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Preface to the 2009, 2011, 2012
and 2014 Editions

I first wrote a book entitled “MCMC estimation in MLwiN” towards the end
of my time at the Centre for Multilevel Modelling at the Institute of Educa-
tion (in 2002). This original work greatly expanded the couple of chapters
that appeared in the MLwiN User’s Guide and mirrored the material in the
User’s Guide whilst including additional chapters that contained extensions
and features only available via MCMC estimation.

I then spent four and a half years away from the centre whilst working in the
mathematics department at the University of Nottingham. For the first few
years at Nottingham, aside from minor bug fixing, the MCMC functionality
in MLwiN was fairly static. In 2006 I started an ESRC project RES-000-23-
1190-A which allowed me to incorporate some additional MCMC function-
ality into MLwiN. This new functionality does not increase the number of
models that can be fitted via MCMC in MLwiN but offers some alternative
MCMC methods for existing models.

I needed to document these new features and so rather than creating an
additional manual I have added 5 chapters to the end of the existing book
which in the interim has been converted to KTEX by Mike Kelly for which I
am very grateful. T also took the opportunity to update the existing chapters
a little. The existing chapters were presented in the order written and so I
have also taken the opportunity to slightly reorder the material.

The book now essentially consists of 5 parts. Chapters 1-9 cover single level
and nested multilevel Normal response models. Chapters 10-13 cover other
response types. Chapters 14-17 cover other non-nested structures and mea-
surement errors. Chapters 18-20 cover multivariate response models includ-
ing multilevel factor analysis models and finally chapters 21-25 cover ad-
ditional MCMC estimation techniques developed specifically for the latest
release of MLwiN.

The book as written can be used with versions of MLwiN from 2.13 onward
- earlier versions should work with chapters 1-20 but the new options will
not be available. This version also describes the WinBUGS package and the
MLwiN to WinBUGS interface in more detail. I used WinBUGS version 1.4.2
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when writing this version of the book and so if you use a different version
you may encounter different estimates, such is the nature of Monte Carlo
estimation and evolving estimation.

Please report any problems you have replicating the analyses in this book
and indeed any bugs you find in the MCMC functionality within MLwiN.
Happy multilevel modelling!

William J. Browne, 7" July 2009.

This book has been slightly updated for versions of MLwiN from 2.24 on-
wards. Historically the residuals produced by the IGLS algorithm in MLwiN
have been used as starting values when using MCMC. This doesn’t really
make much sense for models like cross-classified and multiple-membership
models where the IGLS estimates are not from the same model. We have
therefore made some changes to the way starting values are given to MCMC.
As MCMC methods are stochastic the change results in some changes to
screen shots in a few chapters. We have also taken this opportunity to cor-
rect a few typographical mistakes including a typo in the Metropolis macro
in chapter 1 and in the quantiles for the rank2 macro in chapter 4.

William J. Browne, 10" August 2011.

This book has had one further change for version 2.25 onwards with re-
gard residual starting values for models like cross-classified and multiple-
membership models. We initially made these all zero but this didn’t have
the desired effect and so they are now chosen at random from Normal distri-
butions.

William J. Browne, 31°° January 2012.

Dedicated to the memory of Jon Rasbash. A great mentor and friend who
will be sorely missed.



Chapter 1

Introduction to MCMC
Estimation and Bayesian
Modelling

In this chapter we will introduce the basic MCMC methods used in MLwiN
and then illustrate how the methods work on a simple linear regression model
via the MLwiN macro language. Although MCMC methods can be used for
both frequentist and Bayesian inference, it is more common and easier to use
them for Bayesian modelling and this is what we will do in MLwiN.

1.1 Bayesian modelling using Markov Chain
Monte Carlo methods

For Bayesian modelling MLwiN uses a combination of two Markov Chain
Monte Carlo (MCMC) procedures: Gibbs sampling and Metropolis-Hastings
sampling. In previous releases of MLwiN, MCMC estimation has been re-
stricted to a subset of the potential models that can be fitted in MLwiN. This
release of MLwiN allows the fitting of many more models using MCMC, in-
cluding many models that can only be fitted using MCMC but there are still
some models where only the maximum likelihood methods can be used and
the software will warn you when this is the case.

We will start this chapter with some of the background and theory behind
MCMC methods and Bayesian statistics before going on to consider develop-
ing the steps of the algorithms to fit a linear regression model. This we will
do using the MLwiN macro language. We will be using the same examination
dataset that is used in the User’s Guide to MLwiN (Rasbash et al. |2008)
and in the next chapter we demonstrate how simple linear regression models
may be fitted to these data using the MCMC options in MLwiN.



2 CHAPTER 1.

Users of earlier MLwiN releases will find that the MCMC options and screen
layouts have been modified slightly and may find this manual useful to famil-
iarise themselves with the new structure. The MCMC interface modifications
are due to the addition of new features and enhancements, and the new in-
terface is designed to be more intuitive.

1.2 MCMC methods and Bayesian modelling

We will be using MCMC methods in a Bayesian framework. Bayesian statis-
tics is a huge subject that we cannot hope to cover in the few lines here.
Historically Bayesian statistics has been quite theoretical, as until about
twenty years or so ago it had not been possible to solve practical problems
through the Bayesian approach due to the intractability of the integrations
involved. The increase in computer storage and processor speed and the rise
to prominence of MCMC methods has however meant that now practical
Bayesian statistical problems can be solved.

The Bayesian approach to statistics can be thought of as a sequential learning
approach. Let us assume we have a problem we wish to solve, or a question
we wish to answer: then before collecting any data we have some (prior)
beliefs /ideas about the problem. We then collect some data with the aim of
solving our problem. In the frequentist approach we would then take these
data and with a suitable distributional assumption (likelihood) we could
make population-based inferences from the sample data. In the Bayesian
approach we wish to combine our prior beliefs/ideas with the data collected
to produce new posterior beliefs/ideas about the problem. Often we will have
no prior knowledge about the problem and so our posterior beliefs/ideas will
combine this lack of knowledge with the data and will tend to give similar
answers to the frequentist approach. The Bayesian approach is sequential
in nature as we can now use our posterior beliefs/ideas as prior knowledge
and collect more data. Incorporating this new data will give a new posterior
belief.

The above paragraph explains the Bayesian approach in terms of ideas, in
reality we must deal with statistical distributions. For our problem, we will
have some unknown parameters, ¢, and we then condense our prior beliefs
into a prior distribution, p(#). Then we collect our data, y, which (with a
distributional assumption) will produce a likelihood function, L(y|€), which is
the function that maximum likelihood methods maximize. We then combine
these two distributions to produce a posterior distribution for €, p(f]y)
p(0)L(y|0). This posterior is the distribution from which inferences about
0 are then reached. To find the implicit form of the posterior distribution
we would need to calculate the proportionality constant. In all but the
simplest problems this involves performing a many dimensional integration,
the historical stumbling block of the Bayesian approach. MCMC methods
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however circumvent this problem as they do not calculate the exact form of
the posterior distribution but instead produce simulated draws from it.

Historically, the methods used in MLwiN were IGLS and RIGLS, which are
likelihood-based frequentist methods. These methods find maximum like-
lihood (restricted maximum likelihood) point estimates for the unknown
parameters of interest in the model. These methods are based on itera-
tive procedures and the process involves iterating between two deterministic
steps until two consecutive estimates for each parameter are sufficiently close
together, and hence convergence has been achieved. These methods are de-
signed specifically for hierarchical models although they can be adapted to
fit other models. They give point estimates for all parameters, estimates
of the parameter standard deviations and large sample hypothesis tests and
confidence intervals (see the User’s Guide to MLwiN for details).

MCMC methods are more general in that they can be used to fit many
more statistical models. They generally consist of several distinct steps mak-
ing it easy to extend the algorithms to more complex structures. They are
simulation-based procedures so that rather than simply producing point es-
timates the methods are run for many iterations and at each iteration an
estimate for each unknown parameter is produced. These estimates will not
be independent as, at each iteration, the estimates from the last iteration are
used to produce new estimates. The aim of the approach is then to generate a
sample of values from the posterior distribution of the unknown parameters.
This means the methods are useful for producing accurate interval estimates
(Note that bootstrapping methods, which are also available in MLwiN can
also be used in a similar way).

Let us consider a simple linear regression model

Yi = Bo + Bz + €
€; ~ N(O,Jz)

In a Bayesian formulation of this model we have the opportunity to combine
prior information about the fixed and random parameters, Sy, (1, and o2,
with the data. As mentioned above these parameters are regarded as random
variables described by probability distributions, and the prior information for
a parameter is incorporated into the model via a prior distribution. After
fitting the model, a distribution is produced for the above parameters that
combines the prior information with the data and this is known as the pos-
terior.

When using MCMC methods we are now no longer aiming to find simple
point estimates for the parameters of interest. Instead MCMC methods
make a large number of simulated random draws from the joint posterior
distribution of all the parameters, and use these random draws to form a
summary of the underlying distributions. These summaries are currently
univariate. From the random draws of a parameter of interest, it is then
possible to calculate the posterior mean and standard deviation (SD), as
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well as density plots of the complete posterior distribution and quantiles of
this distribution.

In the rest of this chapter, the aim is to give users sufficient background
material to have enough understanding of the concepts behind both Bayesian
statistics and MCMC methods to allow them to use the MCMC options
in the package. For the interested user, the book by |Gilks, Richardson &
Spiegelhalter| (1996) gives more in-depth material on these topics than is
covered here.

1.3 Default prior distributions

In Bayesian statistics, every unknown parameter must have a prior distri-
bution. This distribution should describe all information known about the
parameter prior to data collection. Often little is known about the parame-
ters a priori, and so default prior distributions are required that express this
lack of knowledge. The default priors applied in MLwiN when MCMC esti-
mation is used are ‘flat’ or ‘diffuse’ for all the parameters. In this release the
following diffuse prior distributions are used (note these are slightly different
from the default priors used in release 1.0 and we have modified the default
prior for variance matrices since release 1.1):

e For fixed parameters p(f) oc 1. This émproper uniform prior is func-
tionally equivalent to a proper Normal prior with variance c¢?, where
c is extremely large with respect to the scale of the parameter. An
improper prior distribution is a function that is not a true probability
distribution in that it does not integrate to 1. For our purposes we only
require the posterior distribution to be a true or proper distribution.

e For scalar variances, p(%) ~ T'(e,¢), where ¢ is very small. This
(proper) prior is more or less equivalent to a Uniform prior for log(o?).

e For variance matrices p(Q ') ~ Wishart,(p, p, Q) where p is the number
of rows in the variance matrix and € is an estimate for the true value
of Q. The estimate {0 will be the starting value of © (usually from
the IGLS/RIGLS estimation routine) and so this prior is essentially an
informative prior. However the first parameter, which represents the
sample size on which our prior belief is based, is set to the smallest
possible value (n the dimension of the variance matrix) so that this
prior is only weakly informative.

These variance priors have been compared in Browne| (1998), and some follow
up work has been done on several different simulated datasets with the default
priors used in release 1.0. These simulations compared the biases of the
estimates produced when the true values of the parameters were known.
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It was shown that these priors tend to generally give less biased estimates
(when using the mean as the estimate) than the previous default priors used
in release 1.0 although both methods give estimates with similar coverage
properties. We will show you in a later chapter how to write a simple macro
to carry out a simple simulation in MLwiN. The priors used in release 1.0
and informative priors can also be specified and these will be discussed in
later chapters. Note that in this development release the actual priors used
are displayed in the Equations window.

1.4 MCMC estimation

The models fitted in MLwiN contain many unknown parameters of interest,
and the objective of using MCMC estimation for these models is to gener-
ate a sample of points in the space defined by the joint posterior of these
parameters. In the simple linear regression model defined earlier we have
three unknowns, and our aim is to generate samples from the distribution
p(Bo, B1,02|y). Generally to calculate the joint posterior distribution directly
will involve integrating over many parameters, which in all but the simplest
examples proves intractable. Fortunately, however, an alternative approach
is available. This is due to the fact that although the joint posterior distri-
bution is difficult to simulate from, the conditional posterior distributions for
the unknown parameters often have forms that can be simulated from easily.
It can be shown that sampling from these conditional posterior distributions
in turn is equivalent to sampling from the joint posterior distribution.

1.5 Gibbs sampling

The first MCMC method we will consider is Gibbs Sampling. Gibbs sampling
works by simulating a new value for each parameter (or block of parameters)
in turn from its conditional distribution assuming that the current values for
the other parameters are the true values. For example, consider again the
linear regression model.

We have here three unknown variables 3y, 31 and o and we will here consider
updating each parameter in turn. Note that there is lots of research in MCMC
methodology involved in finding different blocking strategies to produce less
dependent samples for our unknown parameters (Chib & Carlin, [1999; Rue,
2001; Sargent et al. 2000) and we will discuss some such methods in later
chapters.

Ideally if we could sample all the parameters together in one block we would
have independent sampling. Sampling parameters individually (often called
single site updating) as we will describe here will induce dependence in the
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chains of parameters produced due to correlations between the parameters.
Note that in the dataset we use in the example, because we have centred
both the response and predictor variables, there is no correlation between
the intercept and slope and so sampling individually still gives independent
chains. In MLwiN as illustrated in the next chapter we actually update all
the fixed effects in one block, which reduces the correlation.

Note that, given the values of the fixed parameters, the residuals e; can be
calculated by subtraction and so are not included in the algorithms that
follow.

First we need to choose starting values for each parameter, 5,(0), 51(0) and
02(0), and in MLwiN these are taken from the current values stored before
MCMC estimation is started. For this reason it is important to run IGLS or
RIGLS before running MCMC estimation to give the method good starting
values. The method then works by sampling from the following conditional

posterior distributions, firstly

1. p(Boly, 81(0),5%(0)) to generate By(1), and then from
2. p(Bily, Bo(1),02(0)) to generate B1(1), and then from

3. p(a?ly, Bo(1), 51(0) to generate o>(1).

Having performed all three steps we have now updated all of the unknown
quantities in the model. This process is then simply repeated many times
using the previously generated set of parameter values to generate the next
set. The chain of values generated by this sampling procedure is known as
a Markov chain, as every new value generated for a parameter only depends
on its previous values through the last value generated.

To calculate point and interval estimates from a Markov chain we assume
that its values are a sample from the posterior distribution for the parameter
it represents. We can then construct any summaries for that parameter that
we want, for example the sample mean can easily be found from the chain
and we can also find quantiles, e.g. the median of the distribution by sorting
the data and picking out the required values.

As we have started our chains off at particular starting values it will gener-
ally take a while for the chains to settle down (converge) and sample from
the actual posterior distribution. The period when the chains are settling
down is normally called the burn-in period and these iterations are omitted
from the sample from which summaries are constructed. The field of MCMC
convergence diagnostics is concerned with calculating when a chain has con-
verged to its equilibrium distribution (here the joint posterior distribution)
and there are many diagnostics available (see later chapters). In MLwiN by
default we run for a burn-in period of 500 iterations. As we generally start
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from good starting values (ML estimates) this is a conservative length and
we could probably reduce it.

The Gibbs sampling method works well if the conditional posterior distribu-
tions are easy to simulate from (which for Normal models they are) but this is
not always the case. In our example we have three conditional distributions
to calculate.

