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A bstract

L etg(̧ )bethespectraldensityofastationaryprocess,andlet
fµ(̧ ),µ 2£,bea t̄tedspectralmodelforg(̧ ).A semiparametric
estimatorµ̂n ofµ isgivenbyminimizingadistanceD(fµ;̂gn)between
fµ and ĝn,where ĝn is anonparametric spectraldensity estimator
basedonnobservations.T henitisknownthatµ̂n isasymptotically
G aussian e±cientifg(̧ )= fµ(̧ ). Since thereare in̄ nitelymany
candidatesforD(fµ;̂gn),thispaperdiscusseshigherorderasymptotic
theoryforµ̂n inrelationtothechoiceofD.First,thesecond-order
Edgeworthexpansionforµ̂n isderived.Thenitisshownthatthebias-
adjustedversionofµ̂n is notsecond-orderasymptoticallye±cientin
general.H ence,forsemiparametricestimation,thestatement\ r̄st-
ordere±ciencyimpliessecond-ordere±ciency"doesnotholdingen-
eralalthoughitdoesholdstruefortheusualparametricestimation.
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1 Introd uc tion
It isknow nthat manysemiparametric estimatorsb ased onn observations
have b eenshow nto b e root{n{c onsistent and asymptoticallynormal.Inthe
c ontext oftime seriesanalysisw here the processconcerned hasthe spec -
trald ensity g(̧ ),Taniguchi(1987) c onsid ered ¯ttinga familyofparametric
spec trald ensitiesfµ(̧ ),µ 2 £ ,and proposed anestimator µ̂n ofµ by min-
imizing

R¼
¡¼ Kffµ(̧ )=ĝn (̧ )gd ¸ w ith respec t to µ, w here K (x) isa smooth

func tionhavinga unique minimum at x = 1,and ĝn (̧ ) isa nonparametric
estimator ofg(̧ ).He thenshow ed that

p
n(µ̂n¡µ) isasymptotic allynormal

and asymptotically G aussiane± cient ifg(̧ ) = fµ(̧ ).Since there are in̄ -
nitelymanycand id atesforK (x),w e c anconstruct in̄nitelymany¯rst-ord er
asymptotic ally e± c ient estimatorsµ̂n.T hismotivatesthe present investiga-
tionand d istinguish b etw eenthese estimatorsintermsoftheir higher ord er
asymptotic propertiesand e± c iency.

For a classofnonparametric spec trald ensity estimatorsĝn (̧ ),B entkus
and Rud zkis(1982 ) gave the sec ond -ord er E d gew orth expansionfor ĝn (̧ ).
Also Velasco and R ob inson(1998) d erived the E d gew orth expansionofthe
meansofa G aussianstationaryproc ess,w hich w asstud entized by

p
2 ¼ĝn(0 ).

Inthe c ontext ofsemiparametric estimation,it w asR ob inson(1995) w ho
¯rst provid ed a higher ord er asymptotic result.For semiparametric averaged
d erivative estimatorsb ased onind epend ent observations, he established a
versionofthe B erry{E ss¶eentheorem,w hich c orrespond sto the sec ond -ord er
asymptotic theory.

Inthispaper w e w illd evelop higher ord er asymptotic theoryfor the es-
timator µ̂n proposed by Taniguchi (1987). First, w e give the sec ond -ord er
E d gew orth expansionof̂µn,and show that the b ias{ad justed versionµ̂¤n of̂µn
isnot sec ond -ord er asymptotic ally e± cient ingeneral.T hisd epend sonthe
choic e ofd istance D, and w e provid e verī able c ond itionsonD such that
sec ond ord er e± ciencyisimplied .Inthe usualparametric estimationtheory
it isknow nthat \¯rst-ord er e± c iency impliessec ond -ord er e± c iency"(e.g.,
G hosh (1994 , p.57)). T hispaper therefore estab lishesa sharp and inter-
estingcontrast b etw eenthe usualparametric estimationand semiparametric
estimation.
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2 M inimum Contrast E stimation
Let fX tg b e a G aussianstationary processw ith meanzero,autoc ovariance
func tionR (¢),and spec trald ensityg(̧ ),¸ 2 [¡¼;¼].We ¯t some parametric
family P = ffµ : µ = (µ1;:::;µp)0 2 £ ½ Rpg ofspec trald ensitiesto the
true spec trald ensity g(̧ ) by minimizinga c riterion.Initially,w e make the
follow ingassumption.

Assumption1. (i) T he spec trald ensity g(̧ ) b elongsto the classof
spec trald ensitiesd e¯ned by

F´fg :g(̧ ) = ¾ 2
2 ¼

¯̄
¯
P 1

j= 0 G (j)e
¡ij̧

¯̄
¯
2
,there exist C < 1 and ± > 0 such

that
P 1

j= 0 (1 + j2 )jG (j)j·C ,
¯̄
¯
P 1

j= 0 G (j)z
j
¯̄
¯̧ ± for alljz j·1g.

(ii) T he ¯tted mod elfµ(̧ ) b elongsto F,and isfour timescontinuously
d i®erentiable w ith respec t to µ.

(iii) K (x) isa four timescontinuously d i®erentiable functionon(0 ;1 ),
and hasa unique minimum at x = 1.

Taniguchi(1987) introd uc ed the criterion

D(fµ;g)´
Z¼

¡¼
K

½
fµ(̧ )
g(̧ )

¾
d ¸; (1)

w hich measuresthenearnessto fµ to g.T he follow ing(E 1)| (E 3) are typic al
examples.

K (x) = logx +
1
x
; D(fµ;g) =

Z ¼

¡¼

½
log

fµ(̧ )
g(̧ )

+
g(̧ )
fµ(̧ )

¾
d ¸: (E .1)

T hisc riterionisequivalent to the quasi{G aussianmaximum likelihood type
c riterion

R¼
¡¼flogfµ(̧ )+ g(̧ )=fµ(̧ )gd ¸ (Hosoya and Taniguchi(1982 ),Taniguchi

and K akizaw a (2 0 0 0 )).

