Hidher O i er Agmptotr T heory Br
Sem parametre £ matonofSpectral
P arametersofStat brary P roceses

Byl asrsbuTanrguhi®
0 ska U nvergty

K ees)anvant ari erenard | adanbL_P uri
U rveraty ofB rigolari In Bara U rnvergaty

A bstyackt

L et g ) be the spectral dasity of a statiaaery process, ad Et
.1 2 £, bea ted pectral mocel rg( )-A samiparamnetric
estimator{i, of is gven by minimizingadistance D @.: 8 Dbetnen
f, ad ¢, were ¢, is a naparametric spectral dasity estimator
besed an N dosenatias . T hen itis knoan that{l, is asymptotically
0 aussian exdattifg( ) = 1,()- Sine there are in nitely many
cadidates Tor D (@, ;¢ ), this pgper disasses higer aderasymptotic
theary for i, in relation  the ddce of D - First, the ssaond-arder
Edcpnarth expansian T, is derived . T henitis shoan thatthe biss-
adjusted version of {l, is not secondrarder ssymptotically e+dentin
ogeral. H ence, Tor samiparametiic estimatian, the stateamant\ st
aderetdaxy implies ssoond-aderetday " doss nothod in gen-
eral althauch it dass holds true Torthe usual parametric estimatian -
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1 Iroduction

k iskrow Nnthat mary €m parametrc edimatorshas! onn ob ®rvators
have b eenghow nito b e root{n{coragert ari agmptotcaly rormal Inthe
cortext oftime riesaral/asw here the processcornerred hasthe fec-
tralld ergty g(, ), Tarigehi (1987) cordl ered  ttirga Emilly ofparametrk
spectral,%arﬁtiesfu(’), uW2£,an proposd anegimator (i ofji by min
miirg ., KTRL(C)=6:(C)gl. with repect to y, where K (X) isa snooth
Tntonhavirga uigque mirmum at x = 1, ari ¢, (,) isa rorparametrc
estimator ofy(_ ) -He thenshowed that ' n({k i) isagmptotialy rermal
art ag/mptotrally ¢ aussanex ciert g, ) = 1,(,)- Sine there are iN-
ritelymarycani it ates®Br K (X),we carcorgrut inritelymary rg-orier
agmptotialy et ¢ iert esimators{h, - T hismotivatesthe prer irvesticp-
tonan ( ikirgush b etw eenthes edmatorsintermsofther higher ort er
agmptotr propertiesarni et cieny.

For a ¢ hssofrorparametrc spectralld ergty edimatorsg; (. ), Bertkus
an Ruzkis(1982) cave the scori-order £ ¢ geworth exparson®r §,(,)-
AB Vebhso art Robhir®n(1998) derivel the £ d geworth exparggnofthe
mearsofat aussangatoraryprocessw hchwasgu ertezel by 2%64,Q)-

Inthe cortext of®m parametrc edmaton it wasRob r®N(1995) w ho
“rd provil el a higher orl er agmptotic resull - For m iparametric averacgd
d erivative edimatorshasi onirieperiert ob ervatorsg he edab kel a
vergonofthe B ernAt sfentheorem ,w hrh correpor sto the scori-ord er
agmptotr theory.

Inthispaper we w illd eve bp higher ord er agmptotr theory Br the es
timator (i, propos by Tarighi (1987). Firg, we dgive the stori-ori er
E d cew orth exparsornoffly ,art show that the b ias{al justel verson{® offh,
isrot scori-ord er agmptotcally e+ ciert iINngereral T hisd epert sonthe
chore ofi itare D, ari we provile veri ab B coni itbrsonD suxh that
scon orler et cienny isimp kel - INnthe uaa lparametre eimationtheory
it iskrow Nthat \ rg-order et cieny imp kes<scori-order ex ceny " (e g,
6 hosh (1994, p -57)- T hispaper therebre egab kesa sarp ari irter-
egirgcortrag bhetw eenthe usa lparametrr edmationari «m parametrc
egmation



