

20 0.996 0.988 0.972 0.949 0.917

Moment conditions F (z;u;) = 0 are invalid.

Simulated probabilities from 1,000, 000 draws of X%f ks X%sz 11 / XZ

For the individual 2SLS based tests S (&) we also get a rejection frequency less than
nominal size for those models where the moment restrictions F (z;e;;,) = 0 hold, and a
dilution of power for those where the moment restrictions do not hold. However, it is
well known that the 2SLS based Sargan test is sensitive to weak identification, see e.g.
Staiger and Stock (1997), who found that S (BQSIS> could severely overreject a true null of
E (zu;) = 0 in weakly identified models when there was a very strong correlation between
the u; and v;. This was not the case for S (B L). Weak identification for 5 is when II is
near to a rank reduction of 1. For the underidentification test, weak identification for ¢
means that II is near a rank reduction of 2. It is therefore informative to compute both
the invariant and non-invariant statistics for both over- and underidentification tests. The
same holds for robust test statistics, where the CU-GMM based tests have been shown
by Newey and Windmeijer (2009) to be well behaved under weak identification, see also
Hausman et al. (2012) and Chao et al. (2014). These authors further show that the LIML
estimator can have a severe bias in weakly identified models with heteroskedasticity. An

invariant jackknife version, HLIM, is shown to be better behaved in that case, which
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could then be an alternative estimator to use for the robust invariant score tests for over-

and underidentification.

9 Asset-Pricing Models

Gospodinov, Kan and Robotti (2017) (GKR) considered the behaviour of the CU-GMM
J-test in a reduced-rank asset-pricing model. Using their notation, the candidate sto-
chastic discount factor (SDF) at time ¢ is z)\, for t = 1,...,T, where z; = (1 f; )’,
with f; a k¢ vector of systematic risk factors, and A\ = ( YRR )/ a k,-vector of SDF
parameters, with k, = ky + 1. 7, is the k,-vector of gross returns on k, > k, test assets.

Let ¢, be a k.-vector of ones, then the moment conditions to be tested are given by
E (ryx ) — ) = 0. (36)
Let e; (A\) = rxjA — 1 then the CU-GMM J-test is given by
J (X) = Tmine () V. (A2 (3),

where € (\) = ST e (\) and V. (\) is a consistent estimator of the long-run variance
matrix of the sample pricing errors V, (A).

Let H = [ w, E(ra}) |, then (36) can be written as Hy) = 0, with ¢y = ( =1 X’ )/,
and GKR showed that therefore the .J (Xcu> test for testing moment conditions (36) is
equivalent to testing Hy : v (H) = k, against Hy : r (H) = k, + 1. From this it follows
that if r (E (rix})) < k., the CU-GMM J-test has no power to detect violations of the
moment conditions (36). Let P; be the k, x (k. — 1) orthonormal matrix whose columns
are orthogonal to ¢, such that PP, = Iy, _y and Py P{ = I, — iy, 13, [k, Let ry = Piry,
then GKR show that the J (XCU)—test is the same as the robust Cragg-Donald test for
testing Hy : 1 (F (ryz))) = k, — 1 against Hy : v (E (ryux})) = ky.

The latter formulation fits the testing procedure described in Section 7. The CD test
for Hy : v (E (ryx))) = ky — 1 is the test for Hy : r (A}) = k, — 1 in the regression model

!
rie = Nz + vy,

based on the OLS estimator of the k, x (k. — 1) matrix A;. The CD and KP tests are

therefore the same as for the tests of Hy : r(Cy) = k, — 1 in the specification
Ty = C{Tlt + Ut.
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With X = [ g F ] , we can therefore obtain robust invariant tests for overidentification

by for example estimating the specification
Lp = Fé+¢ (37)

by LIML, using the T'x (k, — 1) matrix R; as instruments, and computing the Kleibergen-
Paap robust score test S, (SL>, the J (52L> or J <32L,r) tests. These invariant robust

tests are alternatives to the CU-GMM J (gcu> -test that do not have the problems associ-
ated with the CU-GMM estimator, which is often more difficult to compute and may give
rise to multiple local minima, see the discussion in Penaranda and Sentana (2015), who
argue strongly for the use of invariant methods in these models. For the same reason,
Burnside (2016) used the KP test instead of the robust CD test in his simulations.