To calculate the form of the conditional distribution for one parameter we
write down the equation for the conditional posterior distribution (up to pro-
portionality) and assume that the other parameters are known. The trick is
then that standard distributions have particular forms that can be matched
to the conditional distribution, for example if x has a Normal(u, 0?) distri-
bution then we can write: p(z) o exp(az?® + bz + const), where a = —55
and b = %3, so we are left to match parameters as we will demonstrate in the
example that follows.

Similarly if « has a I'(«, ) distribution then we can write: p(z) o 2% exp(bx),
where a = a — 1 and b = —f.

We will assume here the MLwiN default priors, p(f8y) o« 1, p(81) o 1,
p(1/0?) ~ T'(g,¢), where ¢ = 1073. Note that in the algorithm that fol-
lows we work with the precision parameter, 1/02, rather than the variance,
02, as it has a distribution that is easier to simulate from. Then our posterior
distributions can be calculated as follows

Step 1: 50

1/2
p(Boly, Br,07) o U (Uig) exp {—%‘g(yi — o — %31)2]

%

N 1
X exp [—thﬁé + 52 Z (yi — x:51)Bo + Const]

= exp [aﬁg + bBy + const]

Matching powers gives:

1 o2 1 Z
2 __Ye _ 2
Uﬁo__%_ﬁ and ,Ltﬁo—bO'ﬁO—N i (yz—$150)7
1 03

and so p(60|ya6170-g> ~N (ﬁ Z (yi = xib), W)

%
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Step 2: 5,

1 1
X exp [_ﬁ Z x? 87 + i Z (y; — Bo)xif1 + const]

%

Matching powers gives:

) 1 o2 ) ; (yi — Bo)xi
051:—522 5 and uﬁlzb%l:—Zﬁ ,

Zyz’xi - 502%’ o2

e
T

and so p(/31|y>50>03) ~ N

Step 3: 1/0?

e

A 1 1
2
X (;) €xp [_a_g (5 + 5 ;(yz — Bo — 951'51) )]
1 N 1
and so p <U—g|y,ﬁg,ﬁl) ~T (6 + ?,6 + 3 zi:ef>

So in this example we see that we can perform one iteration of our Gibbs
sampling algorithm by taking three random draws, two from Normal distri-
butions and one from a Gamma distribution. It is worth noting that the
first two conditional distributions contain summary statistics, such as _ z7,

which are constant throughout the sampling and used at every iteratiori. To
simplify the code and speed up estimation it is therefore worth storing these
summary statistics rather than calculating them at each iteration. Later in
this chapter we will give code so that you can try running this model yourself.

1.6 Metropolis Hastings sampling

When the conditional posterior distributions do not have simple forms we
will consider a second MCMC method, called Metropolis Hastings sampling.
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In general MCMC estimation methods generate new values from a proposal
distribution that determines how to choose a new parameter value given
the current parameter value. As the name suggests a proposal distribution
suggests a new value for the parameter of interest. This new value is then
either accepted as the new estimate for the next iteration or rejected and the
current value is used as the new estimate for the next iteration. The Gibbs
sampler has as its proposal distribution the conditional posterior distribution,
and is a special case of the Metropolis Hastings sampler where every proposed
value is accepted.

In general almost any distribution can be used as a proposal distribution. In
MLwiN, the Metropolis Hastings sampler uses Normal proposal distributions
centred at the current parameter value. This is known as a random-walk
proposal. This proposal distribution, for parameter 6 at time step ¢ say, has
the property that it is symmetric in 6(¢t — 1) and 6(¢), that is:

p(O(t) = alf(t — 1) = b) = p(8(t) = blo(t — 1) = a)

and MCMC sampling with a symmetric proposal distribution is known as
pure Metropolis sampling. The proposals are accepted or rejected in such
a way that the chain values are indeed sampled from the joint posterior
distribution. As an example of how the method works the updating procedure
for the parameter (3 at time step ¢ in the Normal variance components model
is as follows:

1. Draw f; from the proposal distribution 3y(t) ~ N(Bo(t — 1),07) where
a}% is the proposal distribution variance.

2. Define r, = p(ﬁ&ﬁl(t - 1)70-3(t - 1)|y)/p(60(t - 1)751@ - 1)703(t -
1)|y) as the posterior ratio and let a; = min(1,7;) be the acceptance
probability.

3. Accept the proposal fy(t) = 5 with probability a;, otherwise let
Bo(t) = Bo(t — 1)

So from this algorithm you can see that the method either accepts the new
value or rejects the new value and the chain stays where it is. The difficulty
with Metropolis Hastings sampling is finding a ‘good’ proposal distribution
that induces a chain with low autocorrelation. The problem is that, since
the output of an MCMC algorithm is a realisation of a Markov chain, we are
making (auto)correlated (rather than independent) draws from the posterior
distribution. This autocorrelation tends to be positive, which can mean that
the chain must be run for many thousands of iterations to produce accurate
posterior summaries. When using the Normal proposals as above, reducing
the autocorrelation to decrease the required number of iterations equates to
finding a ‘good’ value for Ug, the proposal distribution variance. We will see

later in the examples the methods MLwiN uses to find a good value for aﬁ.
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As the Gibbs sampler is a special case of the Metropolis Hastings sampler,
it is possible to combine the two algorithms so that some parameters are
updated by Gibbs sampling and other parameters by Metropolis Hastings
sampling as will be shown later. It is also possible to update parameters
in groups by using a multivariate proposal distribution and this will also be
demonstrated in the later chapters.

1.7 Running macros to perform Gibbs sam-
pling and Metropolis Hastings sampling
on the simple linear regression model

MLwiN is descended from the DOS based multilevel modelling package MLn
which itself was built on the general statistics package Nanostat written by
Professor Michael Healy. The legacy of both MLn and Nanostat lives on in
MLwiN within its macro language. Most functions that are performed via
selections on the menus and windows in MLwiN will have a corresponding
command in the macro language. These commands can be input directly
into MLwiN via the Command interface window available from the Data
Manipulation menu. The list of commands and their parameters are cov-
ered in the Command manual (Rasbash et al.; 2000) and in the interactive
help available from the Help menu.

The user can also create files of commands for example to set up a model
or run a simulation as we will talk about in Chapter 8. These files can be
created and executed via the macros options available from the File menu.
Here we will look at a file that will run our linear regression model on the
tutorial dataset described in the next chapter.

We will firstly have to load up the tutorial dataset:

e Select Open Sample Worksheet from the File menu.

e Select tutorial.ws from the list of possible worksheets.

When the worksheet is loaded its name (plus filepath) will appear at the top
of the screen and the Names window will appear giving the variable names
in the worksheet. We now need to load up the macro file:

e Select Open Macro from the File menu.

e Select gibbslr.txt from the list of possible macros.

When the macro has been loaded a macro window showing the first twenty
or so lines of the macro will appear on the screen:
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C:\Program Files\MLwiN v3.00\samples\gibbslr.txt [=[=]B=

note Gibbslr.txt - performs Gibbs sampling for a linear regression model ~
note
note ¥ in 3, x in 25, x*2 in ecll1l, xy in ecl2, & in cl13,

note store betal in cl4, betal in cl5, sigma®2 e in clé, iteration number in c21
note random normals in c17,cl18

note bé - current betal, b7 current betal, b8 current sigmaZ?e, b9 - epsilon

note bll - smm of ¥y, b1l2 - s=um of x, bl3 - sum of x*2, bld4 - N, bl5 - sum of xy
note blé - burnin, b17 - main run, bl8 refresh rate

seed
calc
calc
sSum
sum
sum
sum
sum

1

cll=c5%ch
cl2 = o3%ch
c3 bll

c5 bl2

cll ki3

cd bl4

cl2 bils

erase cld-clé

erase c2l

name ol4 'betal' cl5 'betal' clé 'sigmale' 221 'itno'

note starting valunes

calc bé = 0 w

Execute Execute selection Gotoend Find: Replace:

You will notice that the macro contains a lot of lines in green beginning with
the word note and this command is special in that it is simply a comment
used to explain the macro code and does nothing when executed. The macro
sets up starting values and then loops around the 3 steps of the Gibbs sam-
pling algorithm as detailed earlier for the number of stored iterations (b17)
plus the length of the burn-in (b16).

To run the macro we simply press the Execute button on the macro window.
The mouse pointer will turn into an egg timer while the macro runs and then
back to a pointer when the macro has finished. The chains of values for the
three parameters have been stored in columns c14—c16 and we can look at
some summary statistics via the Averages and Correlations window

e Select Averages and Correlations from the Basic Statistics
menu

If we now scroll down the list of columns we can select the three output
columns that contain the chains, these have been named beta0, betal and
sigma2e. Note to select more than one column in this and any other window
press the ‘Ctrl” key when you click on the selection with the mouse. When
the three are selected the window should look as follows:

Averages and Correlation IEHE.

Operation il ~
schgend

(@ Averages avsit
O Comelation schav

[] Weights Column cll

betal
betal =
sigma 2e
17
B
cl9
Help itno

Now to display the estimates:
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e Click the Calculate button

and the output window will appear with the following estimates:

Output [=][=]E
->AVERage 3 'betal’ 'betal’ "sigmaZe' ~
H Missing Mean =.d. _
betal 5000 4] -0.00147&3 0.012782 =
betal 5000 4] 0.59508 0.012821
sigmaZe 5000 0 0.648395 0.014340 -
Zoom 100 - Copyastable Clear Include output from system generated commands

These estimates are almost identical to those produced by the MLwiN MCMC
engine. Any slight differences will be due to the stochastic nature of MCMC
algorithms and will reduce as the number of updates is increased.

1.8 Dynamic traces for MCMC

One feature that is offered in MLwiN and some other MCMC based packages
such as WinBUGS (Spiegelhalter et al. 2000a)) is the ability to view estimate
traces that update as the estimation proceeds. We can perform a crude
version of this with our macro code that we have written to fit this model. If
you scan through the code you will notice that we define a box b18 to have
value 50 and describe this in the comments as the refresh rate. Near the
bottom of the code we have the following switch statement:

calc b60 = bl mod bi18
switch b60
case O:
pause 1
leave
ends

The box b1 stores the current iteration and all this switch statement is really
saying is if the iteration is a multiple of 50 (b18) perform the pause 1
command. The pause 1 command simply releases control of MLwiN from
the macro for a split second so that all the windows can be updated. This
will be how we set up dynamic traces and we will use this command again
in the simulation chapter later.

We now have to set up the graphs for the traces. The Customised graph
window is covered in reasonable detail in Chapter 5 of the User’s Guide to
MLwiN and so we will abbreviate our commands here for brevity. Firstly:
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This will bring up the blank Customised graph window:

~ Apply Labels Clear Display Del dataset Help [BULGSOGAN]

x ~ | Details for for data set number (ds#) 1
plot what? | plat stvie | position | emor bars | other |

e N -
e e
e

oot [porel ] colotes [pon ]

We will now select three graphs (one for each variable).

This will set up the first graph (although not show it yet). We now need to
add the other two graphs:

Finally for parameter 3:
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Select ds#3 (click in Y box next to 3) on the left of the screen.

Select sigmaZ2e from the y list.

Select itno from the x list.

Select line from the plot type list.

Now select the position tab.

Click in the third box in the first column of the grid.

Click on Apply and the 3 graphs will be drawn.

As we have already run the Gibbs sampler we should get three graphs of the
5000 iterations for these runs as follows:

Graph display: 1

|
T T T T
1300 1600 3200 5200

Bl
8

T T T
130 =0 20

!
T T T T
130 =0 200 200

These chains show that the Gibbs sampler is mixing well as the whole of the
posterior distribution is being visited in a short period of time. We can tell
this by the fact that there are no white large white patches on the traces.
Convergence and mixing of Markov chains will be discussed in later chapters.

If we wish to now have dynamic traces instead we can simply restart the
macro by pressing the Execute button on the macro window. Note that as
the iterations increase estimation will now slow down as the graphs redraw
all points every refresh! Note also that after the chains finish you will get the
same estimates as you had for the first run. This is because the macro has a
Seed command at the top. This command sets the MLwiN random number
seed used and although the MCMC estimation is stochastic, given the same
parameter starting values and random numbers it is obviously deterministic.
It is also possible to have dynamic histogram plots for the three variables
but this is left as an exercise for the reader.
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We will now look at the second MCMC estimation method: Metropolis Hast-
ings sampling.

1.9 Macro to run a hybrid Metropolis and
Gibbs sampling method for a linear re-
gression example

Our linear regression model has three unknown parameters and we have
in the above macro updated all three using Gibbs sampling from the full
conditional posterior distributions. We will now look at how we can replace
the updating steps for the two fixed parameters, 3y and (3, with Metropolis
steps.

We first need to load up the Metropolis macro file:

e Select Open Macro from the File Menu.

e Select mhlr.txt from the list of possible macros.

We will here discuss the step to update 5y as the step for ; is similar. At
each iteration, ¢, we firstly need to generate a new proposed value for (3, 3,
and this is done in the macro by the following command:

» calc b30 = b6+b32*b21

Here b30 stores the new value (%), b6 is the current value (So(t — 1)),
b32 is the proposal distribution standard deviation and b21 is a random
Normal(0,1) draw.

Next we need to evaluate the posterior ratio. It is generally easier to work
with log-posteriors than posteriors so in reality we work with the log-posterior
difference, which at step ¢ is:

re = p(Bg, Bi(t — 1), 02(t = Dy) /p(Bo(t — 1), Bu(t — 1), 02(t = 1)]y)
= exp(log(p(65, Bi(t —1),02(t — 1)|y))
—log(p(Bo(t — 1), i(t — 1), 02(t = 1)|y)))
= exp(d;)
We then have

dy = —m : (Z(yi — B — xifi(t — 1))

]

- Z (yi = Bo(t — 1) — 251 (t — 1))2)
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which with expansion and cancellation of terms can be written as

1
dy = —m : (2 (Z:yz - 51@ - 1)2;%)
(Bt = 1) = 85+ N((5)* = B3t - 1))))

We evaluate this in the macro with the command

» calc b34 = -1*x(2x(b7-b31)*(b15-b6*b12) + b13*(b31*b31 -
b7*b7)) /(2*b8)

Then to decide whether to accept or not, we need to compare a random
uniform with the minimum of (1, exp(d;)). Note that if d; > 0 then exp(d;) >
1 and so we always accept such proposals and in the macro we then only
evaluate exp(d,) if d; > 0. This is important because as d; becomes larger,
exp(d;) — oo and so if we try and evaluate it we will get an error. The
accept/reject decision is performed via a SWITch command as follows in
the macro:

calc b35 = (b34 > 0)

switch b35

case 1 :

note definitely accept as higher likelihood
calc b6 = b30
calc b40 = b40+1
leave

case 0 :

note only sometimes accept and add 1 to b40 if accept
pick bl c30 b36
calc b6 = b6 + (b30-b6)*(b36 < expo(b34))
calc b40 = b40 + 1%(b36 < expo(b34))
leave

ends

Here b40 is storing the number of accepted proposals. As the macro lan-
guage does not have an if statement the calc b6 = b6 + (b30-b6)*(b36 <
expo (b34)) statement is equivalent to an if that keeps b6 (fy) at its current
value if the proposal is rejected and sets it to the proposed value (b30) if it
is accepted.