K (x) = (logx)2 ; D(fµ;g) =
Z ¼

¡¼
flogfµ(̧ )¡logg(̧ )g2 d ¸: (E .2 )

T hisisgiveninTaniguchi(1979) and (1981).

K (x) = (x® ¡1)2 ; 0 < ® < 1 ; D(fµ;g) =
Z ¼

¡¼

½
fµ(̧ )®

g(̧ )®
¡1

¾2

d ¸: (E .3)
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T hisd e¯nesa familyofcriterionfunctionsparameterized by ®.

Let usd e¯ne a pseud o{true value ofµ by

µ(g) = argmin
µ2£

D(fµ;g): (2 )

Inord er to estimate µ(g),w e need to estimate g(̧ ) since g(̧ ) isunknow n.
For thispurpose w e w illuse a nonparametric w ind ow type estimator,w hose
w ind ow functionsW (¢),W n(¢),and w (¢) satisfy the follow ingassumptions.
Assumption2 .(i)W (x) isb ound ed ,even,nonnegative and such that

Z 1

¡1
W (x)d x = 1; and

Z 1

¡1
x4W (x)d x < 1 :

(ii) w (x) isa c ontinuous,evenfunctionw ith w (0 ) = 1 and w (§1) = 0 ,
and satis̄ es 8

<
:

jw (x)j·1;R1
¡1 w 2 (x)d x < 1 ;
limx! 0

1¡w (x)
jxj2 = · 2 < 1 :

(iii)M = M (n) satis̄ es

n
1
4 =M + M =n

1
3¡! 0 asn ! 1 :

(iv) T he func tionW n (̧ ) = M W (M ¸) canb e expand ed as

W n (̧ ) =
1
2 ¼

MX

=̀ ¡M
w
µ
`
M

¶
e¡ì¸:

T hroughout thispaper w e use the follow ingnonparametric spec tralesti-
mator

ĝn (̧ ) =
Z ¼

¡¼
W n (̧ ¡¹)In(¹)d ¹; (3)

w hereIn(¹) = (2 ¼n)¡1j
P n

t= 1 X teiţj2.It isknow nthat

E
©
(ĝn (̧ )¡g(̧ ))2

ª
= O

µ
M
n

¶
+ O

¡
M ¡4¢; (4 )
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(e.g.,Hannan(1970 ),B rillinger (1981)).T he assoc iated minimum contrast
estimator ofµ(g) isd e¯ned by a value ofµ that satis̄ esthe equation

@
@µ

D(fµ;ĝn) = 0: (5)

U nd er c ertainad d itionalassumptions,Taniguchi(1987)gave the asymptotic
d istributionof

p
n(µ̂n¡µ(g)),and show ed that µ̂n is̄ rst-ord er asymptotic ally

e± c ient iffX tg isG aussianand ifg = fµ.T hat is,

p
n(µ̂n ¡µ) d¡! N (0 ;I (µ)¡1); (6)

w here I (µ) = (4 ¼)¡1
R¼
¡¼

@ logfµ(̧ )
@µ

@ logfµ(̧ )
@µ0 d ¸.Since the func tionK (¢) isonly

assumed to satisfy (iii) ofAssumption1, w e c anconstruct in̄nitely many
¯rst-ord er asymptotic ally e± c ient estimators, and it isd esirable to d istin-
guish b etw eenthem.Inord er to analyse their d i®erence w e d iscusshigher
ord er asymptoticsofµ̂n and related quantitiesinthe next sec tion.

3 Higher O rd er AsymptoticsofFund amental
Quantities.

Inview ofthegeneralasymptotic theory,higher ord er asymptoticsof
p
n(µ̂n¡

µ) are d escrib ed intermsofthose of

B n ´
p
n
Z ¼

¡¼
a(̧ )fA(ĝn (̧ ))¡A(g(̧ ))g d ¸; (1)

w here a(̧ ) isa c ontinuousfunction, and A(¢) isa four timescontinuously
d i®erentiable function.E xpand ingA(ĝn (̧ )) at g(̧ ) w e ob tain

B n =
p
n
Z ¼

¡¼
a(̧ )A(1)fg(̧ )gf̂gn (̧ )¡g(̧ )gd ¸

+
p
n
2

Z¼

¡¼
a(̧ )A(2 )fg(̧ )gf̂gn (̧ )¡g(̧ )g2 d ¸

+
p
n
Z ¼

¡¼
a(̧ )

1
3!
A(3)fg¤(̧ )gf̂gn (̧ )¡g(̧ )g3d ¸

= ¯1 + ¯ 2 + ¯3; (say), (2 )
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w here ĝn (̧ )
<
> g¤(̧ )

<
> g(̧ ),and A(j)(x) = (d j=d xj)A(x).T hefollow inglemma

assertsthat the third term ¯3isnegligible inthe sec ond -ord er sense.We have
plac ed the proofsofthe lemmasand theoremsofthispaper inSec tion5.

Lemma 1.Und er Assumptions1 and 2 ,

¯3 = op(n¡
1
2 ):

T he other terms¯1 and ¯ 2 are evaluated asfollow s.

Lemma 2 .Und er Assumptions1 and 2 ,

¯ 2 =
M
2
p
n

Z ¼

¡¼
a(̧ )A(2 )fg(̧ )gg(̧ )2 d ¸ ¢

Z 1

¡1
! 2 (x)d x + op

µ
1p
n

¶
:

Lemma 3.Und er Assumptions1 and 2 ,

¯1 =
p
n
Z ¼

¡¼
a(̧ )A(1)fg(̧ )gfIn (̧ )¡g(̧ )gd ¸

+
p
n

2 M 2

Z ¼

¡¼
a(̧ )A(1)fg(̧ )gg00(̧ )d ¸¢

Z 1

¡1
½2W (½)d ½ + op

µ
1p
n

¶
:

Comb iningthe ab ove resultsgivesthe follow ingtheorem.