Note that the assumptions and standardisation used in Theorem 2 in GKR to obtain
the limiting distribution of the overidentification test is equivalent to LIML applied to
(37), hence the equivalence of their result and the one reported for the Sargan test in
the previous section. A conservative upper bound for the CU-GMM J-test is derived in
Theorem 1 of GKR. If the model is underidentified, then limy_, . Pr (J (XCU) < a) =
limy_o Pr (J (gcu> < a) > Pr(cg,—1 < a), where ¢p 1 ~ X3, ;-

GKR confirmed in a Monte Carlo study the poor performance of the overidentification
test in underidentified models. Here, the model is underidentified if r (E (r:2})) < k, and
GKR incorporated underidentification by including spurious factors that are uncorrelated
with the test assets. They did, however, not perform tests of underidentification on the
rank of E (r,x}) itself. These tests are the same as the overidentification tests above for
model (37), but now with the 7" x k, matrix R as instruments instead of Rj.

Table 3 presents some results of both the over- and underidentification tests for the
same model design as the Monte Carlo exercise in GKR, (Table 1, p 1621). We focus on
the misspecified model with 3 useful factors for the cases of 0,1 and 2 spurious factors,
for the sample sizes T = 200,1000. The DGP in GKR is one of homoskedastic i.i.d.
data, and the robustness they consider in the estimation is that against conditional
heteroskedasticity. We repeat this design, including the non-robust Sargan test S <;5\L>
test as well for comparison and focus only on the Sargan versions of the tests. Unlike
GKR, we do not take deviations from the means of the residuals when computing the

variance-covariance matrix of the moments.
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As in GKR, the results in Table 3 confirm the poor power properties of the test for
overidentifying restrictions in underidentified models. The limiting distribution results
for the invariant overidentification test as derived by GKR also apply to the invariant
underidentification test, meaning that the test statistics converge in distribution to a
Xk, —k,+1 under the null that r (£ (r.2})) = k, — 1 and the maintained assumptions. If
r (E (rx})) < k; — 1 then the rejection frequency of the test will be less than the size of
the test. This is confirmed in the results below. In this design, the underidentification
tests correctly convey that the model is underidentified. Table 3 also present the results
for the two-step GMM Hansen J-test, S, (XMS), confirming that this test does retain
power to reject the false null in underidentified models.

Table 4 presents the results for the robust individual Hansen J-tests S, <§j>, for the
models z; = X_;6; + ¢, estimated by 2SLS. For this design, these tests give a clear

indication of which factors are the spurious ones.

Table 3. Rejection frequencies of over- (R;) and under- (R) identification tests at 5% level

~ o~

T # spur factors "inst" S <§L> Sy <5L> J ((52,;) J (3%) Sy (X2555>

200 0 Ry 0.4848  0.4309 0.4234  0.3448 0.5604
R 0.9991  0.9840 0.9826  0.9778

1 Ry 0.0117  0.0112  0.0092  0.0019 0.4793
R 0.0396 0.0275  0.0241  0.0138

2 Ry 0.0002  0.0005  0.0004  0.0000 0.3909
R 0.0013  0.0015 0.0011  0.0002

1000 0 Ry 1.0000  1.0000  1.0000  1.0000 1.0000
R 1.0000  1.0000  1.0000  1.0000

1 Ry 0.0424 0.0382  0.0377  0.0371 0.9808
R 0.0487  0.0433  0.0429  0.0428

2 Ry 0.0012  0.0008  0.0008  0.0007 0.9309

R 0.0016 0.0018  0.0017  0.0012
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Table 4. Rejection frequencies of .S, (&) at 5% level
T # spur factors S, <SL> S, (gfl) S, (3}2) S, <§f3> S, (gf4> S, (8\](‘5)