The step for 5; has been modified in a similar manner. Here the log posterior
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ratio at iteration t after expansion and cancellation of terms becomes

dy = — 20_2— ((szyz BO Z%)
(A== a0+ (602 - B0 - 1) Zx>

To run this second macro we simply press the Execute button on the macro
window. Again after some time the pointer will have changed back from the
egg timer and the model will have run. As with the Gibbs sampling macro
earlier we can now look at the estimates that are stored in c14-¢c16 via the
Averages and Correlations window. This time we get the following:

'betal’ 'betal’ 'sigmazZe’

Missing Mean =.d. I
4] -0.0017498 0.011823 E
4] 0.59501 0.012369 =

[+] 0.64503 0.014482

The difference in the estimates between the two macros is small and is due
to the stochastic nature of the MCMC methods. The number of accepted
proposals for both §y and J; is stored in boxes b40 and b4l respectively
and so to work out the acceptance rates we can use the command interface
window:

These commands will give the following acceptance rates:

->calc b40=b40/5500
0.75655
->calc b41=b41/5500
0.74291

So we can see that both parameters are being accepted about 75% of the
time. The acceptance rate is inversely related to the proposal distribution
variance and one of the difficulties in using Metropolis Hastings algorithms
is choosing a suitable value for the proposal variance. There are situations
to avoid at both ends of the proposal distribution scale. Firstly choosing
too large a proposal variance will mean that proposals are rarely accepted
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and this will induce a highly autocorrelated chain. Secondly choosing too
small a proposal variance will mean that although we have a high acceptance
rate the moves proposed are small and so it takes many iterations to explore
the whole parameter space again inducing a highly autocorrelated chain. In
the example here, due to the centering of the predictor we have very little
correlation between our parameters and so the high (75%) acceptance rate
is OK. Generally however we will aim for lower acceptance rates.

To investigate this further the interested reader might try altering the pro-
posal distribution standard deviations (the lines calc b32 = 0.01 and calc
b33 = 0.01 in the macro) and seeing the effect on the acceptance rate. It is
also interesting to look at the effect of using MH sampling via the parameter
traces described earlier.

1.10 MCMC estimation of multilevel models
in MLwiN

The linear regression model we have considered in the above example can
be fitted easily using least squares in any standard statistics package. The
MLwiN macro language that we have used to fit the above model is a com-
piled language and is therefore computationally fairly slow. In fact the speed
difference will become evident when we fit the same model with the MLwiN
MCMC engine in the next chapter. If users wish, to improve their under-
standing of MCMC, they can write their own macro code for fitting more
complex models in MCMC and the algorithms for many basic multilevel
models are given in Browne (1998). Their results could then be compared
with those obtained using the MCMC engine.

The MCMC engine can be used to fit many multilevel models and many
extensions. As was described earlier, MCMC algorithms involve splitting
the unknown parameters into blocks and updating each block in a separate
step. This means that extensions to the standard multilevel models generally
involve simply adding extra steps to the algorithm. These extra steps will
be described when these models are introduced.

In the standard normal models that are the focus of the next few chapters we
use Gibbs sampling for all steps although the software allows the option to
change to univariate Metropolis sampling for the fixed effects and residuals.
The parameters are blocked in a two level model into the fixed effects, the
level 2 random effects (residuals), the level 2 variance matrix and the level
1 variance. We then update the fixed effects as a block using a multivariate
normal draw from the full conditional, the level 2 random effects are updated
in blocks, 1 for each level 2 unit again by multivariate normal draws. The
level 2 variance matrix is updated by drawing from its inverse-Wishart full
conditional and the level 1 variance from its inverse Gamma full conditional.
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For models with extra levels we have additional steps for the extra random
effects and variance matrix.

Chapter learning outcomes

* Some theory behind the MCMC methods

* How to calculate full conditional distributions

* How to write MLwiN macros to run the MCMC methods
* How MLwiN performs MCMC estimation.
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Chapter 2

Single Level Normal Response
Modelling

In this chapter we will consider fitting simple linear regression models and
normal general linear models. This will have three main aims: to start the
new user off with models they are familiar with before extending our mod-
elling to multiple levels; to show how such models can be fitted in MLwiN,
and finally to show how these models can be fit in a Bayesian framework and
to introduce a model comparison diagnostic DIC (Spiegelhalter et al., [2002)
that we will also be using in the models in later chapters.

We will consider here an examination dataset stored in the worksheet tuto-
rial.ws. This dataset will be used in many of the chapters in this manual
and is also the main example dataset in the MLwiN user’s guide (Rasbash
et al., 2008)). To view the variables in the dataset you need to load up the
worksheet as follows:

e Select Open Sample Worksheet from the File menu.

e Select tutorial.ws.

This will open the following Names window:

Names [=|=]Be
Column: Name Description Toggle Categorical | Data: View Copy Paste Delete | Categories: View Copy Paste Regenerate |Window: Used columns @ Help
Neme Cn n  mssi_ min max categorical _deserption ~
shodl 1 a3 D i & Foise Nomers schos] ieiier
audent 2 U058 D i 1958 False Numenc studert idertfir
nomexam 3 4058 0 3BSE0T2  36RE0ST  Fake Students exam score at se 16, nomalised to hive approximately a standard Normal distibution
cos 4 4053 0 1 False A column of ones. F includsd as an sxplanstory varisble in a ragression model. ts Gosfficient is th ntercept
sendt 5 4059 0 29953 3015352 Fake Studerts scare at age 11 onthe Londen Reading Test, standansed using Zscares.
ait B 4058 0 0 1 Folse 1 =g, 0=boy
schgend 7 4053 0 1 3 True Schools gender {1 = mixed school. 2 = boys school. 3 = gits school)
avsit B 4059 0 07550605 0GI7ESS0 ke Average LRT score in school
schav 9 4059 O | 3 True Average LRT scors in school, ooded into 3 categoriss (1 = betiom 2572, 2 = middle 50%, 3 = top 25%)
vband 10 4053 0 1 2 True Students scars n test of verbal ressoring at age 11, coded nta 3 catagonies (1 —top 257%, 2 - middle 50%, 3 - betiam 25%) | v

Our response of interest is named normexam and is a (normalised) total
exam score at age 16 for each of the 4059 students in the dataset. Our
main predictor of interest is named standlrt and is the (standardised) marks

21
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achieved in the London reading test (LRT) taken by each student at age
11. We are interested in the predictive strength of this variable and we can
measure this by looking at how much of the variability in the exam score is
explained by a simple linear regression on LRT. Note that this is the model
we fitted using macros in the last chapter.

We will set up the linear regression via MLwiN’s Equations window that can
be accessed as follows:

The Equations window will then appear:

(0 of O cases in use)

Mame + - AddTerm Estimates Monlinear Clear Notation Responses Store Help Zoom 100

How to set up models in MLwiN is explained in detail in the User’s Guide
to MLwiN and so we will simply reiterate the procedure here but generally
less detail is given in this manual.

We now have to tell the program the structure of our model and which
columns hold the data for our response and predictor variables. We will
firstly define our response (y) variable to do this:

We will next set up the structure of the model. We will be extending the
model to 2 levels later, so for now we will specify two levels although the
model itself will be 1 level. The model is set up as follows:

In the Equations window the red y has changed to a black ¥;; to indicate
that the response and the first and second level indicators have been defined.
We now need to set up the predictors for the linear regression model:
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Note that cons is a column containing the value 1 for every student and
will hence be used for the intercept term. The fixed parameter tick box
is checked by default and so we have added to our model a fixed intercept
term. We also need to set up residuals so that the two sides of the equation
balance. To do this:

Note that we specify residuals at the student level only as we are fitting a
single-level model. We have now set up our intercept and residuals terms
but to produce the linear regression model we also need to include the slope
(standlrt) term. To do this we need to add a term to our model as follows:

Note that this adds a fixed effect only for the standlrt variable. Until we
deal with complex variation in a later chapter we will ALWAYS only have

one set of residuals at level 1, i.e. only one variable with the level 1 tick box
checked.

We have now added all terms for the linear regression model and if we look
at the Equations window and:

we get:

normexam, ~ N(XB, Q)

normexam, = Bycons + ﬁlstand]rty.

(4059 of 4059 cases in use)

Mame + - AddTerm Estimates MNonlinear Clear Motation Responses Store Help Zoom 100

If we substitute the third line of the model into the second line and remember
that cons = 1 for all students we get y;; = By + Bistandlrt,; + ¢;;, the
standard linear regression formula. To fit this model we now simply:
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This will run the model using the default iterative generalised least squares
(IGLS) method. You will see that the model only takes one iteration to con-
verge and this is because for a 1 level model the IGLS algorithm is equivalent
to ordinary least squares and the estimates produced should be identical to
the answer given by any standard statistics package regression routine. To
get the numerical estimates:

This will produce the following screen:

normexam,; ~ N(XB, Q)
normexam, = Bycons + 0.595(0.013)stand].rt§
Bo; =-0.001(0.013) + ey,

[e] ~NO. ) - ,=[06480.019)]

-2*loglikelihood(IGLS Deviance) = 9760.510(4059 of 4059 cases in use)

Mame + - AddTerm Estimates [onlinear Clear Motation Responses Store Help Zoom 100

Here we see that there is a positive relationship between exam score and
LRT score (slope coefficient of 0.595). Our response and LRT scores have
been normalised i.e. they have mean 0 and variance 1, and so the LRT scores
explain (1 —0.648) x 100 = 35.2% of the variability in the response variable.

As this manual is generally about the MCMC estimation methods in MLwiN
we will now fit this model using MCMC. Note that it is always necessary
in MLwiN to run the IGLS or RIGLS estimation methods prior to running
MCMC as these methods set up the model and starting values for the MCMC
methods.

To run MCMC:

The window should then look as follows:
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Estimation control E
[ IGLS/RIGLS | MCMC | IGLS/RIGLS bootstrap |

Bum in and iteration control
Bumin Length |500 -5 Monitoring Chain Length (5000 -5+ Thinning |1 -5

Refresh screen every |50 z stored iterations.

As described in the previous chapter MLwiN uses a mixture of Gibbs sam-
pling steps when the full conditionals have simple forms, and Metropolis
Hastings steps when this is not the case. Here the estimation control window
shows the default settings for burn-in length, run length, thinning and refresh
rate. All other MCMC settings are available from the Advanced MCMC
Methodology Options window available from the MCMC submenu of the
Model menu.

In this release of MLwiN the user does not have to choose between Gibbs
sampling and Metropolis Hastings sampling directly. The software chooses
the default (and most appropriate) technique for the given model, which
in the case of Normal response models is Gibbs sampling for all parameters.
The user can however modify the estimation methods used on the Advanced
MCMC Methodology Options window that will be discussed later.

The four boxes under the heading Burn in and iteration control have the
following functions:

Burn-in Length. This is the number of initial iterations that will not be
used to describe the final parameter distributions; that is they are discarded
and used only to initialise the Markov chain. The default of 500 can be
modified.

Monitoring Chain Length. The monitoring period is the number of iter-
ations, after the burn-in period, for which the chain is to be run. The default
of 5000 can be modified. Distributional summaries for the parameters can
be produced either at the end of the monitoring run or at any intermediate
time.

Thinning. This is the frequency with which successive values in the Markov
chain are stored. This works in a more intuitive way in this release, for
example running a chain for a monitoring chain length of 50,000 and setting
thinning to 10 will result in 5,000 values being stored. The default value of 1,
which can be changed, means that every iteration is stored. The main reason
to use thinning is if the monitoring run is very long and there is limited
memory available. In this situation this parameter can be set to a higher
integer, k, so that only every k-th iteration will be stored. Note, however,
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that the parameter mean and standard deviation use all the iteration values,
no matter what thinning factor is used. All other summary statistics and
plots are based on the thinned chain only.

Refresh This specifies how frequently the parameter estimates are refreshed
on the screen during the monitoring run within the Equations and Trajecto-
ries windows. The default of 50 can be changed.

For our simple linear regression model we will simply use the default settings.
With regards to prior distributions we will also use the default priors as
described in the last chapter. In this release for clarity the prior distributions
are included in the Equations window. They can be viewed by:

e Clicking on the 4+ button on the toolbar.

This will then give the following display (note the estimates are still the IGLS
estimates as we have not yet started the MCMC method.)

Equations EE.
normexam, ~ N(B, Q)

normexam, = B,cons + 0.595(0.013)standlrtg.
B,; =-0.001(0.013) + €0y

[eﬂg-'] ~N(0, Q) : Q,= [0.648(0.014)]

PRIOR SPECIFICATIONS
p(By a1

p(B)al

p(1/62,) ~ Gamma(0.001,0.001)
(4059 of 4059 cases in use)

Mame + - AddTerm Estimates [Nonlinear Clear Motation Responses Store Help Zoom 100 -

2.1 Running the Gibbs Sampler

We will now run the simple linear regression model using MCMC. Before
we start we will also open the Trajectories window so that we can see the
dynamic chains of parameter estimates as the method proceeds (note that
although viewing the chains is useful the extra graphical overhead means
that the method will run slower).

e Select Trajectories from the Model menu.
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It is best to reposition the two windows so that both the equations and chains
are visible then we start estimation by:

e Clicking the Start button.

The words Burning In... will appear for the duration of the burn in pe-
riod. After this the iteration counter at the bottom of the screen will move
every 50 iterations and both the Equations and Trajectories windows will
show the current parameter estimates (based on the chain means) and stan-
dard deviations. After the chain has run for 5,000 iterations the trajectories
window should look similar to the following:

Trajectories E@.
Deviance(MCMC) = 9763.536(4059 of 4059 cases in use) Uiﬂ =0.649(0.015)

oss.
s7o. oss.
pre
7.
osz.
s L ' L f ' L ' + ' L '

00 ) o0 ko 3 soe 400 =) o0 ) 4300 )

B, =-0.001(0.013)

oz
o
o0z

FE) =) w00 =) 00 So00

=0.595(0.013)

g B2 2

a o
B b B B

Zoom 100 - Select Help wiew last: 500 - rawdata -

These graphs show the estimates for each of the three parameters in our
model and the deviance statistic for each of the last 500 iterations. The
numbers given in both the Equations window and the Trajectories window
are the mean estimates for each of the parameters (including the deviance)
based on the run of 5,000 iterations (with the standard deviation of these
5,000 estimates given in brackets). It should be noted that in this example
we have almost identical estimates as the least squares estimates which given
we have used ‘diffuse’ priors is reassuring.

Healthy Gibbs sampling traces should look like any of these iteration traces;
when considered as a time series these traces should resemble ‘white noise’.
At the bottom of the screen you will see two default settings. The first allows
you to choose how many values to view and here we are showing the values
for the previous 500 iterations only; this can be changed. The second drop
down menu allows you to switch from showing the actual chain values to
viewing the running mean of each parameter over time. It is possible to get
more detailed information about each parameter and to assess whether we
have run our chains for long enough. For now we will assume we have run
for long enough and consider MCMC diagnostics in the next chapter.
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2.2 Deviance statistic and the DIC diagnostic

The deviance statistic (McCullagh and Nelder, 1989) can be thought of as a
measure of how well our model fits the data. Generally the deviance is the
difference in —2xlog(likelihood) values for the fitted model and a saturated
model. In the normal model case we have:

N

52

i=1

N
log(likelihood) = -5 log(27672)

where N is the number of lowest level units (students) in the dataset, 62 is

an estimate of the level 1 variance and g; is the predicted value for student ¢,
in the case of the linear regression model ¢; = 50 + X; 61 For the saturated
model we have y; = ¢;V2 and so the second term in the log-likelihood equals
zero. In the diagnostic that follows we are interested in differences in the
deviance and so we will assume the deviance of the saturated model is zero
as this term will cancel out.