T heorem 1.Und er Assumptions1 and 2 , it hold sthat

p
n
Z ¼

¡¼
a(̧ )fA(̂gn (̧ ))¡A(g(̧ ))gd ¸ (3)

=
p
n
Z ¼

¡¼
a(̧ )A(1)fg(̧ )gfIn (̧ )¡g(̧ )gd ¸

+
p
n

2 M 2

Z¼

¡¼
a(̧ )A(1)fg(̧ )gg00(̧ )d ¸¢

Z 1

¡1
½2W (½)d ½

+
M
2
p
n

Z ¼

¡¼
a(̧ )A(2 )fg(̧ )gg(̧ )2 d ¸¢

Z 1

¡1
! 2 (x)d x + op

µ
1p
n

¶

= F1(a;A(1);g)+
p
n

2 M 2 F2 (a;A
(1);g)+

M
2
p
n
F3(a;A(2 );g)+ op

µ
1p
n

¶
; (say).

It isalso easy to show the follow inglemma.
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Lemma 4 .Und er Assumptions1 and 2 ,

E
Z ¼

¡¼
a(̧ )fA(ĝn (̧ ))gd ¸ =

Z ¼

¡¼
a(̧ )fA(g(̧ ))g d ¸ + o

³
n¡

1
2

´
: (4 )

4 Higher O rd er Asymptotic T heoryfor
M inimum Contrast E stimators

Inthissec tionw e d iscusshigher ord er asymptotic e± ciencyofthe minimum
contrast estimator µ̂n = (µ̂1n ;:::;µ̂pn)0 d e¯ned by (5).

T hroughout thissec tionw e assume g = fµ, and w e d o not pursue the
valid ityofthe E d gew orth expansionand stochastic expansionfor µ̂n b ecause
it isvery technicaland isessentially parallelto the d iscussiongiveninSec -
tion4 .2 ofTaniguchi and K akizaw a (2 0 0 0 ). Hence w e omit the proofsof
Lemmas5,6,and T heorems2 and 3(i.e.inSec tion5w e onlygive the proofs
ofLemmas1{3and 7inSec tion5).

Lemma 5.Let » be anarbitrary ¯xed number such that 0 < » < 3=8, and
let C be a compac t subset of£ .Then, there existsa statistic µ̂n which solves
(5) such that for some d > 0 ,

Pn
µ

h
ĵµn ¡µj< d n»¡

1
2

i
= 1¡o(n¡

1
2 ); (1)

uniformlyfor µ 2 C .

E xpand ingthe right hand sid e of

0 = ¡@
@µ

D(fµ;ĝn)jµ= µ̂n (2 )

w ith respec t to µ̂n at µ,w e have

0 = ¡@iD(fµ;ĝn)¡@i@jD(fµ;ĝn)(µ̂jn ¡µj)

¡1
2
@i@j@kD(fµ;ĝn)(µ̂jn ¡µj)(µ̂kn ¡µk)+ op(n¡1); (3)

w here @i = @=@µi and E instein'ssummationconventionisused .Since µ is
the pseud o true value d e¯ned inequation(2 .2 ) it hold sthat @iD(fµ;g) = 0
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and w e have

¡@iD(fµ;ĝn)+ @iD(fµ;g) (4 )

= @i@jD(fµ;ĝn)(µ̂jn ¡µj)+
1
2
@i@j@kD(fµ;ĝn)(µ̂jn ¡µj)(µ̂kn ¡µk)+ op(n¡1):

Write

Z i =
p
nf¡@iD(fµ;ĝn)+ @iD(fµ;g)g;

Z ij =
p
nf¡@i@jD(fµ;ĝn)+ E@i@jD(fµ;ĝn)g;

I ij= I ij(µ) = Ef@i@jD(fµ;ĝn)g;
¡ijk = ¡ijk(µ) = ¡Ef@i@j@kD(fµ;ĝn)g:

Henceforth ifµ isscalar w e d rop the su± cesofallthefund amentalquantities.
T henit follow sfrom (4 ) that

Z i = I ij¢
p
n(µ̂jn ¡µj)¡ 1p

n
Z ij¢

p
n(µ̂jn ¡µj)

¡ 1
2
p
n
¡ijk¢

p
n(µ̂jn ¡µj)

p
n(µ̂kn ¡µk)+ op(n¡

1
2 ): (5)

Solving(5) w ith respec t to
p
n(µ̂in ¡µi) w e ob tainthe follow inglemma (c.f.

Taniguchiand K akizaw a (2 0 0 0 ,Sec tion4.2 )).

Lemma 6.Denote by I ij the (i;j)th element ofthe inverse matrixoffI ijg.
T hen,
p
n(µ̂in ¡µi) = I ii

0
Z i0

+
1p
n

·
I ii

0
I j
0k0Z i0j0Z k0+

1
2
I ii

0
I j
0m 0I k

0̀ 0
¡i0j0k0Z m 0Z 0̀

¸

+ op(n¡
1
2 ); i= 1;2 ;:::;p: (6)

T hefollow inglemma givesexplicit expressionsforfund amentalquantities.