200 0 1.0000  0.9870 0.9998 0.9999

1 0.9955  0.9257 0.9810 0.9862 0.0303

2 0.9802  0.8319 0.9446 0.9442 0.0263  0.0242
1000 0 1.0000  1.0000 1.0000 1.0000

1 0.9951  0.9947 0.9963 0.9961 0.0432

2 0.9879  0.9797 0.9835 0.9827 0.0353  0.0346

We can apply the results developed in the previous sections also to the setting of Man-
resa, Penaranda and Sentana (2017) (MPS) who considered asset-pricing model moments
of the form

E (ryx)0) = 0.
Maintaining that E (r;) # 0, let r (E (r2})) = kf + 1 — d. When d > 2, there will be
a multidimensional subspace of admissible SDF's even after fixing their scale, and MPS,
following Arellano, Sentana and Hansen (2012), proceed by estimating a basis of that
subspace by replicating d times the moment conditions:

R
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rixly
imposing enough normalisation on the parameters to ensure point identification.

For example, for d = 2, MPS consider in their application with a model with three

factors, the following extended moments

Tt (1 — f{Q’tél) :| o
E { " (1 B f{S,t(;?) =0, (38)

where
f{2,t = ( Jie  fa )§ f{S,t = ( Jie  fae )
They proceed to estimate the parameters §; and 6, by CU-GMM to obtain J (gcu) as an

underidentification test. As the CU-GMM estimator is invariant to normalisation, the

same test result is obtained from specifying the moment conditions as

Tt (1 — fé3 t51) :|
E : —0
{ 7y (fie — f33,02) ’
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where f§37t = ( for  fa ) Therefore this test is the same as the robust CD test for testing
H0:I'<C>:kx—2in

i
xt:C'rt—i—ut,

following the exposition in Section 7 and the general robust CD, CU-GMM rank test as

described in Section 6.

10 Conclusions

This paper has developed the links between overidentification tests, underidentification
tests, score tests and the Cragg-Donald and Kleibergen-Paap rank tests. This general
framework made it possible to establish valid robust underidentification tests for models
where these have not been proposed before, like dynamic panel data models estimated by
GMM. 1t is well known that these models may suffer from weak instrument problems, and
the example we examined for illustration did indicate that the model was underidentified.
An issue with robust underidentification tests is that there is no longer a link with testing
for weak instruments as in Stock and Yogo (2005). Therefore, a rejection of the null does
not necessarily imply strong instruments. However, if the null of underidentification
is not rejected, this clearly suggests a problem with the identification of the model.
Also, if an invariant rank test is used for a test for overidentifying restrictions, this test
will not have power to reject a false null if the model is underidentified. Given the
different behaviours of these test statistics in under- and weakly identified models, it is
recommended to calculate invariant and non-invariant over- and underidentification tests
for each application.

As an avenue for future research, it is important to establish the behaviour of the tests
in weakly identified models, including those with many instruments. The CU-GMM tests
are relatively insensitive to weak identification, see Newey and Windmeijer (2009). For
cross-sectional models with heteroskedasticity, the proposal of Chao et al. (2014) using
Jackknife LIML (HLIM) or Fuller (HFUL) together with their proposed T statistic for
overidentification appears a promising avenue, also for testing underidentification as this
is simply applying the T test to the linear auxiliary model.

Another issue for future research is the behaviour of the iterated CU-GMM estimator

as proposed in Section 3.4. For example, if starting from the 2SLS estimator, how does
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the transition to the CUE estimator over the iterations develop and after how many
iterations does this estimator establishes CU-GMM like properties? One could of course
also start the iteration process from HLIM or HFUL and for example investigate the
behaviour of the estimator and .J-test after one iteration. Another interesting issue is

how the iterated CU-GMM estimator behaves in weakly identified models.
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Appendix
Proof of Proposition 1. Consider the score test for Hy : v = 0 in model (3),

y = XB+Zyy+u
= DO+ u,

with D = [ X Zs ] and 0 = ( g )/. The full instrument matrix is Z = [ Z1 o }
The null hypothesis can therefore be written as Hy : R§ = 0, with R = [ Or, Ir.—k, },
where Oy, is a (k, — k,) X k, matrix of zeros. As the unrestricted model is just identified,

the score for all IV estimators in the unrestricted model is given by
3(5) =7 <y—D§> =0,
with