2 N mrmum Cortrad E smaton

Let X @ be a 6t aussangatorary processw ith meanzero, autocovariane
tntorR (§,an etrallerdtyg(,),. 2[i%;%]-We t me parametri
fmilyP = ff, p= @) 2 £ YRRy oFpectrald erdtiesto the
true ectralderdtyg(,) by mirmeirga criteron Intialy, we make the
Thw rngassmpton

AsmmptioNnl. (i) The fectrald ervty g(,) bebrgsto the c hssof
Pectraliergtiesie red by —

, P T i
F ) :9()= & l ,G(PeiB® thereexist C < 1 ari £> 0 Sth

Y

131
that }0(1+ PDFEW@I-C, (j)zJ_ + frallgj - 19-
(i) The tted mod elf,() bel)rgsto ,an istu timescortinously
i Berertiah B w ith regpect to -
() K(X) isa u timesconinously | Rerertiab B Bntionon(@;1),
art hasa urgLe mirimum at x= 1.

Tariguhi (1987) irtrod ucel the criterion

Z%
D(f;q) ~ K “(’) q,;
G990
w hrh measresthe rearressto f,tog.The Tbw rg € 1)] ¢ aretypral
e>xamp ks

®

Z., Y Ya
_ 1, N f.C) . 9C) ]
K(X)_ I)gX+ )_(1 D(f 1g)_ " I)g gu(’) + fu(’) db -

T hlscrlttg(lonlsequva Ert to the quas{t aussanma>xanun ke bhood type

criteron Vfl)gfu(,)+ 9C Ff.(C)d, (Hoyaart Tarigrhi(1982),Tarigehi
ani K akzawa ©000))-

(D)

Z,
K@) = (bgx); D(f;0)= _VﬂJqu(,) i bgg()dd., : € 2)
T hisisgveninTarigehi (197A) ari (1981) .-

Z, % 2

nCY

K= " i1);0<0<1; D(F:g)= i 90

i.: ¢ 3

3



Thisie resa fmilyofFriterbNnEntbrsparameteriel by® .
Let usie rea p<u of{trie vale ofi by

@) = argm rD(f,;9): @)
i)

Inori er to edimate p(@),we reel to etimate g(,) gre g(,) iIsukrow N
For thispupos we w illu® a rorparametrc w iriow type esimator,w hos
wirnow EntiorsW (W, (¢, ant w(gsitisly the Ty ingassmptiors.
Asmption? - (YW (X) ishourd el , even rorrecative ari sch that
Z, zZ,
WQo)x=1; ard XW )Ix< 1=
il il
() w(X) sa cortirwus eventntonw kthw@)= 1 an w(8l) = 0,
an stises

G =M (n) satises
nizM +M=n3 g 0 asn! 1:
(v) The ETntoNW,(()=M WM ,)canbeexpariel as

1 X I-l\'ﬂ“

Wn(,): m W M_ ei.’:
~ M

T hroughout thispaper we uz the Tbw irg rorparametrc ectrallesi
mator z,

G()= Wa( i) RCEXMY )

Pyt
where BR(@)= Q%n)ity L, X €™j -k iskownthat
© , 2 by i ¢
E @GC)igl))y =0 Y +0 M @)



(eg-,Harman(97), Brilirger (1981)).- T he as®c mted mirimum cortras
egimator ofu(Q) isi e rad bya valle of that sitis esthe equatbn

0

— D ;6n)=0:

Bl (fi;6) ®
Unrdercertaimg{d tbralassmptiorsg Tarigu hi (1987) cave the ag/mptotr
¢ igrbubrno® n(@; ip@©)),ar sowed that (I, is rg-orl eragmptotcally
exciert IFiX @ i1st ausanant Mg = f,.That IS