Lemma 7.Let the parametric family P containthe true spectrald ensity g.
T henund er g = fµ,

(i) I ij= K (2 )(1)
Z ¼

¡¼
@ifµ(̧ )@jfµ(̧ )¢fµ(̧ )¡2 d ¸ + o(n¡

1
2 ),
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(ii) ¡ijk = ¡K (3)(1)
Z ¼

¡¼
@ifµ(̧ )@ifµ(̧ )@kfµ(̧ )¢fµ(̧ )¡3d ¸

¡K (2 )(1)
Z ¼

¡¼
f@ifµ(̧ )@j@kfµ(̧ )+ @jfµ(̧ )@i@kfµ(̧ )+ @kfµ(̧ )@i@jfµ(̧ )g

¢fµ(̧ )¡2 d ¸ + o(n¡
1
2 ),

(iii) C ovfZ i;Z jg = 4 ¼K (2 )(1)2
Z ¼

¡¼
@ifµ(̧ )@jfµ(̧ )¢fµ(̧ )¡2 d ¸ + o(n¡

1
2 )

= 4 ¼K (2 )(1)I ij+ o(n¡
1
2 );

(iv) E(Z iZ jk) = 4 ¼
©
K (2 )(1)K (3)(1)+ 2K (2 )(1)2

ªZ ¼

¡¼

@ifµ@jfµ@kfµ
fµ(̧ )3

d ¸

+ 4 ¼K (2 )(1)2
Z ¼

¡¼

@ifµ@j@kfµ
f2µ

d ¸ + o(1),

= Jijk+ o(1); (say),

(v) cumfZ i;Z j;Z kg = 32 ¼ 2 K (2 )(1)3p
n

Z¼

¡¼

@ifµ
fµ

@jfµ
fµ

@kfµ
fµ

d ¸ + o(n¡
1
2 ),

= 1p
n K ijk+ o(n¡

1
2 ); (say),

(vi) E(Z i) = K (2 )(1)p
n

Z ¼

¡¼

@ifµ(̧ )
fµ(̧ )2

bµ(̧ )d ¸

+
p
n

2 M 2 K (2 )(1)
Z ¼

¡¼

@ifµ(̧ )
fµ(̧ )2

¢@
2

@¸ 2
fµ(̧ )d ¸¢

Z 1

¡1
½2W (½)d ½

¡ M
2
p
n

©
K (3)(1)+ 4K (2 )(1)

ªZ ¼

¡¼
@ifµ(̧ )¢fµ(̧ )¡1d ¸ ¢

Z 1

¡1
! 2 (x)d x + o(n¡

1
2 ),

= 1p
n B 1i(µ)+

p
n

M 2 B 2 i(µ)+ Mp
n B 3i(µ)+ o(n¡

1
2 ); (say),

where bµ(̧ ) = ¡(2 ¼)¡1
P 1

j= ¡1 jjjR (j)eij̧.

From Lemmas6and 7the asymptotic moments(cumulants)of
p
n(µ̂in¡µi)

are evaluated asfollow s:

Efpn(µ̂in ¡µi)g = I ii
0
½
1p
n
B 1i0(µ)+

p
n

M 2 B 2 i0(µ)+
Mp
n
B 3i0(µ)

¾

+
1p
n

h
I ii

0
I j
0k0Jk0i0j0+ 2 ¼K (2 )(1)I ii

0
I j
0k0¡i0j0k0

i
¡o(n¡

1
2 )
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=
p
n

M
B i
1(µ)+

Mp
n
B i2 (µ)+

1p
n
B i3(µ)+ o(n¡

1
2 )

=
1p
n
cin;M (µ)+ o(n¡

1
2 ); (say). (7)

Cov
np

n(µ̂in ¡µi);
p
n(µ̂jn ¡µj)

o
= 4 ¼K (2 )(1)I ij+ o(n¡

1
2 ) (8)

= cij+ o(n¡
1
2 ); (say).

cum
np

n(µ̂in ¡µi);
p
n(µ̂jn ¡µj);

p
n(µ̂kn ¡µk)

o

=
1p
n
[I ii

0
I jj

0
I kk

0
K i0j0k0+ 8¼K (2 )(1)I ii

0
I jj

0
I kk

0
(Ji0j0k0+ Jj0k0i0+ Jk0i0j0)

+ 3(4 ¼)2K (2 )(1)2 I ii
0
I jj

0
I kk

0
¡i0j0k0]+ o(n¡

1
2 )

=
1p
n
cijk+ o(n¡

1
2 ); (say). (9)

T he J-th ord er cumulantsof
p
n(µ̂in ¡µi) satisfy

cum(J)
np

n(µ̂i1n ¡µi1);:::;
p
n(µ̂iJn ¡µiJ)

o
= O (n¡J=2 + 1) (10 )

for each J¸3.
From the generalE d gew orth expansionformula (e.g.,Taniguchi(1991,p.

14 ),Taniguchiand K akizaw a (2 0 0 0 ,p.169)) w e get the follow ingtheorem.

T heorem 2 .

P
hp

n(µ̂1n ¡µ1)·x1;:::;
p
n(µ̂pn ¡µp)·xp

i

=
Zx1

¡1
¢¢¢

Zxp

¡1
N (yy:­ )

·
1 +

pX

i= 1

1p
n
cin;M (µ)H i(yy)

+
1
6
p
n

pX

i;j;k= 1

cijkH ijk(yy)
¸
d yy+ o(n¡

1
2 ); (11)

where yy= (y1;:::;yp)0, ­ = fcijg,

N (yy:­ ) = (2 ¼)¡p=2 j­ j¡ 12 exp(¡1
2
yy0­ ¡1yy);
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and
H j1:::js(yy) =

(¡1)s
N (yy:­ )

@s

@yj1:::@yjs
N (yy:­ ):

Next w e d iscussthe sec ond -ord er asymptotic e± c iencyof̂µn.For simplic -
ityw e assume that the parameter µ isscalar and w e d rop allthe unnecessary
ind ic esfrom the quantities.Let

I = I (µ) ´ 1
4 ¼

Z ¼

¡¼

½
@
@µ
logfµ(̧ )

¾2

d ¸;

J = J(µ) ´ ¡ 1
2 ¼

Z ¼

¡¼

½
@
@µ

fµ(̧ )
¾3

fµ(̧ )¡3d ¸

+
1
4 ¼

Z ¼

¡¼

½
@ 2

@µ2
fµ(̧ )

¾½
@
@µ

fµ(̧ )
¾
fµ(̧ )¡2 d ¸;

K = K (µ) ´ 1
2 ¼

Z ¼

¡¼

½
@
@µ

fµ(̧ )
¾3

fµ(̧ )¡3d ¸:

It iseasy to see the follow ingcorrespond ences:

I ijÃ! 4 ¼K (2 )(1)I ;

JijkÃ! (4 ¼)2K (2 )(1)2J+ 8¼ 2fK (2 )(1)K (3)(1)+ 4K (2 )(1)2 gK
K ijkÃ! 64 ¼3K (2 )(1)3K;

¡ijkÃ! 4 ¼K (2 )(1)(¡3J¡K )¡2 ¼fK (3)(1)+ 4K (2 )(1)gK:
T hensetting· = K (3)(1)=K (2 )(1) w e observe that

Efpn(µ̂n ¡µ)g =
p
n

M 2

1
8¼ I

Z ¼

¡¼

@fµ
@µ
¢1
f2µ

@ 2

@¸ 2
fµd ¸ ¢

Z 1

¡1
½2W (½)d ½

¡Mp
n
(· + 4 )
8¼ I

Z ¼

¡¼

@fµ
@µ

1
fµ
d ¸

Z 1

¡1
! 2 (x)d x

+
1p
n

·
1
4 ¼I

Z ¼

¡¼

@fµ
@µ

1
f2µ
bµ(̧ )d ¸ ¡

J+ K
2 I 2

+ (· + 4 )
K
4 I 2

¸

+ o(n¡
1
2 )

=
1p
n
cn;M (µ)+ o(n¡

1
2 ); (say) (12 )
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Varfp n(µ̂n ¡µ)g = I ¡1 + o(n¡
1
2 ); (13)

cum
np

n(µ̂n ¡µ);
p
n(µ̂n ¡µ);

p
n(µ̂n ¡µ)

o

=
1p
n

·¡3J¡2K
I 3

+
3K
2 I 3

(· + 4 )
¸
+ o(n¡

1
2 );

=
1p
n
c(3)(µ) + o(n¡

1
2 ); (say). (14 )

It isseenthat µ̂n isnot second -ord er asymptotic allymed ianunbiased (AM U )
(c.f.,T aniguchi(1991,p.2 5)).Let

µ̂¤n = µ̂n ¡
1
n
cn;M (µ̂n)+

I (µ̂n)
6n

c(3)(µ̂n): (15)

T henw e have,

T heorem 3.(i) T he estimator µ̂¤n issecond -ord er AM U , i.e.,

lim
n!1

p
n
¯̄
¯̄Pn

µ f
p
n(µ̂¤n ¡µ)·0g¡1

2

¯̄
¯̄= 0: (16)

(ii) T he second -ord er asymptotic d istributionofµ̂¤n is

Pn
µ

np
n(µ̂¤n ¡µ)·x

o
= ©

n
x
p
I
o
+

x2

6
p
nI

½
3J+ 2K +

3K
2
(· + 4 )

¾
' (x

p
I )+ o(n¡

1
2 )

= Ed g2 (x;·)+ o(n¡
1
2 ); (say), (17)

where © (y) =
Ry
¡1 ' (t)d tand ' (t) = (2 ¼)¡

1
2 exp(¡t2 =2 ).

(iii) If

· ´K (3)(1)
K (2 )(1)

= ¡4 ; (18)

thenEd g2 (x;¡4 ) becomesthe second -ord er e± c ient bound d istribution.Hence,
ifK (¢) issuch that · = ¡4 , thenµ̂¤n issecond -ord er asymptoticallye± cient
inthe classofsecond -ord er AM U estimators.

T he ab ove resultsare remarkable.

12



R emark1.Inthe usualparametric estimationtheory it isknow nthat
\¯rst-ord er e± c iency impliessecond -ord er e± c iency" (e.g., G hosh (1994 ,
p.57)).How ever,our resultsclaim that,insemiparametric estimation,\¯rst-
ord er e± ciency d oesnot implysec ond -ord er e± c iencyingeneral".T hisisa
sharp c ontrast b etw eenthe usualparametric estimationand semiparametric
estimation.

R emark2 .T heorem 3canb e employed to checkw hether the estimator
b ased onK (¢) lead sto a second -ord er e± cient estimator.InSec tion2 w e
gave three examplesofK (¢), w hich lead to the ¯rst-ord er asymptotic ally
e± c ient estimator.Here w e examine w hether theysatisfythe c ond ition· =
K (3)(1)=K (2 )(1) = ¡4 or not.Let usd enote

K1(x) = logx +
1
x
; K 2 (x) = (logx)2 ;

K ®
3(x) = (x® ¡1)2 :

T henit iseasilyseenthat
(i)K (2 )

1 (1) = 1 and K (3)
1 (1) = ¡4 ,hence · = ¡4 ,w hich entailsthe estimator

c onstruc ted byK1(¢) issec ond -ord er asymptotic allye± c ient,
(ii)K (2 )

2 (1) = 2 and K (3)
2 (1) = ¡6,hence · = ¡3,w hich entailsthe estimator

c onstruc ted byK 2 (¢) isnot second -ord er asymptoticallye± c ient,and
(iii) K ®(2 )

3 (1) = 2 ® 2 and K ®(3)
3 (1) = 2 ® 2 (3® ¡3),hence · = 3® ¡3,w hich

entailsthat the estimator byK ®
3(¢) issec ond -ord er asymptoticallye± c ient if

and onlyif® = ¡1=3.

5 P roofs
Inthissec tionw e give the proofsofT heoremsand Lemmasinthe previous
sec tions.

P roofofLemma 1.First,bySchw arz'sinequality w e ob tain

j̄ 3j2 ·n
·Z ¼

¡¼
a(̧ )2

1
36

A(3)fg¤(̧ )g2 d ¸ ¢
Z ¼

¡¼
f̂gn (̧ )¡g(̧ )g6d ¸

¸
: (1)

13



From T heorem 7.4 .2 and the proofofT heorem 7.4.4 ofB rillinger (1981),it
isseenthat

E f̂gn (̧ )¡g(̧ )g = O (M ¡2 );
(2 )

cum (J) f̂gn (̧ )¡g(̧ );:::;ĝn (̧ )¡g(̧ )g = O

( µ
M
n

¶J¡1
)
; for J¸2 .