Spiegelhalter et al.| (2002) use the deviance with MCMC sampling to derive
a diagnostic known as the Deviance Information Criterion (DIC), which is a
generalization of the Akaike’s Information Criterion (AIC - See MLwiN help
system for more details). The DIC diagnostic is simple to calculate from an
MCMC run as it simply involves calculating the value of the deviance at each
iteration, and the deviance at the expected value of the unknown parameters
(D()). Then we can calculate the ‘effective’ number of parameters (pp) by
subtracting D () from the average deviance from the 5000 iterations (D).
The DIC diagnostic can then be used to compare models as it consists of the
sum of two terms that measure the ‘fit’ and the ‘complexity’ of a particular
model,

DIC =D +pp = D(0) +2pp = 2D — D(0).

It should be noted that the DIC diagnostic has not had universal approval and
the interested reader should read the discussion of the paper. Note that in
normal response models we have the additional parameter 2. In calculating
D(A)we use the arithmetic mean of 2, (E(c?)) as this generalizes easily to
multivariate normal problems.

To calculate the DIC diagnostic for our model:
e Select MCMC/DIC diagnostic from the Model menu.

This will bring up the Output window with the following information:

Dbar | D(thetabar) | pD DIC
9763.54 9760.51 | 3.02 | 9766.56
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Note that the value 9760.51 for D(f) is (almost) identical to the —2xlog-
likelihood value given for the IGLS method for the same model. For 1 level
models this will always be true but when we consider multilevel models this
will no longer be true. Also in this case the effective number of parameters
is (approximately) the actual number of parameters in this model. When we
consider fitting multilevel models this will again no longer be the case.

2.3 Adding more predictors

In this dataset we have two more predictors we will investigate, gender and
school gender. Both of these variables are categorical and we can use the
Add term button to create dummy variable fixed effects, which are then
added to our model. To set up these new parameters we MUST change
estimation mode back to IGLS/RIGLS before altering the model.

We now wish to set up a model that includes an effect of gender (girl) and
two effects for the school types (boysch and girlsch) with the base class for
our model being a boy in a mixed school. To set this up in the main effects
and interactions window we need to do the following:

The Specify term window should look as follows:

orer
variable
[ ] eomoma

centring

® uncentred O by groups defined by \

O grandmean O around value ‘l]

Dore || Cancel

Now if we click on the Done button a term named girl will be added to the
model. We need now to additionally add school gender effects:



30 CHAPTER 2.

Having successfully performed this operation we will run the model using

IGLS.

This will then give the following in the Equations window:

normexam, ~ N(XB, Q)

normexam, = Bycons + 0.591(0.013)stand]_rt§ + 0.133(0.034)gi1'1y. +
0.183(0.043)boysch, + 0.168(0.033)girlsch,

By; =-0.161(0.024) + ¢,

[‘30;;] ~N(0, Q) : Q,= [0.634(0.014)]

-2*loglikelihood(IGLS Deviance) = 9672.195(4059 of 4059 cases in use)

Name + - AddTerm Estimates [Monlinear Clear MNotation Responses Store Help Zoom 100

So we see (by comparing the fixed effects estimates to their standard errors)
that in mixed schools, girls do significantly better than boys and that students
in single sex schools do significantly better than students of the same sex in
mixed schools. These additional effects have explained only a small amount
of the remaining variation, the residual variance has reduced from 0.648 to
0.634.

To fit this model using MCMC:

After running for 5000 iterations we get the following estimates:
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Equations B@.
normexam, ~ N(XB, Q)

normexam, = B, cons + 0.591(0.013)stand1rt§,. + 0.132(0.034)gir1g +
0. 182(0.042)b0yschf + 0.168(0.033)girlschj
B,; =-0.160(0.024) + €0y

[eﬂg'] ~N(0, Q) : Q= [0.636(0.014)]

PRIOR SPECIFICATIONS

p(5y) o 1

p(f) a1

p(5,) a 1

p(f) a1

p(f) a1

p(1/6%,) ~ Gamma(0.001,0.001)

Deviance(MCMC) = 9678.195(4059 of 4059 cases in use)

Mame + - AddTerm Estimates MNonlinear Clear Motation Responses Store Help Zoom 100 -

Here again MCMC gives (approximately) the same estimates as least squares
and if we now wish to compare our new model with the last model we can
again look at the DIC diagnostic:

e Select MCMC /DIC diagnostic from the Model menu.

If we compare the output from the two models we have:

Dbar | D(thetabar) | pD DIC
9763.54 9760.51 | 3.02 | 9766.56
9678.19 9672.21 | 5.99 | 9684.18

so that adding the 3 parameters has increased the effective number of pa-
rameters to 6 (5.99) but the deviance has been reduced by approximately 88
meaning that the DIC has reduced by around 82 and so the DIC diagnostic
suggests this is a better model. Note that the DIC diagnostic accounts for
the number of parameters in the two models and so the two DIC values are
directly comparable and so any decrease in DIC suggests a better model.
However due to the stochastic nature of the MCMC algorithm there will be
random variability in the DIC diagnostic depending on starting values and
random number seeds and so if a model gives only a small difference in DIC
you should confirm if this is a real difference by checking the results with
different seeds and/or starting values.
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2.4 Fitting school effects as fixed parameters

We have in the last model seen that whether a school is single sex or mixed
has an effect on its pupils’ exam scores. We can now take this one step
further (as motivation for the multilevel models that follow) by considering
fitting a fixed effect for each school in our model. To do this we will first
have to set up the school variable as categorical:

This will set up school names coded school_1 to school_65 for schools 1 to
65 which will be OK for our purposes, however generally we could have input
all the categories for example school names here.

We will now use the Add Term button to set up the school effects. We will
for now replace the school gender effects as they will be confounded with the
school effects. Note again that as we are about to modify the model structure
we will need to:

Next we set up the fixed effects as follows:

This will now have removed the schgend terms from the model and set up
64 dummy variables for the school fixed effects using school_1 as a base
category. You will notice that all the school fixed effects have now been
added to the model in the Equations window:
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e Click the Start button.

This will run the model using least squares (in 1 iteration) and give esti-
mates for the 64 school effects. Note that these effects can be thought of as
differences in average achievement for the 64 schools when compared to the
base school. To fit this model in MCMC we need to:

e Select MCMC from the Estimation menu.
e Click on the Start button.

This model has 67 fixed effects and so even with the block updating Gibbs
sampling algorithm it will take a few minutes to run for 5000 iterations. After
running we see that the estimate for the base school () is 0.341 (0.090) so
that this school is significantly better than average (for a boy with average
standlrt mark) and all other school effect estimates (f3s,. .. ,56¢) are relative
to this school.

If we were to check the DIC diagnostic for this model we have:

Dbar | D(thetabar) pD DIC
9183.46 9115.36 | 68.10 | 9251.56

The DIC value has reduced from 9684 in our last model to 9252, a reduction of
432 points showing that the school in which the student studies has a strong
effect on their exam mark. Note that the effective number of parameters,
68.10, is still approximately correct for this model.

The variance estimate 02, has now been reduced to 0.563 and so we have now
explained 43.7% of the variation in our original response with the addition
of 67 fixed effects.

In this example we have introduced fixed school effects and shown that we
actually do not need to fit a random effects model to account for school dif-
ferences. We will however in the next chapter introduce multilevel modelling
by fitting school effects as random terms and explain why and when this may
be a better approach.

Chapter learning outcomes
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CHAPTER 2.

How to set up models in MLwiN using the Equations window.
How to set up 1 level models in MLwiN.

How to run the MCMC Gibbs sampling method.

How to access and interpret the DIC diagnostic.

How to fit a fixed effects model.



Chapter 3

Variance Components Models

We ended the last chapter with an example of how to fit school effects as
fixed terms in a linear model. In this chapter we will introduce fitting these
same school effects as random terms. Whether you choose to fit terms as
fixed or random is one of the main difficulties faced by researchers new to
multilevel modelling. In some scenarios the answer is obvious but in other
situations which model you fit will very much depend on what your main
research questions are and the context in which the data are collected.

Here we consider how to add a categorical explanatory variable to our model.
Certain categorical variables, for example gender and school gender in the
tutorial example, will ALWAYS be fitted as fixed effects. This is because
these variables have a limited number of categories and all categories are
present in the dataset. The motivation behind fitting a categorical variable,
for example school, as a set of random effects is that the categories of this
variable that we observe are, in fact, a sample of the possible categories.
Then, just like our observations at level 1, we can think of our categories
as being a sample from a population of categories and make a distributional
assumption about these categories.

The main reason for fitting a categorical variable as a random term rather
than as fixed effects is if our primary interest is in the variability across
the various categories rather than inferences about any single category. For
example we may want to calculate how much of the variability in our outcome
variable is due to the schools attended and how much is residual variation due
to pupil differences. Also as we may only have a small sample of level 1 units
for each category, the random effects produced will be more conservative than
the category effects produced by a fixed effect model. This is because we use
the fact that categories, for examples schools, are similar to each other, in
that case we may borrow strength from the other schools and when we wish
to estimate them, we “shrink” the school effects towards the average school
effect.

35
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In multilevel modelling when we treat a categorical variable as a set of random
effects we describe the set of categories as a level in the model. This is because
our observations (level 1 in the model) are nested within these categories, for
example pupils are nested within schools. The level terminology can be
extended for example to 3 levels if we want to extend our model to contain
both effects for schools, and for the local education authorities (LEASs) to
which the schools belong. Here we have a nesting of pupils within schools and
schools within LEAs and hence a 3 level structure. Note that we will see in
later chapters that structures are not always nested, leading to cross-classified
structures. Here we will use the alternative terminology of classification
rather than level.

Levels are not the same as random effects as there may be several sets of
random effects at a level; such models, called random slopes regression mod-
els, are described in a later chapter. Having more than one set of random
effects in a model can be thought of as the random equivalent of having an
interaction between a categorical variable and another explanatory variable
in the model as we will see in the later chapter.

For now, to distinguish between levels and random effects, we will have school
as the level and the school intercepts as the random effects.

3.1 A 2 level variance components model for
the Tutorial dataset

We will now return our attention to the tutorial dataset. At the end of the
last chapter we had fitted the school fixed effects model. This time we will
fit a school random effects model. To do this we will have to remove all the
fixed effects that are currently in the model, This may be done by reloading
the worksheet tutorial.ws or:

e In the Equations window click on the Clear button.

This will reset our model and we will have to set up our model from scratch.
Now we need to set up the linear regression model that contains the intercept
and the standlrt explanatory variable, which was fitted first in the last
chapter. (If you are unsure how to do this follow the instructions in the last
chapter.)

We now have to add random school level intercepts to the model. Note that
to do this you should have the estimation method set to IGLS. The variable
cons is associated with the intercepts and so you need to do the following:
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and the following X variable screen will appear:

We now need to:

to allow for level 1 variation and random intercepts for each school. Note that
you may already have the i(student) box ticked from the regression in which
case you need to ensure it is still ticked. The model we have now set up is a
member of the variance components family. A model is called a variance
components model if there is only one set of random effects (intercepts) for
each level in the model. This is because the model splits the total variation
into components of variation for each level in the model. The particular
variance components model with an intercept and slope term in the fixed
part is often called a random intercepts model. This is because graphically
(as shown in the User’s Guide to MLwiN), each school can be represented
by a (parallel) regression line with a fixed slope and a random intercept.

We will now run the model firstly using IGLS to obtain starting values, and
then using MCMC with the default settings:

Again if you have the Equations and Trajectories windows open you will
see the estimates and traces change as the estimation proceeds. Upon comple-
tion of the 5,000 iterations the Trajectories window should look as follows:
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Trajectories E@.
Deviance(MCMC) = 9209.146(4059 of 4059 cases in use) Gio =0.097(0.021)
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Here we see that, unlike the linear regression example in the last chapter,
these traces do not all look healthy and the trace for 5, looks quite auto-
correlated i.e. each value of the trace is highly correlated with the preceding
value. We can get more detailed diagnostic information about a parameter,
for example the slope coefficient 5y, by clicking the left mouse button on
the parameter trace for $;. The program will then ask ‘Calculate MCMC
diagnostics?” to which you should click on Yes. The message “Calculating
MCMC diagnostics ... May take a while.” will then appear and after a
short wait you will see a diagnostics screen similar to the following:

MCMC Diagnostics - fixed : standlrt [=]=]Be

it
dnery

| N - o v - — e T e T T
= Accuracy Diagnostics
= Raftery-Lewis (quantile) : Nhat = (3803,3803 )
i when q=(0.025,0.975 ), r = 0.005 and s = 0.95
= Brooks-Draper (mean) : Nhat = 30

when k = 2 sigfigs and alpha = 0.05

Summary Statistics
param name : f;  posterior mean = 0.563 (0.000) SD =0.012 mede =0.563
quantiles : 2.5% = 0.539, 5% =0.543, 50% =0.563, 95% =0.584, 97.5% = 0.588
bl i i i v i ion Effective Sample Size (ESS) = 4413

Diagnostic Settings

The upper left-hand cell simply reproduces the whole trace for the parameter.
The upper right-hand cell gives a kernel density (which is like a smoothed
histogram) estimate of the posterior distribution; when an informative prior
distribution is used the density for this distribution is also displayed in black
(see examples in later chapters). We can see in this example that the density
looks to have approximately a Normal distribution. The second row of boxes



3.1. A 2 LEVEL VARIANCE COMPONENTS MODEL 39

plots the autocorrelation (ACF) and partial autocorrelation (PACF) func-
tions. The PACF has a small spike at lag 1 indicating that Gibbs sampling
here behaves like a first order autoregressive time series with a small auto-
correlation of about 0.1. The ACF is consistent with this suggesting that the
chain is adequately close to independently identically distributed (IID) data
(autocorrelation 0).

The third row consists of some accuracy diagnostics. The left-hand box
plots the estimated Monte Carlo standard error (MCSE) of the posterior
estimate of the mean against the number of iterations. The MCSE is an
indication of the accuracy of the mean estimate (MCSE = SD/y/n, where
SD is the standard deviation from the chain of values, and n is the number
of iterations). This graph allows the user to calculate how long to run the
chain to achieve a mean estimate with a particular desired MCSE. The right-
hand box contains two contrasting accuracy diagnostics. The Raftery-Lewis
diagnostic (Raftery & Lewis, 1992)) is a diagnostic based on a particular
quantile of the distribution. The diagnostic Nhat is used to estimate the
length of Markov chain required to estimate a particular quantile to a given
accuracy. In MLwiN the diagnostic is calculated for the two quantiles (the
defaults are the 2.5% and 97.5% quantiles) that will form a central interval
estimate. For this parameter the estimated chain length (Nhat) is 3,804 for
both quantiles (note this is unusual and generally the quantiles will have
different Nhat values) so having run the chain for 5,000 iterations we have
satisfied this diagnostic. The Brooks-Draper diagnostic is a diagnostic based
on the mean of the distribution. It is used to estimate the length of Markov
chain required to produce a mean estimate to k significant figures with a given
accuracy. Here we can see that to quote our estimate as 0.56 (2 significant
figures) with the desired accuracy requires the chain to be run only for 30
iterations so this diagnostic is also satisfied for this parameter.