PRd 1w # v oy, ©

where | () = (4%)i? /“% FROLC) ERILL) (| _Sine the EntionK (Fisorly
assmel to satlslj(nD ofAssmptlonl we cancorgrut inritely mary

“rg-ord er agmptotcally et ¢ Ent eimators ani it isdegrab B to  igin
guish b etw eenthem - INnord er to ara b/ their | Bererue we ( isusshiger
ord er agmptoti soffly art rektel quanitiesinthe rext sction

3 Higher O rier AgmptotcsofFruriamertal
Quaritities.
Irview ofthe gererallag/mptot theory, higher ord er agm ptoti:so1pﬁ(ﬁ,\1 i

W aredesrbel INtermsofthos oF

Z,
B, ~Pn a()TAGC)) § AGL L. : )

it

where a()) isa cortirwus Bntion an A(¢ isa Hu timescortinously
i Berertiab B Tntiont >pan rg A@G) (L)) at g(, ) we obtain

pz%

Bn = n  a()APRCIRC) §9()gd,
p_iz,

+2_“ a( )AO IR 19¢)d 0,
zi
p

£ a<,) AP RO §9C)8%,
= T+ 2+_3; (Say), )
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where gy ()> 9°C)> 9(),ar A®x) = (@3=i xHA(X)-T he Tl irg bmma
asertsthat the thirt term 3 isregligh k inthe scori-ord er re -W e have
p heel the prooBofthe EBmmasari theorem softhispaper iNSectonN5.

Lemma 1_Urder Assmptiorsl anl 2,
_3: Op(nizl):
T he other terms ; ari ; are evallatel asHbw s.
Lemma 2 -Urder Assmptiorsl anl 2,

M Zu Z1 My L
1 = oP= a()AOR( )P Yi, & 1Y+ o, P=
Y

i il

Lemma 3.U rer Assumptiorsl an 2,
Z,
_ p_"—*
1= 0 a()ADRC)IFR(C) 190)d ,
pﬁ'/“Z% Z, o T
T a( AP, & W EH%+ o P
i% il

Comb inrg the ab ove resuksgvesthe T bw irgtheorem .

Theorem 1_U ier Assmptiorsl ari 2, it hol sthat
Z,
p_ Ya
N aQ)TAGC)) 1 AQC)I, €
p_ 2
= n  aQW)AYRC)IFRC) 190,
pi'z, 4
n =" 16} b
it AOAPTOEN Y, € HW e
’ z, Z' B T
fiPe AOADHORCY. € VX o Py
Py Y Ho T
= F@AD+ SR @AY P Fs@AD) 0 B 1 (S)-

+

k isab eas/to show the Tbw irg Bmma.



Lemma 4 _Urder Assmptiorsl anl 2,
Z, z, 3 -
E  aQ)fAG(C)al. = a()fA@C))gl, +o ntz = (@)
Ya Ya

4  Hidher O rd er Agmptote T heory Br
I irmum Cortrag £ gsmators

Inthissctiorw e 4 1s usshigher ord er agmptotk ex ¢ ey ofthe mirimum
cortragt esimator iy = (&; = (P)°de red by (5)-

T hroughou thissctobnwe asame g = f,,art we (o rot puse the
vall ity ofthe E d gew orth expargonan sochagk expargon®r ﬁ; becaus
it isverytechrralan isessriialy paralklto the d iIsusoNgveNinNSec-
ton4 2 ofTarniguehi art Kakezawa (2000). Herne we omit the prooBoF
Lemmas5, 6,ari T heorems? ari 3(ie-iNnSection5we orly give the prooB
ofLemmasl{3ari 7iNSetioN5).