= (D) 7y
~ -1 ~
(D’ZQ;52’D> —(Z'D) Q.. (D'2)",

N—— %>
I

Var (:9\

where here u =y — DA.
Let Bl be any one-step GMM estimator of 5 in the restricted model, and let u; =
y—X Bl. Then the robust score test statistic for testing the null Hy : v = 0 is given by

-1

S, (Bl) — W Z(D'Z) R (R(Z’D)*lﬁz,al (D'7)" R’> R(Z'D)"' Z'a,.

~

2,5, can be written as Z'Hy, Z, for example for a cross-sectional heteroskedastic robust
estimator, Hy, = diag (42,). As
-1

(Z2'D)' 7' = (ﬁ’f)) D

where



it follows that

it follows that
s, (Bl) = W, M2y (ZyMyHy, M5 Z5) ™" Z, M.
But
ZyMgty = Zy — ZyX Py — ZyPyy + ZPy X B,
= ZéM)?y,
and so we obtain
Sr <Bl) = Y MgZs (ZyMgHa Mg Z5) ™" ZyMgy
= Y MgZQz)\ Z3Myy .

Next, let BQ be the two-step GMM estimator, and consider the following version of

the robust score test

~ o~ —~ -1
S, (52,61) = WZ(D'Z)"'R (R(Z’D)*Qm (D'z)" R') R(Z'D)™" Z't,
= WMy Zy (Z4MgHa, Mg Zs) " ZsM .

As
ZyMgus = ZyMyy,
it follows that
Sy (Bz:&) = 5r (Bl) :
The score of the two-step estimator in the restricted model is X’ ZQ;I Z'uy = 0 and

hence L’D’ZQ;}%Z’% = 0, where L' = [ I, Ok, } As N
(2'D) " 2, = (D201, 2'D) Cpzoct 7,
and letting B = D’ZQZ_}“ Z'D, we get
S, (32, E) — @20;% Z’DB™'R (RB™'R) "' RB™' D20} 7%,
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Because RL = 0, it follows that, see e.g. Wooldridge (2010, p. 424),
B7'R (RB™'R)™ RB™!
= B '—L(L/BL)'L,
and so
o~ A . -1 ~
S. (BwBi) = w20L2'D (D20, 2'D)  D'Z0L 2

= WZOL 2

= J <BQaBl>
where J <B2, B1> is the GMM Hansen .J-test for overidentifying restrictions. m

Proof of Proposition 2. It is illustrative to first set G = I, and F' = I;_y1, hence
© = II* and © = II*. Order the columns of IT* such that IT* = [ II =, ], and likewise

for 11*. Tt then follows from the discussion in Kleibergen and Paap (2006, pp. 101-102)
for the IV model, that for ¢ = k, and 7, = II3

Aq - H§Bq:[jkm 5}
AB, = [H Hﬁ}

(1Y 1 -1/2
A, = ( (zﬁk 1 ) (fa+ o117 (11) " 11 )

By = (1 =B ) /NV1+88=v/V.

For the test statistic, we can ignore the standardisation terms ([ ko, + TIT! (H’l)f1 H’z)

and (w’w)_l/ ?. It then follows that the test statistic is based on

~1/2
Kq = [ —ILIGY I, ]ﬁ*gf (A1)
where the estimators II and ﬁB are determined from

A,B,= | T 15 |.
We therefore see that Kq has the same formula as the estimators for v in (9) and (16),

given the estimates for II and 8. For this case where G = I, and F = I}, 1, II and E

are given by

19 = ()= (7)) ((2)-(7)
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Exactly the same formula for Kq as in (A.1) is obtained for general choices of F' and G,
only the estimators II and B vary with F' and G. Denote these estimators ﬁG r and EG -