The interpretation of the numbers q = (0.025,0.975), r = 0.005 and s = 0.95
in the Raftery-Lewis diagnostic is as follows: With these choices the actual
Monte Carlo coverage of the nominal 100(0.975 — 0.025)% = 95% interval
estimate for the given parameter should differ by no more than 100(2xr)% =
1 percentage point with Monte Carlo probability 100xs = 95%. The values
of q, r and s can be changed.

The bottom box contains some numerical summaries of the data. As well as
the mean (with its MCSE in parenthesis), this box also contains the mode
and median estimates. To estimate both 90% and 95% intervals this box also
contains the appropriate quantiles of the distribution. For example a 95%
central interval (Bayesian credible interval) runs from 0.539 to 0.588.

Also in the bottom row of the box details of the run length of the Markov
chain are given. We also include an estimate of the effective (independent)
sample size (see Kass et al. [1998). Here the number of stored iterations is
divided by a measure of the correlation of the chain called the autocorrelation
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time x where

K= 1+22p(k)
k=1

To approximate this value, we evaluate the sum up to £ = 5 and then every
subsequent value of k until p(k) < 0.1. So in this example we have an almost
independent chain and our actual sample of 5,000 iterations is equivalent to
an independent sample of 4,413 iterations.

Note that many of the settings on the diagnostics screen can be changed from
their default values. For more information on changing the diagnostics screen
settings see the on-line Help system. To see a somewhat different picture you
can shut down this window and click, for example, on the plot for the level
2 variance in the Trajectories window (shown below).

MCMC Diagnostics - school : cons/cons E"E‘.

Accuracy Diagnostics
Raftery-Lewis (quantile) : Nhat = (4198,3995 )
when q = (0.025,0.975 ). r = 0.005 and s = 0.95
Brooks-Draper (mean) : Nhat = 11359
when k = 2 sigfigs and alpha = 0.03

iop e

Summary Statistics
param name : cri_3 posterior mean = 0.097 (0.000) SD =0.021 mode =0.092
quantiles : 2.5% = 0.063. 5% =0.068. 50% =0.095, 95% =0.135, 97.5% =0.145

5 fterati i rerv jteration Effective Samole Size (ESS1 = 2821
Update Diagnostic Settings Help

Here we can see in the kernel density plot that the posterior distribution
is not symmetric which is to be expected for a variance parameter. The
Raftery-Lewis diagnostics suggest that we have run for long enough although
to quote the mean estimate as 0.097 with 95% confidence the Brooks-Draper
diagnostic suggests we run for 11,365 iterations. We see in the summary
statistics that the 90% and 95% central credible interval that we can calculate
from the quantiles will reflect the skewed nature of the posterior distribution.
Also we see that the mode is less than the mean due to the long tail to the
right of the distribution.

Finally, we can compare the results from Gibbs to the results from the IGLS
method for this model in the following table:
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Gibbs Posterior IGLS
Parameter | Mean | SD Mean | SD
Bo 0.005 | 0.042 0.002 | 0.040
o5 0.563 | 0.012 0.563 | 0.012
o2y 0.097 | 0.021 0.092 | 0.018
o2 0.566 | 0.013 0.566 | 0.013

The only real difference is the slightly higher value for the Gibbs estimate of
the level 2 variance. The Gibbs estimate for the mode of 0.092 (see above)
is identical to the IGLS estimate (to 3 decimal places) since the maximum
likelihood estimate approximates (in effect) the posterior mode (with a dif-
fuse prior) rather than the mean. In some situations, the choice of diffuse
prior (for the variance parameter) will be important, in particular when the
underlying variance is close to zero and poorly estimated (i.e. with a large
standard error). This may be particularly noticeable in random coefficient
models and is a topic of current research (Browne, |1998)). We will talk about
the choice of prior in more detail in a later chapter.

3.2 DIC and multilevel models

We can now work out the DIC diagnostic for this model via the Model
menu:

e Select MCMC/DIC diagnostic from the Model menu.

Dbar | D(thetabar) pD DIC
9209.15 9146.16 | 59.98 | 9269.13

Here we will notice a difference between random effects models and fixed
effects models. If we were to assume fixed school effects then our model
would have 65 school intercepts plus the level 1 variance plus the fixed slope
effect resulting in 67 parameters. Here however the school effects are related
through the fact that they have a common variance structure and so we do not
have independent 67 parameters. In fact, in this model the DIC diagnostic
estimates the number of independent parameters to be approximately 60.

3.3 Comparison between fixed and random
school effects

In the last chapter we fitted a fixed effects model that also included a gender
effect. We can now add this gender term into our above model. To do this
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we need to do the following:

When the estimation has finished this time you should have estimates in the
Equations window as follows:

normexam, ~ N(XB, Q)
normexam, = ﬁoy.cons +0.559(0.01 3)stand]rty + 0.172(0.032)girly.
ﬁoy =-0.093(0.041) + uy; + €y

[uoj] ~NO, Q) : Q,= [0.092(0.019)]

[eoy. ~N(0. Q) : Q= [0.562(0.012)]

PRIOR SPECIFICATIONS

p(Bal

p(B)al

By a1

p(1/c.,) ~ Gamma(0.001,0.001)

p(1/c2,) ~ Gamma(0.001,0.001)

Deviance(MCMC) = 9184.931(4059 of 4059 cases in use)
UNITS:

school: 65 (of 65) inuse
MName + - Add Term Estimates Monlinear Clear Motation Responses Store Help Zoom 100

If we were now to compare the DIC diagnostic for this model with the equiv-
alent fixed effect formulation fitted at the end of the last chapter we would
get the following:

Dbar | D(thetabar) pD DIC
9184.93 9124.37 | 60.56 | 9245.49 | (random effects)
9183.46 9115.36 | 68.10 | 9251.56 | (fized effects)

So we see here that in terms of fit (D(thetabar) column) the random effect
model is actually a worse fit to the data than the fixed effects model. How-
ever due to the dependency between the random effects the actual effective
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number of parameters has been reduced by ~ 7.5 so we have a less complex
model. When this is taken into account the actual diagnostic DIC value for
the random effects model suggests an improvement of 6 points.

In the next chapter we will continue looking at the random effects variance
components model introduced in this chapter and consider other estimation
methods and other features of the model

Chapter learning outcomes

* What is meant by fixed effects, random effects and levels.
* How to set up a variance components model
* How to get more MCMC diagnostic information in MLwiN

* How to compare the fit of random and fixed effect models.
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Chapter 4

Other Features of Variance
Components Models

In this chapter we will return to the variance components model we consid-
ered in the last chapter. We will firstly show how to fit this model using the
other MCMC methods available in MLwiN. We will then look at some other
features of the variance components model for example residuals, school ranks
and the intra-school correlation. The final model we considered in Chapter 3
had gender effects that we will now remove. To remove a term from a model
we do the following:

The Equations window should now look as follows:

45
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Equations E@.
normexam,; ~ N(XB, Q)

normexam, = )805.-90115 +0.563(0.0 ll)standlrtg.
Boy =0.002(0.040) + uy, + ey,

1] ~NC©, 2 : ,=[0.0020015)]
[e] ~NC. ) : ,=[05660.013)]
-2*loglikelihood(IGLS Deviance) = 9357.242(4059 of 4059 cases in use)

UNITS:
school: 65 (of 65) in use

Mame + - AddTerm Estimates MNonlinear Clear Motation Responses Store Help Zoom 100 -

4.1 Metropolis Hastings (MH) sampling for
the variance components model

Although for Normal response models the default MCMC method is Gibbs
sampling for all parameters, we can still use other methods via the Advanced
MCMC Methodology Options window. Metropolis Hastings sampling is
particularly useful for multilevel generalised linear models as will be seen in
the later chapters of this manual. We shall firstly see how it can be used
on a normal response variance components model. To use MH sampling, go
back to the Estimation control window and click on MCMC. Then select
MCMC/MCMC methods from the Model menu, which will bring up
the following window:

Advanced MCMC Methodology Options .
Estimation Method
Fixed Effects
® Gibbs ) Univarigte MH () Multivariate MH
Random Effects (Residuals)
®) Gibbs O Univarigte MH ) Muttivariate MH

Higher Level Varance Matrices
Updated by Gibbs sampling.

Level 1 Varance
Updated by Gibbs sampling.

Metropolis-Hastings settings

Scale factor for proposal variances 5.8 2| /block dimension.

Use adaptive method

Desired acceptance rate() 500 = Desired tolerance(%) 10.0 z
MH Cycles per Gibbs iteration 1 z

| Reset || Done || Help |

This window contains the options to change the estimation methods used
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for various groups of parameters as well as other advanced options including
a selection of Metropolis Hastings settings. As the window shows you can
change the MCMC method used for both the fixed effect parameters and the
residuals (the variance parameters are always updated by the Gibbs sampling
method). To use Metropolis Hastings sampling:

e Seclect the method Univariate MH for the fixed effects.

e Select the method Univariate MH for the random effects (residu-
als).

e Select the Done button.

We now look at how to use the settings.

4.2 Metropolis-Hastings settings

The performance of the Metropolis Hastings method depends very much on
the proposal distribution used. A proposal distribution that accepts too
many or too few proposals will produce highly autocorrelated chains. In
MLwiN, the Metropolis Hastings sampler has some additional settings to
help choose ‘good’ proposal distributions for the parameters. There are two
strategies that can be used in MLwiN to produce good proposal distributions.
Firstly it was shown in |Gelman, Roberts & Gilks| (1995) that for a simple
Normal posterior distribution, a univariate Normal proposal distribution with
a variance 5.8 times the true variance of the parameter is the best proposal
distribution. Hence in MLwiN the user has the option to input a scale factor
for proposal variances. This number will then be multiplied by the estimated
parameter variance (from IGLS/RIGLS) to give the proposal distribution
variance. Although this works for single level Normal models, studies of
multilevel models (Browne, |1998) have shown that the factor 5.8 is not always
the best and is often too high.

The second approach, the adaptive method, which is used by default in the
development release of MLwiN is to find proposal distributions that give a
particular desired acceptance rate. Experience suggests that rates of between
30% and 70% provide a useful compromise between a proposal variance that
is too large and a variance that is too small. If the proposal variance is
too large, the chain stays where it is for long periods before making a large
jump, whereas if it is too small the chain makes lots of little moves but takes
a long time to explore the whole sample space. MLwiN finds the desired
proposal distribution by running an adapting period before the burn in. In
this adapting period the proposal distribution is modified to improve the
acceptance rate.

The settings screen contains two boxes labelled desired acceptance rate
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(default 50%) and desired tolerance (default 10%). If the adaptive method
is selected then when you click on the Start button, MLwiN will make an
exploratory run of up to 5,000 iterations while displaying the message ‘Run-
ning Adaptive procedure and Burning in’. During this period the proposal
variance is modified every hundred iterations depending on the acceptance
rate in the current batch of hundred iterations to ensure that the acceptance
rates for all parameters are as close to 50% as possible, and in the range
50%—10%=40% to 50%+10%=60%. Once this is achieved the adapting pe-
riod ends and the burn in begins as with Gibbs sampling.

We will now look at running the variance components model with the adap-
tive method.

4.3 Running the variance components with
Metropolis Hastings

After setting up the variance components model as before and running the
IGLS method to get starting values, the Metropolis Hastings sampler was
run with the default settings. After 5,000 iterations clicking on the graph for
f1 in the Trajectories window you should now see diagnostics for [3; similar
to the following:

MCMC Diagnostics - fixed : standirt [=][m]Be

=

as =

£ =

Accuracy Diagnostics
Raftery-Lewis (quantile) : Nhat = (13979.12572 )
when q = (0.025,0.975 ), r =0.005 and s = 0.95
Brooks-Draper (mean) : Nhat= 113

when k = 2 sigfigs and zlpha = 0.05

iy T e

Summary Statistics
param name : 8, posterior mean = 0.563 (0.000) SD =0.012 mode =0.563
quantiles - 2.5% = 0.540, 5% =0.543, 50% =0.564, 95% =0.583, 97.5% =0.586

5 iterati i rerv iteration. Effective Samole Size (ESS) = 973.
Update Diagnostic Settings Help

We can now see that both accuracy diagnostics give Nhat values that are
considerably higher than for Gibbs sampling so that for this model MH would
take longer than Gibbs sampling to give the same accuracy. We also see that
the first order autocorrelation is about 0.65, which is substantially higher
than for Gibbs and results in an effective sample size of only 973. This also
implies a longer chain length is needed. If we run the MH sampler without
the adaptive method, we obtain a slightly higher Nhat value of about 16,400
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for the Raftery-Lewis diagnostic for the 2.5% quantile.

The following table compares parameter estimates from IGLS, Gibbs and
MH with both the scale factor and adaptive methods.

Parameter || IGLS | Gibbs | MH Scale Factor | MH Adaptive
= 5.8 | with defaults

Bo 0.002 | 0.005 0.013 -0.005

B 0.563 | 0.563 0.563 0.563

o2, 0.092 | 0.097 0.097 0.097
a2 0.566 | 0.566 0.566 0.566

MH and Gibbs sampling show good agreement, and apart from the level two
variance parameter there is good agreement with RIGLS too. The estimates
of the intercept [y show some variability but this is because this parameter
has larger Nhat values and so the chains have not been run for long enough
and in all cases this parameter is effectively zero. It is often useful with
MCMC estimation to try both Gibbs and MH to confirm your estimates.
We will now describe some additional MH features available in MLwiN.

4.4 MH cycles per Gibbs iteration

The parameter MH cycles per Gibbs iteration governs how many times
the steps for the parameters being estimated by MH are run for each iteration.
This is useful as the MH method tends to give higher autocorrelations than
the Gibbs sampling method. For example if the parameter is set to 3 in
the above example, the Raftery Lewis Nhat for 8; reduces to 5,973 and the
autocorrelation of its chain is reduced to 0.4 (ESS increased to 2,406). Note
that this reduction in autocorrelation has to be balanced by the increase in
time to run the model and in this case the 5000 iterations takes just under
double the time.

4.5 Block updating MH sampling

As described earlier, the Gibbs sampling estimation method in MLwiN up-
dates the parameters in blocks; all fixed effects are updated together as are
all the level 2 residuals for one level 2 unit (for a variance components model
there is only 1 residual per level 2 unit). In contrast the MH estimation
method uses univariate updates for each parameter separately. In this devel-
opment release, a block updating MH method is also available. This method
updates the parameters in the same blocks used by the Gibbs sampling
method.
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Parameters are updated in blocks using multivariate Normal proposals that
take account of the correlation between the parameters in the block. As
several parameters are updated together acceptance rates for each block will
be lower than the acceptance rates achieved by updating each parameter
individually, although updating the block should be faster than updating each
parameter individually. The block updating sampler constructs a proposal
based on the covariance matrix of the parameters in the block and a tuning
constant. See |Browne & Draper| (2000)) for more details.