Lemma 5. Let » be anarbitrary >al rumber scththat 0 < » < 38, ani
Bt C be a compact Sb=et ofE _ T her there existsa atigtk {i which @ les
®G) axrh that Br med > 0,
h i
P Jh i< in”is = 1 jo@io); ®
uTtbrmly Brp 2C .
E >pari irgthe rigt hari e oF
0 _
0= i5, DEidiq @
H
w ith repect to {iy at W, we have
0 = §0DE:0) i 08;DE )@ i)
1 - - i
17 808D (R 0@ 11D 119+ o0, €)

where @; = @=0p" ani £ irgeirisammatibncorventoNisusl - Sine | is
the pul o trte valede rel inequation( 2) it holl sthat @;D(F,;9) = 0

Ve



art we have

10D 6)+ 0:D(F59) @)
= 02 DE M@ T+ ;08 ADEIE § I T 1Y+ 0,011
Write
1; = PRFieDEg)+ 8D E o)
Ia = CnFildDE:G)+ EBD(F:);
I'g= 1@ = ERLDE;M);

P e = iEME0.DF:6)9:

Hene®rth it issabrwe d rop the st cesofa Bithe Tl amerta lguanities.
T henit ©bw sfom (¢) that

1; = Tij<€ﬁ(ﬁ§iui)iplﬁzijq?ﬁ(ﬁ§iui)
iz—éﬁqu'pﬁ(@ S RS o+ o (ni1): ®

SoVirg®) w ith repect to pﬁ(ﬁE i 19 we obtainthe Tbw irg Bmma (¢ £
Tariguehian Kakeawa 000, Sectiord 2)).

Lemma 6._Derute by T ” the (i th e Emert ofthe irverse matrixoFfl 59-
T hen

P— -~

n@y ainh = 17 7p
+1slﬁ T %7 o 1o+ ;T“Tﬁ”c?‘@{?,wzmcz »
+0p(nizl); 1= 1;2;25p: ©®

T he Tbw irg bmma gvesexp Kk it expressorsbr Triamertalquanities.

Lemma 7-Let the parametrc Emil/P cortainthe true ectralderdty g -
Thenurier g = iﬂ/‘

O 5= KOO 0:f(IERC) W), + o0 i),

8



Z%
(Ii) ik~ |K($(1) @ifu(, )@ifu(, )@kfu(,)qfu(’)igdb
z,
iIKOQ)  BROE0EC)+ 05H.C00EC)+ 0hi()0051.( )9

it

€D, + o)y
(i) CovZ 52 9= KDY BRCILRC) W, + o)

— 21
= UK O@)I 5+ o(iz); Z,

(M) ECZ 3= 4% KOWKOQ)+ 1KDO@Y @—'f*;c—@{g@g—kfﬂd
Z, i

KOy BBy 4 (),
u

= gt 00 ().

.7 _ RRKOWR s, 05f 0F il
D eunf 57 5719= S I e e LN UDS
17

p%?ija oMi?); (=),

WDEED= “52 RLISIYS S
z“/ : zZ,
raikoe SO oy ¢ nw e
it u(,)z % il bl
b KO+ IKOW)  SROMON, & 10gixt o),

= BB+ 0B )+ A= Ba()+ 00 11); (|),
where h,()= §QW) L . R (et -

From Lemmas6ari 7the ag/mptotr momerisCumubns o1pﬁ(ﬁ§ ind
are evallatel asthhwv s

S Pa 7
ECAE 1000 = T P=Bie()+ 18+ BB ar)
h i
+191ﬁ T"Tﬁ%m+ UK OWT T ppe §0(1)



p_

) M_an(u)+ 1MFﬁBzi(MV plﬁBé(Hﬁ o(ni?)

Py @+ 001 (@)- @

O
Cov rbﬁ(ﬁl‘ s PRE 5

WKOMT+ oit) @)
d+o(it); (@y)-

cun' PR i Pag® s PR i

= plz[T‘*Tj‘L K ppo+ 84K QT T Gon0t Tnept Jn)
FAKOOT T opdl+ 01

= P00 @) )

T he J-th ord er cunulmsofpﬁ(ﬁ‘ i) sitisf
o

Ctm(")rb @ ity =PaEe e = 001 (10)

PreachJ _ 3.
From the cereralE ¢ gew orth exparsornbrmub (e g, Tarnguehi (1991, p -
14), Tarngehiar Kakzawva (2000,p -18)) we cet the T bw irgtheorem .