Then the decomposition for O is

and hence

from which it follows that
(@6 G (4,B,) F(FF) " = | Tor Terlar |

with
) - () (0 rroco(3) (7))
|

Proof of Lemma 1. Following Bowden and Turkington (1984, pp. 112-113), consider

the following minimisation problem

() (2 en(3)-(2)
s.t. 1B — 7, = 11" = 0

where II* = [ m, Il |andy = ( -1 f' )/. Aand B are (k, + 1) x (k, + 1) and k, x k.
symmetric nonsingular matrices respectively.

The Lagrangean is given by

L (", B 1) = % (7 — ) (A® B) (7" — 7*) + f/T".

Let a tilde ™ denote the constrained estimators, then the first-order conditions are given

by

or*
oL (W*,ﬁ,ﬂ) s T
T = II'p=0 (A.3)
oL (W*aﬁnu) o TTH
— g = =0 (A.4)
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From (A.2) it follows that
_B (ﬁ _ ﬁ) A+ =0.
Hence, postmultiplying by A~14)
_B (ﬁ* - ﬁ) D+ A =0
and so .
o B(-T) 4 gy

w= ~7 ~ = = ~-
Y AT Y AT

From (A.3) it then follows that
i = liB—ﬁiz =0
Y AT
and so I1B (’ﬁy — ﬁE) =0, or
5= (ﬁ’Bﬁ)_l ' B7,.
Therefore, if B = Z'Z, then
5 = (ﬁZ’Zﬁ> g2z,
= (XR) Xy = (X)X
Further, from (A.5)
T = 1" — B—lﬁ%z)/A—l
it follows that, with C'= [ 0 I, |',

. . s 77! -1
& Mggaie

I = — —
P A7l
(fB-r,) WA
Y A~y
Therefore B - »
1B (Hﬂ _ %y) oA
I'BII = II'BII —

¢ AT
20

(A.5)



and so it follows from (A.6) that II'B (ﬁB - ﬁy> =0, and hence II'BII = I'BII. There-
fore, when B = Z'Z we get that II'Z'Z11 = II'Z' Z11 and hence

i= (XX) Xy
|

Proof of Lemma 2. Next consider the following minimisation problem

a3 ((5)- (2 owemanom(3)- ()
st. I —m, =1I"Yp =0

where as above II* = [ﬂ'y II ] and ¢ = ( -1 g )I. A and B are (k,+ 1)k, x
(kz + 1) k. and k, x k, symmetric nonsingular matrices respectively.

The Lagrangean is given by

1 A~k * o~k * *
L(W*aﬁaﬂ):§<7 - )/ (Iy,+1 @ B)A(Iy, 1 @ B) (7" —7 )—I—/LIH P,
and the first-order conditions are given by (A.3), (A.4) and
oL (7*, 3, ke ~x ~
% = — (41 ®B)A(Lj,1 @ B) (7" —77) + (zﬁ@u) =0. (A7)

From (A.7) it follows that

(o1 ® B) (7 = 7) = A7 (@B (PoF)
a7 (P 1.) B

Pre-multiplying both sides by (w ® I, ) results in

)
(VeB)@E -7 = en)a’ (don.)B R

(Vo B) @ -7) =B (I -1") § = BTV,
it follow that

=B ((Pen)at (ben)) B,
and hence the solution for B satisfies

3= (ﬁ’B (@ ® Ik2> AL @ ® [kz>)_1 Bﬁ) T (@ ® Ikz> AL (?p ® sz>)_1 B7,.

o1



Let B = Z'Z and we choose for example A = (Y7, (waw]) ® (z2)))”" for a het-
eroskedasticity robust variance estimator of 7° under the null that 7* = 0. We get that
(@, ® Ikz) AL (171 ® Ikz) =" u?zzl, where u; = with = y; — x[b’v, and the solution for
the CUE estimator satisfies

-1

n —1
'X| wzz (Z ﬂfzmé) Z"y.
=1

1

=1
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