In the variance components example, there is only one set of level 2 residu-
als but two fixed effects. Consequently changing the estimation method to
Multivariate MH, i.e. block updating, will have no effect for the residuals
but will have an effect for the fixed effects. After running IGLS, bring up
the Advanced MCMC Methodology Options window and change the
settings as follows:

e Select the method Multivariate MH for the fixed effects.
e Change the Desired acceptance rate (%) to 40.
e Change the MH cycles per Gibbs iteration back to 1.

We have here changed the desired acceptance rate to 40% in the Metropolis
Hastings settings box. This is because the optimal acceptance rate for a block
update is smaller the larger the block size. The block updating method is
currently regarded as ‘experimental’ because ideally the optimal acceptance
rate for the fixed effects and the optimal acceptance rate for the level 2 resid-
uals will be different when the block sizes are different. Currently however
the user may only enter a global desired acceptance rate.

The Advanced MCMC Methodology Options window should then look
as follows:

Advanced MCMC Methodology Options .
Estimation Method
Fixed Effects
O Gibbs O Univarizte MH @) Muttivariate MH

Random Effects (Residuals)
) Gibbs ® Univaigte MH () Multivariate MH

Higher Level Varance Matrices
Updated by Gibbs sampling.

Level 1 Varance
Updated by Gibbs sampling.

Metropolis-Hastings settings

Scale factor for proposal variances |58 -5~/ block dimension.
|Use adaptive method
Desired acceptance rate(%) 400 (5 Desired tolerance(%) 100 -2

w

MH Cycles per Gibbs iteration 1

€ >

Reset || Done || Help |
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The method was run for 5,000 iterations after an adapting period and tra-
jectory traces of the last 50 iterations of the chains (which can be obtained
by modifying the view last box) can be seen below:

Trajectories E“E‘.
Deviance(MCMC) = 9208.215(4059 of 4059 cases in use) oiu =0.099(0.021)

= o

0.

£ en

2200. o

oz

=1t am
L L L : : : L : 1 : : :

=50 1550 570 1550 550 = 250 550 50 4550 =y =

B, = 0.001(0.047) o2, = 0.566(0.013)

oos. LE
o4 o
os
ooz
oss
e oss.
e ' ' L L L S L L L L L

ss50 1550 4570 1550 4350 s000 e s 570 4350 4550 s000

A, = 0.563(0.012)

=
o
- %
= ‘ ‘ . ‘ ‘

=) e 1570 4320 220 5000

Zoom 100 = Select Help viewlast: rawdata -

On close inspection it can be seen that the two chains for the fixed effects,
Bo and (1, are being updated as a block, as the jumps caused by accepted
proposals occur simultaneously. Note that sometimes (for example [y in the
last iteration) the accepted new value is very similar to the current value.
We will now return to Gibbs sampling and consider other features of the
variance components model. First we must reset all of the MCMC settings:

e Sclect IGLS and run the model (press the Start button).
Change estimation mode to MCMC

Select MCMC/MCMC Methods from the Model menu.
Click on the Reset button.

Click on the Done button.

4.6 Residuals in MCMC

Although a multilevel model contains many parameters, by default when
running MCMC sampling, the full MCMC chains are only stored for the
fixed effects and variance parameters. For the residuals, only means and
standard errors are stored from their chains. It is then these values that
are used when the residuals options, as demonstrated in the User’s Guide to
MLwiN Chapter 3, are used whilst running MCMC. If however an accurate
interval estimate or other summary statistics are required for a residual then
there is also the option of storing all the residuals at a given level.

To store residuals will generally require a large amount of memory as there
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are generally a large number of residuals per level. We will consider storing
only the level 2 residuals here, although even then we will have 65 residuals,
one per school. To store residuals:

and the window will look as follows:

[] Store Level 1 Residuals

oo 2R G e

| Do || Hep |

This option means that the chain values for the 65 residuals will be stacked
in column c301.

After running the model we will now have to split column ¢301 into 65
separate columns, one for each residual. To do this we need to generate
an indicator column that is a repeated sequence of the numbers 1 to 65 to
identify the residuals. To generate this sequence of numbers in column ¢302
select the Generate vector window from the Data Manipulation menu
and choose the options as shown in the window below:

Type of vector
() Constart vector () Sequence (® Repeated Sequence
Output column |e302 v
Meimum number |65 |
Mumber of repeats per |1 |
Number of blacks [5001 |

| Hep | Generte | Randomnumbers .. |

We now need to use the Split column option from the Data Manipulation
menu to identify the columns that will contain the individual residual chains:
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The above set of instructions will then produce the following screen:

15 c37 ™~
(oo ] [ peswmsms | [ | [Fommwet | [Bmaie] | o

The columns ¢303-¢367 will now contain the chains of the school level resid-
uals.

We can name the columns ¢303-c367 if we wish by using the Names win-
dow and then display the MCMC diagnostics via the Column diagnostics
window that can be found under the Basic Statistics menu as follows:

Choose the column containing the residual for school 1 (¢303) that has here
been named ‘schooll’ via the Names window and click on Apply to see the
diagnostics as follows:
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MCMC Diagnostics - school1 [=|[=]pd

U

=
3 : t = x : 3 i : : ! ? T )

Accuracy Diagnostics
Raftery-Lewis (quantile) : Nhat = (36464712 )

when q = (0.025,0.975 ),r = 0.005 and s = 0.95
Brooks-Draper (mean) : Nhat = 1919
when k = 2 sigfigs and alpha = 0.05

. st "
4 ¥ & %

Summary Statistics
Column : schooll  posterior mean = 0.371 (0.002) SD =0.092 mede =0.369
quantles : 2.5% =0.192. 5% =10.219, 50% =0.370, 95% =0.522, 97.5% = 0.553

5 fterati 1 rerv jteration. Effective Samole Size (ESS) = 1878,
Update Diagnostic Settings Help

As can be seen from the kernel density plot of the residual, this residual
has a posterior distribution that is close to Normal, which is what we would
expect. This means that we can generate an interval estimate based on the
Normal assumption and do not need to use the quantiles.

4.7 Comparing two schools

We may also be interested in two schools (for example schools 1 and 2) and
finding which school has the larger effect in our model. We could do this
by simply comparing the residuals and the standard errors for these two
schools. Alternatively we could look at the chain of differences, which can be
calculated by typing the following commands in the Command interface
window:

» Calc c368=c303-c304
» Name c368 'Diffi1-2'

Then we can look at a plot of this new function using the column diagnostics
window, which will give the following diagnostics:



4.8. CALCULATING RANKS OF SCHOOLS 55

MCMC Diagnostics - Diff1-2 =l=l3E

3
B

]
Accuracy Diagnostics
Raftery-Lewis (quantile) : Nhat = (3955.3679 )
when q = (0.025,0.975 ), r =0.005 and 5 = 0.95
Brooks-Draper (mean) : Nhat = 2536

when k = 2 sigfigs and alpha = 0.05

8 T
§. 9 % 7 4

Summary Statistics
Column : Diff1-2  posterior mean=-0.127 (0.002) SD =0.128 mode =-0.132
quantiles : 2.5% =-0.374, 5% =-0.338, 50% =-0.129, 95%=0.083, 97.5% =0.125
5 fterati i rerv fteration. Effective Samole Size (ESS) = 5163.

Here we can see that the value 0 is inside both the 90% and 95% intervals
and so the two school residuals are not significantly different, although on
average school 2 is performing better than school 1.

We can again use the command interface window to see how often each school
performs better in these chains with the following commands:

» Calc c369 = 'diffi1-2' > O
» Aver c369

These two commands give the average 0.166 so that school 1 performs better
than school 2 in 16.6% of the iterations. This can be compared with the
1-sided P-value of 0.161 when testing whether this parameter is significantly
different from zero (assuming Normality).

4.8 Calculating ranks of schools

We may also be interested in the ranks of the schools rather than their actual
residuals and MCMC allows us to calculate point and interval estimates for
each school’s rank (see |Goldstein & Speigelhalter;, [1996)).

Here we need to run several commands to split and sort the residuals and
then rank the schools and so we have included the required commands in the

macro rank.txt.

To open this macro:
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The macro will then appear as follows:

loop over all iterations

bi0 = 5001

bl 1 biOD

copy all 65 residmals for iteration bl to c200
b2 = 1+(bl-1)*65

b3 = bl#*65

b2 b3 301 c200

rank the 65 schools for iteration bl to c201
c200 c201

stack up the ranks in c202

c202 c201 c202

split the ranks inteo columns c303-c367
split c202 c302 c203-c267

Execute Execute selection Gotoend Find:

This macro will give chains for the ranks of each school in columns c203-
c267. Run this macro now by clicking on the Execute button. Note that this
macro will take a bit of time to run. It would be useful from this to calculate
a ‘caterpillar’ style plot for the ranks and the following macro rank2.txt
(which can be opened and run after the rank.txt macro) calculates the
median, 2.5% and 97.5% quantiles for each school.

erase o368-c373
bkl 203 267
sort the ranks for each school
cbl cbl

stack 2.5% pts to o368

126 c203-0267 c303-2367

o303-c367 o368

stack medians to c369

2501 c203-c267 c303-c367

c303-c367 c369

stack means to c373 for cobtaining unigoe ranks
b1l 203 267

cbl b2 b3

2373 b3 c373

=tack 97.5% pts to <370

4876 c203-c267 c303-c367

c303-c36T7 <370

transform #*pts to differences from mean/median estimate for graphs
c374=c373-c368

o375=c370-c373

c368=c369-c368

c370=c370-c369

generate column of school numbers and rank order

1 &5 371

o373 o372

2369 "median' c368 'lowlim' <370 "oplim' c371 'schno' c372 "rankno'
a373 'mean' 2374 'llmean' <375 "nlmean'

Execute Execute selection Goteend Find: Replace:
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Note that this macro will reuse the columns in which the 65 residual chains
were stored earlier. We can then graph the schools by using the Customised
graph window; we first set up the x and y variables as follows:

Customised graph : display 1, data set 1 E”E.

- Apply Labels

)]

ds# Y

1 median
2

3

4

5

6

]

5

£ ]

X
schno

~

Clear Display Del data set Help _

Details for for data set number (ds#) 1

plot what? |Dlot shie | position | emor bars | other |
y e
filter none]l  w| group [none] W

plot type | point v

row codes col codes

Next we set up the limits on the error bars tab as follows:

Customised graph : display 1, data set 1 E|

o]

= Apply Labels Clear Display Del data set Help_

)]

ds# Y

1 median
2

3

4

5

6

]

5

< m

X
schno

L)

Details for for data set number (ds#) 1
| plot what? | plot style | position | emorbars | other |

plot as offsets W

¥ EmOrtyPe |emorbars v

Then the graph will look as follows (with titles added) once the Apply
button has been pressed:

Graph display: 1

o

+ !

<
E34
174 L l l
0 | “ | —-A 4
0 17 34 51
school

This graph shows the ranks (plus intervals) for all 65 schools, noting that rank
65 here is the highest achieving school and rank 1 the lowest (after adjusting
for intake score). We can see that there is often great overlap between the
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relative rankings of the schools and in many cases great uncertainty in the
actual ranks. We can convert the graph into the more common ‘caterpillar’
plot by replacing the ‘y’ variable with ‘mean’, the ‘x’ variable with ‘rankno’.
This sorts the schools according to rank rather than numeric order. The error
bars columns should be replaced with the columns ‘ulmean’ and ‘llmean’.
Note that the mean has been used to calculate ranks (to avoid ties) so the
points plotted are now mean ranks and not median ranks as in the previous
graph. Note also that we have rescaled the axes and changed the symbol
used for the points in this graph.

Graph display: 1 EE.
51—+
=
& 34+
17+
0 j — j
0 17 34 51

school

4.9 Estimating a function of parameters

We have now seen how to calculate accurate interval estimates for residuals
and for ranks of the schools. There are however other parameters not esti-
mated directly as part of the model that could be of interest. In Chapter 2 of
the MLwiN User’s Guide, for example, the intra-school correlation, p,, was
described. This parameter is a function of the level 1 and level 2 variance
parameters and so can be calculated from these parameters via the simple
formula:

ps =0,/ (0 +07)

Not only can a point estimate be calculated for this parameter but given
the chains of the variance parameters, the chain of this function can be
constructed and viewed. You should at this point have a Gibbs sampler run
of 5001 iterations. If not, run the Gibbs sampler again using the default
settings except for running for 5,001 iterations. All the parameters that can
be viewed in the Trajectories window are stored in a stacked column (in
this case C1090 is always used) in a similar way to how the residuals were
stored in the last section.

In order to calculate the function of parameters we are interested in we will
have to firstly unstack column ¢1090. This can be done using the Generate
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vector and Split column windows from the Data manipulation menu in
a similar way to the residuals example in the previous section. Alternatively
the Command interface window can be used and the following commands
entered:

Having split the variables into different columns we can then name the
columns either by using the Names window or again by using the Com-
mand Interface window by typing the NAME command as follows:

We now need to calculate the chain of values for the intra-school correlation
(ISC) and we do this by using the Calculate window, which can be found
in the Data Manipulation menu. The column ‘ISC’ should be calculated
as follows:

[a] ISC" = Tev2var’ / (lev lvar' + lev2var)

ABSOlute
ACOS

ALOGit

ANG Ular
ANT llogarthm
ASIN

ATAN

[ Help | Calculate

Then after calculating the chain for the intra-school correlation function we
now need to use the Column Diagnostics window from the Basic Statis-
tics menu to display the chain:

Having clicked on Apply the diagnostics window should appear as follows:
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MCMC Diagnastics - ISC [=[=]<]

Accuracy Diagnostics
Raftery-Lewis (quantile) : Nhat = (4363.3929 )
when g = (0.025.0.975 ). r = 0.005 and s = 0.93
Brooks-Draper (mean) - Nhat = 186
+ when k = 2 sigfigs and alpha = 0.05

Summary Statistics
Column : ISC  posterior mean = 0.146 (0.000) SD =0.026 mode =0.141
quantiles 1 2.5% = 0.101, 5% =0.107, 50% =0.143, 95%=0.193, 97.5%=0204
5 iterati i rerv iteration. Effective Samole Size (ESS) = 2806.

LI TR I I O I L T S

This window shows that although we are not sampling the derived variable
ISC directly we can still monitor its Markov chain. This has the advantage
that we can now calculate an accurate interval estimate for this function.

Chapter learning outcomes

How to change MCMC estimation method from Gibbs sampling to
MH sampling for some steps of the algorithm.

What other MCMC settings there are and what they do.

*

How to store residual chains

How to calculate ranks of schools

b S

How to calculate estimates and chains for derived variables



Chapter 5

Prior Distributions, Starting

Values and Random Number
Seeds

In this chapter we consider some other features of the MCMC estimation
procedures in MLwiN. We will still consider the variance components model
with one predictor (standlrt) discussed in the last two chapters and will
look at how to modify the prior distributions, starting values and random
number seeds used for this model.