T heorem 2 . }
h i

PURE i) - x =A@ 1) - %
Z, Zy Y
= <m:_l ) 1 © p= (1 W)

X = = 1
*8‘% m;lé'ﬂ* #Y) dy+ o :); av

where y= (yi;5w)% - = fiddg,
INVAEDERADLS B HOUICE ¥ iy,

10



an

(aly @®
N - ):

LT AR

Next w e d is Ussthe scori -ord er agmptoti e+ ¢ ierny offly, -For simp K-

ityw e assme that the parameter | issahr ari we d rop a Bithe urecessary
in cesfom the quanities. Let

H j::j;(y) =

L Zs /2@ ¥,
= 1@ ~ 4/ ) @— gf.() d.;
. 2. /2@ Vi
J=JW ~ ﬁ 0 —f.() (),
2 @“ Wk A
ST T S R IO TG
Z, ' Yag

_ - 177 :

K=K@ ~ 5y g R0 RO,

k iseas/to e the Tbw Irgcorreporienes
1A KO,

Jigc Al @Y KOAY I+ 8 K ODK @)+ 4K Oy gK
KAl 643K OW)K;

T A HEKOM(§3T §K) i 26K P+ 4K O)gK -
Then=ttirg - = K®1)=K ©(1) we ob =rve that

P Zy 2 Z,
EFTR iwg = M—'Zgl/il %0;1}—2 " kil e ww e
4 it u@b Z il
N0 TreR L, T,
lpﬁ 8]/4| i% @u fudb i = (X)dX
1 "1 Y 1 J+ K =
B T
+pﬁ 41 " @U fﬁhJC)db i 2'2 ( 4)4'2
+o(nit)
1
= P=Gu W+ 00y (@) @)

11



Varf n@ img= 1+ o@it); a3
cunrb

O
O I RGO I T R I

1 33K X - 1
= ﬁﬁ T"'ZI—?,(""“) +o(n'z);
1 1
= P-t o) @)- @)

k issenthat fi, isrot scori-ord er agmptottalymed Bnurh iasd (Al U)
C £Tarngehi (1991,p -25)) - Let

=i G @)+ S0 OG): a9

1
n
T herw e have,

T heorem 3_(i) T he estimator (I isscori-orier Al U, ie,

lﬂpﬁ%‘fpﬁ(u’?iu)-OQill—O: 16

ntl 2_

(i) T he sconi-ori er agmptotic d igrbutioNnofl” is

o Nnp o o 7~ ¥s _ )
I?‘?rbﬁ(u’?i’iu)-x =0 X1 *épxm 3”““53('*4) F (< Ty+ o)
= Eig(;-)+ o), (sy), ()
where © (y) = Riyl "@itan T (= Q%)izexp(i€2).
@) IF
,K(3)1
- —K(z)é;: i @8)

thenEd g, (X; §4) becomesthe scorti-order ex ¢ lertbourt d igribution Here,
ifK (¢isachthat - = jt, then(l” isscori-orier agmptotially et ciert
inthe ¢ hssofscori-orier Al U edimators.

T he above resuksare remarkab k.

12



Remark1 . Inthe usalparametrr eimationtheory it iskrow Nthat
\ rg-orier et ceny imp ks scori-orier et ceny'” (eg- 6 hosh (1994,
p -57)) -How ever, our resulsc him that, inem parametrc edimatobn\ rg-
order ex ckennyd oesrot mp ly corni-or er et ¢c eny iINgereral™_T hisisa
sharp cortrag b etw eenthe usa Iparametrc eimationari m parametrc
egmation