For generalrand om variablesY1;:::;Yr,

E(Y1¢¢¢Yr) =
X

v= fv1;:::;vpg
cumfYj1;j1 2 º1g¢¢¢cumfYjp;jp 2 ºpg; (3)

w here the summationisover (j1;:::;jp) satisfyingj1 + ¢¢¢+ jp = r.From (2 )
and (3) it follow sthat

E
£
f̂gn (̧ )¡g(̧ )g6

¤
= O

( µ
M
n

¶3)
; (4 )

w hich,together w ith Fub ini'stheorem,lead sto

n
Z ¼

¡¼
f̂gn (̧ )¡g(̧ )g6d ¸ = O p

½
M 3

n 2

¾
= op

µ
1
n

¶
: (5)

Next w e evaluate the follow ingintegralin(1):
Z ¼

¡¼
a(̧ )2A(3)fg¤(̧ )g2 d ¸: (6)

It isknow n(see T heorem 7.7.3ofB rilinger(1981)) that there existsL1 > 0
such that

lim sup
n

sup
¸
fnM ¡1logM g1=2 jĝn (̧ ) ¡ Eĝn (̧ ) j· L1; a:s:: (7)

Hence,for su± cientlylarge n,there existsL 2 > 0 such that

sup
¸

ĝn (̧ ) · L 2 a:s:: (8)
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Since A(:) isfour timescontinuously d i®erentiable w e cansee that
Z¼

¡¼
a(̧ )2A(3)fg¤(̧ )g2 d ¸ = O p(1): (9)

R ecalling(1),(5) and (9),w e have ¯3 = 0 p(n¡
1
2 ).

P roofofLemma 2 .Let usd enoteH2 (̧ )´a(̧ )A(2 )fg(̧ )g in̄ 2.Since
w e canw rite H2 (̧ ) asH2 (̧ ) = H+

2 (̧ )¡H¡2 (̧ ), w here H+
2 (̧ ) and H¡2 (̧ )

are the positive and negative partsofH2 (̧ ), respec tively,w e may assume,
w ithout lossofgenerality,H2 (̧ ) in¯ 2 isnonnegative. First, w e evaluate
Varf̂gn (̧ )g.Note that ĝn (̧ ) isw rittenas

ĝn (̧ ) =
1
2 ¼

MX

=̀ ¡M
w`R̂ (̀ )e¡ì¸; (10 )

w here w` = w ( `
M ) and R̂ (̀ ) = n¡1

P n¡j̀j
t= 1 X tX t+ ,̀ for `¸ 0 , and R̂ (̀ ) ´

R̂ (¡̀ ) for <̀ 0.T henw e have

Varf̂gn (̧ )g =
1
4 ¼ 2

MX

=̀ ¡M

MX

0̀= ¡M
w ẁ 0̀CovfR̂ (̀ );R̂ (̀ 0)ge¡i(̀ ¡ 0̀)̧

=
1
4 ¼ 2

MX

=̀ ¡M

MX

0̀= ¡M
w ẁ 0̀

1
n 2

n¡j̀jX

t= 1

n¡j̀0jX

t0= 1

n
R (t0¡t)R (t0+ 0̀¡t¡ )̀

+ R (t0+ 0̀¡t)R (t0¡t¡ )̀
o
e¡i(̀ ¡

0̀)̧

= A1 + A2 ; (say). (11)

It isseenthat

A1 =
1
4 ¼ 2

MX

=̀ ¡M

MX

0̀= ¡M
w ẁ 0̀

1
n 2

n¡j̀jX

t= 1

n¡j̀0jX

t0= 1

ZZ¼

¡¼
ei(t

0¡t)(¹+ ½)

£ei(̀ 0¡ )̀(½+ ¸)g(¹)g(½)d ¹ d ½: (12 )

We show that the summation
P n¡j̀j

t= 1

P n¡j̀0j
t0= 1 in(12 ) c anb e replac ed byP n

t= 1

P n
t0= 1.For this,observe

A#1 ´
¯̄
¯̄ 1
4 ¼ 2

MX

=̀ ¡M

MX

0̀= ¡M
w ẁ 0̀

1
n 2

nX

t= n¡M

nX

t0= n¡M

ZZ ¼

¡¼
ei(t

0¡t)(¹+ ½)

15



£ei(̀ 0¡ )̀(½+ ¸)g(¹)g(½)d ¹ d ½
¯̄
¯̄

=

¯̄
¯̄
¯
1
n 2

nX

t= n¡M

mX

t0= n¡M

ZZ ¼

¡¼
ei(t

0¡t)(¹+ ½)[M W fM (½ + ¸)g]2 g(¹)g(½)d ¹ d ½
¯̄
¯̄
¯

(recall(iv) ofAssumption2 )

=
¯̄
¯̄M
n 2

MX

t= 0

MX

t0= 0

Z¼

¡¼

Z 1

¡1
d ¹ d ½0

·
ei(t

0¡t)(¹+ ½0
M ¡¸)W 2 (½0)

£g(¹)g
µ
¡̧ +

½0

M

¶¸̄̄
¯̄+ low er ord er terms (13)

(by transformation½0= M (½ + ¸))

=
¯̄
¯̄M
n 2

MX

q= ¡M
(M ¡jqj)

Z ¼

¡¼
eiq(¹¡¸)g(¹)d ¹

£
Z 1

¡1
eiq

½0
M W (½0)g

µ
¡̧ +

½0

M

¶
d ½0

¯̄
¯̄+ low er ord er terms

· M 2

n 2

MX

q= ¡M
jR (q)j£

Z 1

¡1
W (½0)g

µ
¡̧ +

½0

M

¶
d ½0+ low er ord er terms

= O
µ
M 2

n 2

¶
; (by (i) ofAssumption1). (14 )