5.1 Prior distributions

In Chapter 1 we described the default prior distributions used in MLwiN. We
also mentioned that these defaults are different (for the variance parameters)
from the priors used in the first version of MLwiN (release 1.0). This is
because these new priors generally give less positive bias when the parameter
estimate based on the mean is used. The old default priors can still be
selected via the MCMOC window available from the Model menu, as can
informative priors.

5.2 Uniform on variance scale priors

The default variance priors used in MLwiN (release 1.0) are now offered as
an alternative to the new default priors. The tmproper diffuse priors used
previously were as follows:

e For random parameters priors are placed on variances and covariance
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matrices p(€2) o< 1 (a constant prior over the positive definite matrices
Q, or a uniform prior for o2 for a single variance)

These priors are functionally equivalent to the following proper priors:

e For single variance parameters, a Uniform prior U(0, ¢) where ¢ is cho-
sen so that (0,c) spans the range in which the likelihood for the pa-
rameter is non-negligible.

e To use these priors select Uniform on variance scale for the de-
fault diffuse priors for variance parameters on the MCMC priors
window available from the Model menu.

Comparing these priors (with the default I'"!(e, ) priors used thus far for
single variances) using the Gibbs sampler on the variance components model
we get the following results (using a monitoring run of 5,000):

Parameter IGLS Gibbs
(T~!(e, ) priors) | (Uniform priors)
Bo 0.002 (0.040 0.005 (0.042) | 0.004 (0.042)
b1 0.563 (0.012) 0.563 (0.012) 0.563 (0.013)

o2, (Mean)

0.092 (0.018)

0.097 (0.021)

0.101 (0.022)

0.092
0.566 (0.013)

0.095

o2, (Mode) -
2 0.566 (0.013)

o2 0.566 (0.013)

So we see that the Uniform prior tends to give larger variance estimates
than the default priors when the number of level 2 units is small. |Browne
(1998) and Browne & Draper| (2006) show this in more detail via simulation
experiments and we will discuss running simulations in MLwiN in greater
detail in Chapter 8.

In this version of MLwiN it is also possible to change the parameters of the
['~! priors via the MCMC/ priors window available from the Model menu.
The defaults are a = 0.001, b = 0.001 but another popular choice is to set
a=1.0 and b= 0.001.

5.3 Using informative priors

MLwiN also allows the user to specify informative priors for any of the pa-
rameters in the model. This could be useful if the user already has some
prior knowledge on the values of the unknown parameters. We will firstly
consider specifying an informative prior for the fixed effect associated with
the intake score (LRT).
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Again we will start with IGLS starting values so run the model using the
IGLS method. Then on the MCMC Priors window:

e Click on Gamma priors to return to the default variance priors.

e Click on the Informative Priors... button.

The following window will appear showing all the parameters in the model
(in this case the level 1 and level 2 covariance matrices contain just a single
variance term):

Priars - O .
l"E'JIZI I'81 ﬂu ﬂe

Done Help

For the fixed parameters, informative priors are assumed to be Normal and
are chosen by specifying the mean and SD. The priors for a covariance matrix
are assumed to have an inverse Wishart distribution and the specification
is described in the next section. Note that for scalar variances, as in this
example, an informative inverse Gamma distribution will be used. We wish
to add a prior for the slope parameter, 3;. Let us assume, for illustration, that
from a previous study we have (after transformations) observed an estimated
coefficient of 1.0 for LRT intake score.

If you click on, for example, 3;, and then enter an informative prior with
a mean of 1 (remembering the posterior estimate from a ‘diffuse’ prior is
just over half this) and a prior SD of 0.01 (implying highly accurate prior
knowledge), and click on f; again the window will appear as follows:

Priors E”E.
"3[] IBl ﬂu Qe

Prior information for fived coefficient of standit

mean (1] | SDjom

Done Help

The asterisk that appears next to §; indicates that a prior distribution has
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been set for this parameter. (You can get back to the default by clearing the
values and clicking next to the asterisk.) Now:

e Click on the Done buttons to close down the two Priors windows.

e Click on the Start button to run the Gibbs sampler.

After 5000 iterations, if you click on the trajectories window for g, the
diagnostics plot will appear similar to that below:

when k = 2 sigfigs and alpha = 0.05

MCMC Diagnostics - fixed : standirt [=]=]E=
= ~
& /A
. /A
H ji \
! e \\
| . e e L o
3 Accuracy Diagnostics
- Raftery-Lewis (quantile) : Nhat = (3680,3866 )
i when q = (0.025,0.975 ), r=0.005 and s = 0.95
= Brooks-Draper (mean) :Nhat= 14

Summary Statistics
param name - f;  posterior mean = 0.841 (0.000) SD =0.008 mode =0841
quantiles : 2.5% = 0.825, 3% =0.827, 50%=0.841, 95%=0.855, 97.5%=10.858

iterati g everv iteration. Effective Samole Size (ESS) = 4219.
Update Diagnostic Settings Help

Here we can see that the prior distribution (on the right) is included on the
kernel density plot in black and can thus be compared with the posterior
distribution, which is in blue. In this example the two distributions are
completely separated indicating a conflict between the prior and the data.
The estimate of the parameter is also very different from what we had before
(0.841 as opposed to 0.563) and the variance parameter estimates are also
rather different, which reduces the SD for ;.

Now let us specify less accuracy for the prior by changing the value of SD
to 0.1 and running the model again. This time we obtain values for all
parameters that are very close to those of the default prior assumptions,
because the prior is now highly diffuse in relation to the data as is shown in
the kernel plot in the diagnostics below:
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MCMC Diagnostics - fixed : standirt [=/[=]pa

= B

= Accuracy Diagnostics

= Raftery-Lewis (quantile) - Nhat = (3803.3741 )

i when q=(0.025,0.975 ). r = 0.005 and s = 0.95
Brooks-Draper (mean) : Nhat = 30

when k = 2 sigfigs and alpha = 0.05

g

Summary Statistics
param name ° f;  posterior mean = 0.570 (0.000) SD =0.012 mode =0369
quantiles : 2.5% = 0.546, 5% =10.549, 50% =0.570. 95% =0.590, 97.5% = 0.595

i i rerv iteration. Effective Samole Size (ESS) = 4423
Update Diagnostic Settings Help

In this example there is a distinct difference in the prior value for ; and
the estimate from this dataset. If however the prior and data are more in
concordance then including an informative prior will reinforce the data esti-
mate by reducing the standard error of the estimate. Note that changing the
structure of the current model will result in all informative prior information
being erased.

5.4 Specifying an informative prior for a ran-
dom parameter

The procedure for specifying informative priors for random parameters is
somewhat different. Clear the existing prior on the slope coefficient (by
clicking on f; and setting the two prior parameters to zero) and then click
on the level two variance matrix €2,. The Priors window will then look as
follows:

Priors B@.
'BU 'Bl Qu Qe

Prior information for schoollavel Z) covarance matrix

estimate cons

P cons

sample size
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For illustration let us assume we have a prior estimate of the level 2 variance
equal to 0.2 (the RIGLS estimate is 0.092). The sample size indicates the
precision of this estimate. Thus, for example, if you had an estimate from
another study based on 100 schools, you would enter the value 100. Let us do
this, remembering that there are 65 schools in the present study. MLwiN will
now convert this information into an Inverse Gamma prior for the variance
as illustrated in the following Equations window obtained after running the
model for 5,000 iterations. Note that you may need to press the + button
to get prior information in the window.

Equations E“E‘.
normexam,; ~ N(XB, )

normexam, = ,ngl.cons +0.5 62(0.013)standlrtg
Boy =0.004(0.052) + g, + ¢y,

[uw] ~NO, Q) : Q= [0.163(0.018)]
[eng,] ~NO, Q) : Q,= [0.566(0.013)]

PRIOR SPECIFICATIONS
p(By a1
p(f)a 1
p(1/c%,) ~ Gamma(51.000,10.000)
p(1/c7,) ~ Gamma(0.001.0.001)
Deviance(MCMC) = 9206.427(4059 of 4059 cases in use)
UNITS:
school: 65 (of 65) in use

Mame + - AddTerm Estimates Monlinear Clear Motation Responses Store Help Zoom 100 -

Here we see that the estimated value of the level two variance after 5,000
iterations is now 0.163 — fairly close to a weighted average of the estimate
obtained with a diffuse prior and the informative prior estimate (weighted
by the number of level two units the estimates are based on) — and the
other parameter estimates are hardly changed. Currently in MLwiN the
prior density is not shown for random parameters in the kernel plots. Before
going on to the next session we should remove the informative priors and
this is done by bringing up the Informative priors window and typing 0
for the sample size parameter.
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5.5 Changing the random number seed and
the parameter starting values

The prior distributions described above actually change the model structure
when fitted using MCMC sampling. The parameters we describe in this
section do NOT change the form of the model but due to the stochastic
nature of the MCMC methods slightly different estimates may result from
modifying them. MCMC sampling involves making random draws from the
conditional posterior distributions of the various parameters in the multilevel
model. To start the MCMC sampler, starting values are required for each
parameter along with a starting value (a positive integer) for the random
number generator known as a seed. This means that given the starting values
of the parameters and the random number seed the sampling is deterministic
and so running the same model with the same starting values and seed on a
different machine will give the same answers.

Most of the posterior distributions that can be run using MCMC in MLwiN
are known to be uni-modal. If this were not the case then it would be more
sensible to make several runs with different starting values to check that they
all reach similar final estimates. The starting values for the fixed effects and
variance parameters are taken from the values obtained by the last model
run. These values are stored on the worksheet in specific columns in the
MLwiN worksheet. The starting values for the residuals are then produced by
MLwiN calculating the maximum likelihood estimates for these parameters,
conditional on the values of the fixed effects and variance parameters (stored
in columns ¢1098 and c1096 respectively).

We will consider again our 2 level variance components model and run IGLS
on the model. If you then open the Data window as described below you
will see the following window.

Select View or Edit Data from the Data Manipulation menu.
Click on the View button.

Select columns ¢1096 and c1098 (use the CTRL button to select
both).

Click on OK.

Data |E||E|.
goto line 1 view _ Font Help

c1096(2) c1098(2)
1 0002

2 | 0.566 0.563
3
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We will now alter these estimates to values that are far less plausible. To
alter a value in the Data window, simply click on a cell in the window and
type the new value. If MLwiN warns you about overwriting a protected
column choose Yes. The new values were chosen as follows:

Data E”E.
goto line 1 view _ Font Help

c1096(2) c1098(2)
2 |4.000 5.000

3

Note that MLwiN uses the starting values of the other parameters to calculate
the starting values of the residuals, and so these new starting values cannot be
altered directly. It is however possible by using the Command interface
window to alter the values of the other parameters directly. To see the
progress of the chains from their starting values we will set the burn-in length
to 0 and the monitoring chain length to 500 in the Estimation Control
window as shown below.

Estimation control .

[ IGLS/RIGLS | MCMC | |GLS/RIGLS bootstrap |

Bum in and iteration cortrol
- -

Bumiin Length |0 % Monitoring Chain Length (500 -5 Thinning |1 Fo

Refresh screen every |50 z stored iterations.

If we then click on Start, the chains for the first 500 iterations can be seen
in the following Trajectories window:

Trajectories E‘E.
Deviance(MCMC) = 9234.032(4059 of 4059 cases in use) Giﬂ =0.928(1.211)

ct

AEEE]

oy o o A o Ty o o r E

B, = -0.573(0.672) %, = 0.604(0.780)

o
<s.
1o,
s
0.

£ E £ o B 00 3 E3 £ B

f, = 0.562(0.023)

10 £ E o EY

Zoom 100 v Select Help view last: 300 v rawdata -

By about 250 iterations all the parameters appear to settle out at roughly
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the same estimates as seen when using the IGLS starting values. This means
that if we had set a burn-in length of 500 iterations we would not have even
seen this behaviour! If you now run for another 500 iterations (by changing
the monitoring chain length to 1000 and clicking on the More button)
the trajectories plots of the second 500 iterations will look similar to the
Gibbs chains using the IGLS starting values.

Running from different starting values is useful for checking that all the
parameters in your model have uni-modal posterior distributions. In some
of the new models in this release of MLwiN this may not be guaranteed.
If, however, it is already known that the posterior distributions should be
uni-modal it is best to utilise the ‘good’ starting values obtained by IGLS,
particularly when using MH sampling which may take longer to reach equi-
librium (i.e. the point where it is actually sampling from the correct posterior
distribution).

The random number seed can be set on the MCMC/Random Number
Seed window available from the Model menu. Changing the random num-
ber seed is another technique that can be used to check that the MCMC
method is sampling correctly from the posterior distribution. Running from
the same starting values but with different random number seeds will give
different estimates but these estimates will hopefully be similar. Note that in
MLwiN the random seed for the MCMC options is different from the random
number seed used by the macro command language that can be set by the
SEED command. The MCMC seed can be set by the MCRS command.
To illustrate this behaviour the following table contains the point estimates
(for sets of 5000 iterations after burnins of 500) obtained for the variance

components model using the Gibbs sampler with random number seeds 1 to
4.

Parameter || Seed 1 | Seed 2 | Seed 3 | Seed 4
Bo 0.005 | 0.003 | 0.002 | 0.004
51 0.563 | 0.563 | 0.563 | 0.564
o2, 0.097 | 0.097 | 0.097 | 0.097
o2 0.566 | 0.566 | 0.566 | 0.566

This table clearly shows that there is little change in the parameter values
when we change the random number seed. This means we can have more
confidence in our estimates.

Note that making use of the options in this section is not generally required
to ensure good MCMC performance. We include them only for completeness.
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5.6 Improving the speed of MCMC Estima-
tion

One feature of MCMC estimation methods is that they are computationally
intensive, and generally take far longer to run than the likelihood-based IGLS
and RIGLS methods. This fact means that any possible speed up of execution
will be beneficial. There are two ways to speed up the execution of MCMC
estimation methods: first to minimise the number of iterations required to
give accurate estimates, and second to speed up the time for an individual
iteration.

One simple procedure to help minimise the number of iterations is to ensure
that all continuously distributed explanatory variables are centred at their
mean or something close to it. In the example analysed above the read-
ing score predictor has already been standardised to have zero mean. This
will minimise correlations among parameters in the posterior, which should
increase MCMC accuracy.

We are continually trying to speed up the MCMC estimation procedures in
MLwiN and you should find that the speed of estimation is generally better
than some other general purpose Bayesian modelling software. With the
speed of computer chips also improving at an incredible rate the time taken
by MCMC methods is continually improving.

Although both the Equations and Trajectories windows are informative
to watch while the MCMC methods are running, they will both slow down
the estimation procedure. For example the following table shows some tim-
ings performed on a Pentium 666MHz PC, running the variance components
model for 5,000 iterations after a burn in of 500.

Screen Format Time
No windows 20 seconds
Equations window | 25 seconds
Trajectories window | 34 seconds
Both windows 38 seconds

As can be seen, displaying the windows — particularly the Trajectories
window — slows the estimation down.

Chapter learning outcomes
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* How to change the default variance prior distributions.
* How to specify informative prior distributions.

* How to modify both the parameter starting values and random num-
ber seed.

* How to speed up the methods.

71



72

CHAPTER 5.