Remark? _Theorem 3carbe emp byei to chec kw hether the egimator
hasl oNnK (¢ kal sSto a wcori-ord er et ciert edimator. INSectioNn? we
cpve three examp ksofFK (¢, which Bal to the rg-order agmptotrally
et ¢ lert edmator . Here we e>xam ire w hether they saitisly the coni ition- =
K®W)=K®@)= §4 or rot.Let usi erote

Kl(X)
K560

T henit iseagly senthat

OKEW=1arn K@) = 4, hene - = j4,whih enailsthe egimator
cordrutel by K;(gisscori-ori er agmptotcallyet ¢ ient,

@KW= 1an K@@= i6,hene- = i3,whihertailthe esimator
cordgrutel by K, (Fisrot scori-ori er agmptotcally et ¢ ert, an

@) K3O@) = 202 an K@) = 2102(® 3, hene - = 3 j 3, whih
ertailsthat the esimator by K3 (Fisscori-ord er agmptotcalyet ciert if
an orly @ = §1=3.

box + )1(; K, (X)= (bgx);
¢ §i1):

5 ProoB

Inthissctionw e give the prooBo T heoremsart Lemmasinthe prevbus
tore

ProofofLemma 1_Fird,by Schwarz 'sireque ity w e ob tain
Zy, 1 Z,
Jal -n a(,)2§6A‘3’1©°(,)gzd, ¢ i), - @
Ya it

=

13



From T heorem 74 2 ari the proo¥o¥T heorem 74 4 ofB rilirger (1981), it
iIskenthat

EfNC) 19()g= 0 )
)
(HM T[Jil) ©
cum @) §9C ) =M 19C)9=0 . BrI 0.

For cererallrariom vareb ksY; =5V,

X
E(, &kF, )= cunf ;g 2%g9&keun® ;3 290

v=T;25vp g

w here the Ssmmationisover (§; =5 §) sitishirg g+ &k § = r_.From Q)
ani (3 it Thbw sthat
(o, 119

£ o
E ®(C)ig()® =0 Y ; @)

w hch, together w ith Fub in"stheorem, Bald sto
Z, Yo o Ya [SE ||

M3 1
" WO =0, T s o o ®
Next w e eva Late the T lbw irg inegalin(l):
Z%
L a. Y A9 )gd. : ®

k iskrow N(xe T heorem 773 0B rilireer(1981)) that there exagsL; > 0
arh that

imsp sp Ml P bgv ¢ @) i ERCIT - Li; asz (D
Hene, Br s c ertly Brge n, there exadsL, > 0 srh that

ap () - L, as:z ®)

14



Sine AQ() isBu timescortirnusly d Rerertiab B we canse that

aC Y ACR )G, = 0,(1): ©)

i%

Recalirg (1), (5) ari (@),we have 3= 0,(niz).n

P roofoflemma? .Let usierote H (() ~ a( )AVTY( )g in , -Sine

wecanwrite H(()asH ()= H () i Hi(),where H () ani Hi ()
are the podtive ard recative partsof, (), repectivel, we may assme,
without bssofgrerality, H (() In ; iIsrereagative. Firs, we evallate
Varfg), (., )g- Note that ¢ (,) iswrittenas

1 X -
;Y= 5 wROeT (10)
where w-= w(-) art ()= nit’ WX X o B~ _0,an K ~
(i) Br ~< 0 .Therwe have

Varfh ()9 = ww -Covi ()R (Dge i Ci

1 1 r)(unxﬁn
= e WW-o RETRE Piti)
=M QiM tlg—'l

+R(E+ PiRE L) T
= At A5 () aDn
k issenthat
1 X X 1 M IIT I,
A= W W o g KB OC+%)
44 n? )
=N g €1 &1 i
@O LS )
Pn.jtipn-jq -
yy,e 3r@w that the ammation _'7- g7~ iN(12) canbe repbheced by
1E,Ll_For this ob srve

€l
- X X 1 X X Z, i
Aql# - — ; W W o ; e(-ei -D(1+ 1/2)
1
4% =M g n €TniM EnjiM i

15



£ 0% DI g ()g ) 24 1h—
o X X -
= = e 0D WAl G+, )gfg (gl Ld%—

2
€niMl €&nijM it

(recall(v) oFAs=mption?)