Hence,

A1 =
1
4 ¼ 2

MX

=̀ ¡M

MX
0̀= ¡M

w ẁ 0̀
1
n 2

nX

t= 1

nX

t0= 1

ZZ ¼

¡¼
ei(t

0¡t)(¹+ ½)

£ei(̀ 0¡ )̀(½+ ¸)g(¹)g(½)d ¹ d ½ + O
µ
M 2

n 2

¶

=
1
n

ZZ ¼

¡¼
2 ¼Dn(¹ + ½)W 2

n (½ + ¸)g(¹)g(½)d ¹ d ½ + O
µ
M 2

n 2

¶
; (15)

w here Dn(¹0) = (2 ¼n)¡1j
P n

t= 1 e
¡i¹0tj2.It isknow nthat

Z ¼

¡¼
Dn(¹ + ½)g(¹)d ¹ = g(½)+ O

µ
logn
n

¶
; (16)
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uniformlyin½ (see Zygmund ,A.(1959,p.91)).T hus

A1 =
2 ¼
n

Z ¼

¡¼
W 2

n (½ + ¸)fg(½)+ O (n¡1logn)gg(½)d ½ + O
µ
M 2

n 2

¶

=
2 ¼M
n

Z 1

¡1
W 2 (½0)

½
g
µ
½0

M
¡¸

¶
+ O (n¡1logn)

¾
g
µ
½0

M
¡¸

¶
d ½0+ O

µ
M 2

n 2

¶

(by ½0= M (½ + ¸))

=
2 ¼M
n

Z 1

¡1
W 2 (½0)d ½0¢g(̧ )2 + O

µ
M logn
n 2

¶
+ O

µ
M 2

n 2

¶
+ O

µ
1
nM

¶

(by (i) ofAssumption2 )

=
M
n

Z 1

¡1
w 2 (x)d x£g(̧ )2 +

1p
n
o
µ
1p
n

¶
: (17)

Next w e evaluate A2 in(11).Asinthe ab ove,it isseenthat

A2 =
1
n 2

n¡j̀jX

t= 1

n¡j̀0jX

t0= 1

Z ¼

¡¼
ei(t

0¡t)¹W n(¹ + ¸)g(¹)d ¹

£
Z ¼

¡¼
ei(t

0¡t)½W n(½ + ¸)g(½)d ½

=
2 ¼
n

ZZ ¼

¡¼
Dn(¹ + ½)W n(¹ + ¸)W n(½ + ¸)g(¹)g(½)d ¹ d ½ + O

µ
M 2

n 2

¶

=
2 ¼
n

Z ¼

¡¼
W n(½¡¸)W n(½ + ¸)g(½)2 d ½ + O

µ
logn
n 2

¶
+ O

µ
M 2

n 2

¶

=
2 ¼M
n

Z 1

¡1
W (½0¡2 M ¸)W (½0)g(½0=M ¡¸)2 d ½0+ O

µ
logn
n 2

¶
+ O

µ
M 2

n 2

¶

by ½0= M (½ + ¸). (18)

Since W (̧ ) = (2 ¼)¡1
R1
¡1 w (x)e

ix¸d x,w e c anshow that

W (̧ ) = O (̧ ¡2 ); (19)

by integration{by{parts.Hence

A2 = O
µ

1
nM

¶
+ O

µ
logn
n 2

¶
+ O

µ
M 2

n 2

¶
=

1p
n
o
µ
1p
n

¶
: (2 0 )
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R ecalling(11),(17) and (2 0 ) w e have
p
n E f̂gn (̧ )¡g(̧ )g2 =

p
n
£
Varf̂gn (̧ )g+ fE(ĝn (̧ ))¡g(̧ )g2

¤

=
Mp
n

Z1

¡1
w 2 (x)d x£g(̧ )2 + o

µ
1p
n

¶
; (2 1)

w hich,together w ith Fub ini'stheorem,implies
p
n
2
E

Z ¼

¡¼
a(̧ )A(2 )fg(̧ )gf̂gn (̧ )¡g(̧ )g2 d ¸

=
M
2
p
n

Z ¼

¡¼
a(̧ )A(2 )fg(̧ )gg(̧ )2 d ¸ £

Z 1

¡1
w 2 (x)d x + o

µ
1p
n

¶
: (2 2 )

Next w e evaluate the variance of̄ 2.Denotingb(̧ )´ 1
2 a(̧ )A

(2 )fg(̧ )g,it is
seenthat

Var¯ 2 = cumf̄ 2 ;¯ 2 g

= (
p
n )2

µ
2 ¼
L

¶2 [L2 ]X

j= ¡[L2 ]+ 1

[L2 ]X

k= ¡[L2 ]+ 1
b
µ
2 ¼j
L

¶
b
µ
2 ¼k
L

¶

£cum
£
Z (j)2 ;Z (k)2

¤
+ low er ord er, (2 3)

w here L = n=M ,and Z (j) = ĝn(2 ¼jL )¡g(2 ¼jL ).Here

cum[Z (j)2 ;Z (k)2 ] = cumfZ (j);Z (j);Z (k);Z (k)g
+ cumfZ (j)gcumfZ (j);Z (k);Z (k)g+ ¢¢¢
+ 2 cum 2fZ (j);Z (k)g

= C (4 )jk + C (1);(3)
jk + C (2 );(2 )jk ; (say). (2 4 )

Hence w e canw rite

Var¯ 2 = n
µ
2 ¼
L

¶2 [L2 ]X

j= ¡[L2 ]+ 1

[L2 ]X

k= ¡[L2 ]+ 1
b
µ
2 ¼j
L

¶
b
µ
2 ¼k
L

¶

£
n
C (4 )jk + C (1);(3)jk + C (2 );(2 )

jk

o
(2 5)

= °1 + °2 + °3; (say).
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From (2 ) it follow sthat C (4 )
jk = O (M 3

n3 ),lead ingto °1 = O (M 3

n 2 ) = o(1n ).Sim-
ilarlyit isshow nthat °2 = o(1n ) and °3 = o(1n ),w hich implythe assertion.