Chapter 6

Random Slopes Regression
Models

In the past three chapters we have considered the variance components model
and looked at how we can apply different MCMC methods and priors to this
model. We have also looked at some of the features of the model such as
residuals and school ranks that can be calculated by the MCMC methods.
We saw that compared to the single level models from Chapter 2 the variance
components model-—which has random intercepts—fits the data better. We
will now continue our exploration of the dataset by considering fitting both
random intercepts and slopes.

In Chapter 2 we saw that it is possible to account for school effects by fitting
an intercept and a fixed term for each school (with the constraint that the
fixed effect associated with school 1 is equal to 0) and that this results in
a model with 66 fixed effects. It is also possible to fit a fixed effect model
that accounts for both different school effects and different effects of intake
score (LRT) for each school. This involves fitting the ‘interaction’ of school
effect with LRT score and we will then have the two constraints that both
the fixed effect associated with school 1 and the intake effect for school 1 are
constrained to be zero. Note of course that this does not mean that school
1 has zero effects. School 1 is just the baseline school with regression line
explained by the common intercept and slope terms, and the other school
effects and LRT effects are then relative to this baseline school. To fit this
model in MLwiN we need to again use the Add Term button on the Equa-
tions window. We first set up the model with individual school effects as
described at the end of Chapter 2 but this time we will remove the effect of
gender. Note that if you are following on from the last chapter you should
also ensure the random number seed is set back to 1.

e In the Equations window click on 3, (girl) and click on the delete
term button.
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The window should look as follows:

oer [1[5]

variable
et ] Dot s
s I— T

Done || Cancel

Now clicking on the Done button will add the 64 school by intake score
interaction terms.

This will now have set up the model with 130 fixed effects. If you have the
Equations window open you will notice that all the school x LRT terms
have been added to the model.

This will run the model using ordinary least squares and give estimates for
the 130 fixed effects. Note that the school x LRT terms can be thought of
as slope differences when comparing these 64 schools to the base school. If
we were to re-parameterise the model by removing the global intercept and
slope and instead add the intercept and slope indicators for the base school
we will get exactly the same model but this time the parameters will be the
actual intercepts and slopes for each school. We are therefore essentially, in
this model, fitting separate regression lines to each school. To fit this model
in MCMC we need to:

This model has 130 fixed effects and so will take a few minutes to run. If we
were to check the DIC diagnostic for this model we would obtain:

Dbar | D(thetabar) pD DIC
9117.58 8987.00 | 130.59 | 9248.17




5

Here we see that the fit (D(thetabar)) is a lot better than the single level
models that were fitted in Chapter 2 but that we now have 131 parameters
and so the DIC value is only slightly better than the model with gender also
included (of course we could fit gender here as well which would improve the
fit further). The model we have just fitted is equivalent to fitting 65 sepa-
rate regressions and so we are here considering each school as a completely
separate entity.

In Chapter 3 we considered fitting the school effects as random terms and we
can extend this idea by also considering the school X LRT effects as random.
Here again we are using the idea that the schools are randomly chosen. We
assume that schools are similar and so, as we have only taken a sample of
pupils from each school, we wish to borrow strength from the other schools
and shrink the LRT effects of each school towards the average LRT effect.

To fit the school effects as random we will first set up the variance components
model from the last chapter. To do this we will clear our model and set up
the variance components model from scratch (refer to Chapter 3 if you are
unsure of how to do this).

Next we need to add in the random effects for the standlrt (slope) variable:

The model we have now set up is often called a random slopes regression
model as we can think of the LRT effects as slopes when we plot our predicted
response variable against the LRT predictor for each school. We will first run
the model using IGLS to obtain starting values before switching to MCMC:

After doing this the Equations window should look as follows:
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Equations EE.
normexam, ~ N(XB, )

normexam, = ﬁ’ggcons + ﬁlj.standlrtg
ﬁ’ﬂg =-0.012(0.040) + Uy + €0y
ﬂu =0.557(0.020) + uy;

Uy,
uy;

[e%,] ~NO. Q) : Q,= [0.554(0.012)]

u

0.018(0.007) 0.015(0.004)

lo.090(0.018) ]
~NO, Q) : Q=

PRIOR SPECIFICATIONS

p(Bpea 1

p(fy) a1

p(Q,) ~ inverse Wishart [2%S_20], S, = lo.090 ]
0.018 0.015

p(1/62,) ~ Gamma(0.001,0.001)
(4059 of 4059 cases in use)
UNITS:

school: 65 (of 65) in use

Mame + - AddTerm Estimates Monlinear Clear Motation Responses Store Help Zoom 100 -

We can see that for a model that contains a variance matrix rather than
a simple variance we use an inverse Wishart prior with as few degrees of
freedom as possible. The Wishart prior family is not as convenient as the
Gamma in that we have to include a prior guess for the variance matrix.
Here we have a slightly data determined prior as by default MLwiN will take
the current estimate of 2, (from the IGLS run) as a prior parameter. We
will later compare this approach with some alternatives.

e (Click the Start button to run the model.

The MCMC approach with default priors gives fairly similar estimates to the
maximum likelihood approach. The DIC diagnostic can be calculated for
this model and we find the following:

Dbar | D(thetabar) pD DIC
9122.99 9031.32 | 91.67 | 9214.65

In treating both the intercepts and slopes as random parameters we have
reduced the effective number of parameters from 130.6 to 91.7. The fit of the
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random effects model is 44 points worse but the DIC diagnostic (accounting
for the reduced number of parameters) suggests that this is a better model
as its value has been reduced from 9248 to 9215.

6.1 Prediction intervals for a random slopes
regression model

In Chapter 4 of the User’s Guide to MLwiN details are given on how to use
the Predictions window to construct predicted school lines with confidence
intervals. Although we can construct a predicted line and intervals for the
fixed part of the model easily using MCMC to include the school effects in
the predictions we need to store the school level residuals as we require the
MCMC chains of the predicted values to produce quantiles and hence give
the prediction intervals.

To set things up we will firstly need to run a model with the residuals stored
as follows:

This will run the random slopes model again, this time storing the residu-
als. We now need to create a point estimate (median) and interval estimate
(quantiles) for the predicted value for each individual. To do this we have
created a macro that generates the required quantities.

The macro will now appear as shown below. This macro basically creates
the chain of predicted values for each individual and takes the quantiles and
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median from this chain. Many of the commands are similar to those that we
used in Chapter 4 to look at the chains for the residuals and the intra-school
correlation.

Note macro creates prediction curves with error bands for a random slopes regression model
erase c2l-oc23
note put residmal=s into c201-c265 (intercepts) and c£301-c365 (=lopes)
code 130 1 5001 <139
split c200 cl199 c201-c330
code 6 1 5001 c89
note put fixed intercept and slope in columns c8l and c82
=plit 1090 c89 cBl-c86
loop around all individnals
b1l 1 4059
b1l 'school' b2
bl 'standlrt' b3
bll = 2%b2 + 133
bl2 = 2%b2 + 200
calcunlate the derived predicted values for individmal bl and put in c300
c350 = cB8l+chll + b3 * (cB2+4cbhblZ2)
o350 c350
pick ont gmantiles and median for individmal bl
125 350 b21
2500 c350 b22
4875 c350 b23
c2l b21 c21
c22 b22 c22
c23 b23 c23

transform gmantiles into differences
o2l = 222 - e21

c23 = 23 - 22

c22 'pred’

221 'lowlim'

23 'uplim'

Execute Execute selection Gotoend Find:

We can now run the macro by clicking on the Execute button. Note that
this will take a couple of minutes. After the macro has finished to display
our predictions we can use the Customised graph window.

The graph will appear as follows:
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Here we see all 65 school lines plus their intervals on one graph. Due to the
195 lines on the one graph it is difficult to pick out the individual schools.
We can however use a filter column to view just a few schools:

The graphs for the four schools will then appear as follows:
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Graph display: 1 EE.

s chool 30
=== school_44
=== school_53
= school_&9

So in this section we have shown that again when using MCMC methods,
because we have draws from the joint posterior distribution of all unknown
parameters, we can derive the distribution of any function of the parameters
such as a prediction. Before continuing this chapter and looking again at
prior distributions you should change the monitoring chain length back
to 5,000 on the Estimation Control window.

6.2 Alternative priors for variance matrices

The default prior distribution that we have used in this example involves
a slightly informative ‘data-determined’ prior for €2,. Browne| (1998)) and
Browne & Draper| (2000) perform some comparisons between some prior
distributions that can be used as a default for a variance matrix. We will
here, as a sensitivity analysis exercise, consider the effect of three alternative
priors.

6.3 WinBUGS priors (Prior 2)

Spiegelhalter et al.| (20000) consider in their ‘birats’ fitting a prior similar
to our default, namely an inverse-Wishart with the smallest possible sample
size and a prior guess that represents the magnitude of the variances. For
example here we may use the values 0.1 for both the variances. To fit this
prior we firstly need to:
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and then, as with when we changed the MCMC starting values, we can alter
the parameter values in ¢1096:

This will bring up the data window and show the starting values for the
variance parameters. We wish to change the first three values (level 2 vari-
ance). Type 0.1,0, and 0.1 in the first three rows. If MLwiN gives a warning
about overwriting protected columns choose Yes. Once you have done this
the window should look as follows:

goto line 1 view _ Font Help

c1096(4)
0.100

Now we have the priors set up.

The results for this prior are given in the column headed Gibbs (prior 2)
the end of the chapter.

6.4 Uniform prior

Another alternative would be to fit a Uniform prior i.e. p(€,) o 1. To fit
this prior we need to once again fit the model using IGLS. Then we need to
change the default priors from gamma priors to Uniform on variance scale
priors on the MCMC priors window (available from the Model menu) as
shown below:
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Default Diffuse Priors for Variance Parameters
) Gamma priors @) Unform on vaniance

Note that this will change the prior for the level 1 variance as well. Fit this
model and the results will be as in the column Gibbs (uniform) in the table
at the end of the chapter.

6.5 Informative prior

Our final alternative is to assume (for illustration) that we had a priori
collected another dataset with 65 schools and here the estimated variance
matrix was identical to the IGLS estimate here. We then wish to use this as
a prior distribution so (after as always running IGLS first) we:

When this is done the Priors window should look as follows:
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Prior information for schoalllevel 2) covarance matrix

estimate standirt

cons
P standit

The results can be seen in the fourth column labelled Gibbs (prior 4) in the
table below.

6.6 Results

The results for all 4 priors along with the IGLS estimates are given in the
following table (Standard Errors in brackets). We can see that the results for
all priors are similar which is reassuring. The second prior has an increased
slopes variance as the prior guess was quite a bit higher than the IGLS esti-
mate. The Uniform prior (as in |Browne & Draper, 2000) is conservative and
gives variance estimates that are biased high for all the variance parameters.
The informative prior gives almost identical posterior estimates to its prior
estimates, which is to be expected as we have given the prior equal weight to
the data. We also see that the standard errors of the level 2 variances have
reduced and so our estimates have greater precision. This is an advantage
of the Bayesian approach in that when we have ‘good’ prior information we
will get more precise estimates and hence smaller credible intervals.
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Parameter IGLS Gibbs

default ‘ prior 2 ‘ uniform ‘ prior 4

Bo -0.012 -0.006 -0.007 -0.006 -0.008
(0.040) (0.039) (0.039) (0.042) (0.042)

B4 0.557 0.558 0.556 0.558 0.558
(0.020) (0.020) (0.023) (0.022) (0.020)

Quoo 0.090 0.096 0.096 0.103 0.091
(0.018) (0.020) (0.020) (0.022) (0.012)

Quot 0.018 0.019 0.018 0.020 0.018
(0.007) (0.007) (0.008) (0.008) (0.004)

Qu11 0.015 0.015 0.023 0.018 0.015
(0.004) (0.004) (0.005) (0.005) (0.002)

o2 0.554 0.554 0.553 0.554 0.554
(0.012) (0.013) (0.013) (0.013) (0.013)

Chapter learning outcomes

*

%

%

*

*

How to fit a random slopes regression model.

How to compare models via the DIC diagnostic.

A greater understanding of prior distributions.

How to fit different LRT effects for each school in a fixed effects
model.

How to create prediction intervals for a model using MCMC.



Chapter 7

Using the WinBUGS Interface
in MLwiN

We have so far looked at fitting Normal response models to continuous uni-
variate data in MLwiN. We could consider fitting further models with ad-
ditional fixed or random terms and these would simply be extensions to the
models fitted thus far. There are, however, other extensions that we could
consider; for example, heteroskedasticity of the response variable, which we
consider in Chapter 9 and alternative distributions for the random effects
that we will consider later in this chapter.

The MCMC features in MLwiN are fairly new and we currently fit only
models of particular types although we are constantly extending the number
of models that can be fitted. If, however, a user wishes to fit a model that
cannot be currently fitted, for example fitting an alternative distribution for
the school level random effects, there are three main options. Firstly wait
for a later version of MLwiN that will fit their model; secondly write their
own code to fit their model; or thirdly try an alternative software package,

for example WinBUGS.

WinBUGS (Spiegelhalter et al., 2000a), freely available from http://www.
mrc-bsu.cam.ac.uk/bugs) in its earlier guise of BUGS was one of the first
Bayesian software packages and is a more general purpose Bayesian estima-
tion engine than the MCMC engine in MLwiN. It works on a different phi-
losophy of fitting models that can be represented by directed acyclic graphs
(DAGs). BUGS has a compiled language which allows the user to specify
their model through statements of two types—logical and distributional—
which between them describe the structure of the DAG and hence the model.
Then BUGS compiles this user code and constructs an MCMC estimation
engine for the user’s model that can be run to give chains of estimates in a
similar way to the MLwiN engine.

In this chapter we will firstly consider once again the variance components
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model and show how to fit this model in WinBUGS. We then go on to
consider a model that MLwiN cannot fit which has t-distributed residuals at
the school level. It should be noted at this point that most multilevel models
are large and so cannot be run using the educational version of WinBUGS
and so you will need to have the release version of WinBUGS.

7.1 Variance components models in WinBUGS

We will consider the tutorial dataset once again. Set up and run the variance
components model with one explanatory variable (standlrt) using the IGLS
method by

On IGLS convergence we get the following estimates:

normexam, ~ N(XB, )
normexam,; = ﬁogcons + 0.563(0.012)standlrtg
By = 0.002(0.040) + uy; + e,

[uﬁj] ~N@©, Q) : Q,= [0.092(0.018)]

[eog] ~N@©, Q) : Q,= [0.566(0.013)]

-2*loglikelihood(IGLS Deviance) = 9357.242(4059 of 4059 cases in use)
UNITS:

school: 65 (of 65) in use
Mame + - AddTerm Estimates FMonlinear Clear Motation Responses Store Help Zoom 100

In Chapter 3 we then considered fitting this model using MCMC in MLwiN
but here we will consider instead using WinBUGS. To get to the BUGS
options in MLwiN we need to do the following:

This will bring up the Save/Load BUGS files screen that looks as follows:
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Save/Load BUGS files  [X]
Sawing Options

Save cument model in BUGS format |

) WinBUGS 1.3 ® WinBUGS 1.4

Loading Options

Input out file
Input ind file
Start column number

| Input data | | Done |

From this screen we can save the BUGS code for the currently set up model
or read in th