X X Zuéa _ o

= : d1q%° e(f’iﬁ(“M—i,)WZ(%%

1;0&0 i%l/z;lﬂbz

£ it T bwer ord er terms 13

=1

:||£||

Gy trarsbrmatbn®= M ¢+ ,))
X Zy _
= . (M ijli) eq( I,)g(l)dl
o il i
Zl e l-l l/zoﬂ :
£ eWw®dg i, + i 0%%+ bwer orier terms
il
: X Zl H l/zoﬂ
— R@QIE WG .+ - 0%°+ Bwer ord er terms
- il
HCF Mﬁ-[
= 0 — ; (Gy@ofAsmmptionl). as)

:||£||

X X x x Zy
Ay = 1 Wwﬂi e K€ OC+%)
2
iM G n €t1€1 1%

Zﬂ

£ X6 gL )g ) L%+ 0 er1—z

12% l'lM zﬂ
= = WD, (+ WGt gk O 5 (15

i

~
=
~

P
where D, (19 = Q%n)ity G ,ei™ G _k iskrow nthat
< ”I)gnﬂ
Dn(t+ ®)g)* =g+ 0 —= 16

it
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utbm b in%: (e Zgnun ,A_(199,p -91))-T hus
3 S Hy T
A= Wi+ )¢+ 0 (i bgn)gg(e) %+ 0 o
iz, Y oo i A oo i
Wit g - i, 00V bgn) g - i,
W= M (h+
» l(byzz O(lz ,2)) TR !
i WEHeCy v 0 nz
) oFAssmption?
oy ® p l)J q

no

Zl
1 1
WYX EGLY F p=o0 P=

il

Next we evallate A, IN(l1) - Asinthe above, it iskenthat

1 N ZAT
A= I RO
i
£ XYy G+ gk

21/42% H

M
w0+ 0 —
n

= — DnCt+ W, + W (et )g(t)gt) tdh+ 0 —-

N _ u
21/42% H
= —  Wn® i WG+ gy dh+ 0
_ UM ! 0. Qy - 410 n
= = WL 50 OW BOg@=M § . Yduo+ 0 —
il

by 0= M 4+ .)-

bgn U

n?

+0
vl

R _
Sime W ()= Q%) -, w@)e™ix,we candow that

W()=0(™");

by inegatior{by{parts. Hene

O AT T

1
A0 o TP Tt TRRO By
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Recalirg(11), (17 art ¢0) we have
P _ P_£ _ a
NE®NC) i9()d N Varfgh()g+ fE@(,))H.g(ﬁ?gz
Po WGNXEQLY+o B= ; QD)

il

w hich, together w ith Fub ini'stheorem , imp kes

- Z,
STE a()AOm()I™ () §9()g 0,
¥ zi zZ, T

= Pr AOAOBORCYL £ wedix+ o B 1 Q)

Next w e eva Late the variane of, - Derotirgb(,) ~ 2a( )AO( )g, it is
senthat

Var , = cunf,; ;g
i (Pﬁ)z l—lzjﬂz k1 ¥kl buﬂj‘ﬂbuﬂ(‘ﬂ
- L L L
. Filpeeilth
£un 7 (IF;7 (Q + bwerorier, 23

where L = n=ll ,ard Z (D= ¢ED §9EF) - Here

cumlZ (52 (W] cun® (D:2 ;2 (K;Z2 (Kg
teun® (Dgeun® ()7 (W2 (Kg+
+2cum’ 2 (2 (Qg
- ng+ C;i);(3)+ Cg();(z); Y)- Q)