P roofofLemma 3.Settinge (̧ )´a(̧ )A(1)fg(̧ )g,w e w rite ¯1 as

¯1 =
p
n
Z ¼

¡¼
e (̧ )

·Z ¼

¡¼
fIn(¹)¡g(¹)gW n (̧ ¡¹)d ¹

¸
d ¸

+
p
n
Z ¼

¡¼
e (̧ )

·Z ¼

¡¼
g(¹)W n (̧ ¡¹)d ¹ ¡g(̧ )

¸
d ¸

= L(1)n + L(2 )n ; (say). (2 6)

P uttingM (̧ ¡¹) = ´,w e have

L(1)n =
p
n
Z ¼

¡¼

"Z M (¼¡¹)

M (¡¼¡¹)
e
µ
¹ +

´
¹

¶
W (́ )d ´fIn(¹)¡g(¹)g

#
d ¹:

LettingJn =
p
n
R¼
¡¼ e(¹)fIn(¹)¡g(¹)gd ¹,w e evaluate

jJn ¡L(1)n j=
p
n
¯̄
¯̄
Z ¼

¡¼
AM (¹)fIn(¹)¡g(¹)gd ¹

¯̄
¯̄; (2 7)

w here

AM (¹) =
Z M (¼¡¹)

M (¡¼¡¹)
e
³
¹ +

´
M

´
W (́ )d ´¡e(¹)

Z 1

¡1
W (n)d ´:

For anarb itrary given" > 0 , take ¹ 2 [¡¼ + ";¼ ¡"]´B ".Some e(¢) is
continuous,e(¹ + ´

M ) isb ound ed onB ".Further,expand inge(¹ + ´
M ) as

e
³
¹ +

´
M

´
= e(¹)+

´
M

e0(¹)+
1
2

³ ´
M

2́
e00(¹)+

1
6

³ ´
M

3́
e000(¹¤);

and notingthat W (¢) isanevenfunction,w e observe

AM (¹) =
1

2 M 2

Z 1

¡1
´2W (́ )d ´¢e00(¹)+ o

¡
M ¡3¢: (2 8)

Inthe same w ayasTaniguchi(1987),w e get

¯̄
Jn ¡L(1)n

¯̄
= O p

µ
1
M 2

¶
= op

µ
1p
n

¶
: (2 9)
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Next it isshow nthat

L(2 )n =
p
n
Z ¼

¡¼
e (̧ )

"Z M (̧ + ¼)

M (̧ ¡¼)
g
³
¸ ¡ ½

M

´
W (½)d ½¡g(̧ )

#
d ¸

=
p
n
Z ¼

¡¼
e (̧ )

·Z 1

¡1

½
g(̧ )+

½2

2 M 2 g
00(̧ )

¾
W (½)d ½ + O (M ¡4 )¡g(̧ )

¸
d ¸

=
p
n

2 M 2

Z ¼

¡¼
e (̧ )g00(̧ )d ¸

Z 1

¡1
½2W (½)d ½ + o

µ
1p
n

¶
; (30 )

w hich impliesthe d esired result.

P roofofLemma 7(i) and (ii).From Lemma 4 it follow sthat

I ij= Ef@i@jD(fµ;ĝn)g = @i@jD(fµ;fµ)+ o
³
n¡

1
2

´
: (31)

Note that

@i@jD(fµ;g) =
Z ¼

¡¼
K (2 )

½
fµ
g

¾
@ifµ
g

@jfµ
g

d ¸

+
Z ¼

¡¼
K (1)

½
fµ
g

¾
@i@jfµ
g

d ¸: (32 )

Since K (1)(1) = 0 , setting g = fµ in(32 ) w e ob tain(i) from (31). T he
assertion(ii) follow sfrom the same argument as(i).

(iii) and (iv).From T heorem 1 w e observe

Z i =
p
n K (2 )(1)

Z ¼

¡¼
@ifµ(̧ )¢fµ(̧ )¡2fIn (̧ )¡fµ(̧ )gd ¸ + op(1) (33)

Z ij =
p
n
Z¼

¡¼

£
(@ifµ@jfµ)fK (3)(1)f¡3µ + 2 K (2 )(1)f¡3µ g+ @i@jfµ¢K (2 )(1)f¡2µ

¤

£fIn (̧ )¡fµ(̧ )gd ¸ + op(1); (34 )

w hich,together w itnLemma A.3.3ofHosoya and Taniguchi(1982 ),lead to
the results(iii) and (iv).

(v)T he prooffollow sfrom (33)and the proofofLemma 2 .2 .3ofTaniguchi
(1991).
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(vi) Settinga(̧ ) = @ifµ(̧ ) and Afg(̧ )g = ¡K (1)
³
fµ
g

´
1
g inT heorem 1

w e ob tain

E(Z i) = E
·
K (2 )(1)

p
n
Z ¼

¡¼

@ifµ
f2µ
fIn (̧ )¡fµ(̧ )gd ¸

¸
(35)

+
K (2 )(1)

p
n

2 M 2

Z ¼

¡¼

@ifµ
f2µ

@ 2

@¸ 2
fµ(̧ )d ¸¢

Z 1

¡1
½2W (½)d ½

¡ M
2
p
n

Z ¼

¡¼

@ifµ
fµ
fK (3)(1)+ 4K (2 )(1)gd ¸ ¢

Z 1

¡1
w 2 (x)d x + o

³
n¡

1
2

´
:

It isknow n(Lemma 2 .2 .2 ofTaniguchi (1991)) that EfIn (̧ )g = fµ(̧ ) +
bµ(̧ )+ o(n¡1),hence the assertionisproved .
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