Herne we carnw rite

) M, T k1l K&l uz%j‘ﬂ My T
Var , = n — b — b —
L Filt 1|<;-[£]+1 L
© fl<[12)-3+3) lé)-c)o
£ cP+ P+ @9
= 9+ 9+ % Qy)-
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From @) it SBw sthat C §? = 0 (L3), kadirgto S = 0 7)) = o). Sim-
ikrl/ it isshow nthat < = o) ant %= o(3),whih imp b/ the asertion.a

P roofofLemma 3.Settirge () ~ a( ) ADMY( )g,wewrite ; as
Z, Z,

o= PROe() FR@) ig@)Wa( ity o,
0 Z. 7. -
+°n e() gIW,( )N §o() d,
it it
= LO+ LO; ) - 19
PutirgM (, §1)= ",we have
ID_Z% Zy gy T i
Lo = Pq e *+ o WOXN FRE®) ig(*)g d*:

i M G%it)

R,
Lettirgd, = ©7 “, eC)FR() §9()g?, we evallate

Z, —
i iL®4= RS A @OFE) f9@)g s &)
it
w here
Zyewin 3 -7 =
A ()= e te - WY §e@) WX
M G%it) il

For anarbitrary gven™ > 0,take * 2%+ ;% §"]~ B-. Some e(Pis
cortimnbus e(* + ;-) ishourdel onB - .Further, expan irge* + -) as

3 - B 3. - 5 -

. 1 2 1 - 3
14+ . = 1Y+ — L)+ = — 1)y4+ — 1)
ani rotirgthat W (¢ isaneventntionwe ob rve
1 <1 i ¢
A ()= TE TWEX @J)+ o M i3 X))
il
INnthe sime way asTariguhi (1987),we gt
— — (33 1 il 9 1 il
3L =0, L @9)
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Next it isshow Nnthat

mn _ #
) p—Zl/‘1 Zy sy 3 "
L® = "n o e() g . i WEHREgL) 1.
j M i%
p Zl/,; -ZlC]/Z) ]/2 3/4 )
_ 2 |
= 'n  e) 90D+ 7 79%C) Wk 00 M) §g() 4,
Pg 2 o TR
n ‘ 1
= INE _VEC)QQ(,)d, iy W @)%+ o pﬁ : @)

which imp Besthe d egrel resul -

ProofofLemma 7 (1) aria (i) -From Lemma 4 it ©bw sthat

= -~

T4= ER;DE;R)I= 08;D(F;F)+ 0 nit - @)
Note that
z, B %
papEg) = ko T Ghlih,
iz% gz 3/4g g
+ K® & @i@jfud - Q)
i% g g :

Sine KOQ) = 0, sttirgg = f, iNn(Q) we obtain(i) fom (3)- The
asertonN(n) Ty sfom the sime argumen as(i) -
(i) ard (v)-From T heorem 1 we ob =rve

Z%
1; = PRKOW RO EO)ITFRO) i EOT, 0@ D
z, i o
l§ = Py E(@ifu@jfu)ﬂ(@(l)fui3+ PKOWTEI g+ 085 &K OWEH
£FL0) i £.0)d. + 0,Q); @)

w hich, together w itnLemma A 33 ofHo®ya ard Tariguehi (1982), Bad to
the resuks (i) arni (v)-

(V) T he proo o Bbw sfom (X3 ari the proofofiemma? 2 3of arigehi
(1991).
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=3 -

(vi) Settirga(,) = @:if,() an Afg()g= iK® % I inTheorem 1

we obtain
PRI T -
EC» = E KOO n 1Lz“fln(,) i 1.0)g. (€9)
p z Z,
Q) Yy 2
L KPA) N o, ¢ £CY. G WW )%
IN_2 R "
y Zl/“@f Z, 3 -
iP= KO+ KOWg . & wi(X)Nx+ 0 ni? :
it u il

k iskiown(lemma 2 2 2 ofTarigehi (1991)) that EFR()g = f()+
h,(.)+ o(nhi1), herne the asrtionisprovel -1
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